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Differential Vector Calculus






Multidimensional Vectors

1.1. Vectors Space

In this section we introduce an algebraic structure for R”, the vector space in n-dimensions.
We assume that you are familiar with the geometric interpretation of members of R? and R? as the
rectangular coordinates of points in a plane and three-dimensional space, respectively.

Although R™ cannot be visualized geometrically if n > 4, geometric ideas from R, R?, and R? often
help us to interpret the properties of R™ for arbitrary n.



1. Multidimensional Vectors

Definition

-t

The n-dimensional space, R", is defined as the set

R" = {(xl,xQ,...,xn) D Tg, G]R}.

Elementsv € R™ will be called vectors and will be written in boldface v. In the blackboard the vectors
generally are written with an arrow .

2 | Definition
If x and 'y are two vectors in R" their vector sum x + vy is defined by the coordinatewise addition

X+y=(x14+y, T2+ Y2,...,Tn+ Un). (1.1)

Note that the symbol “+” has two distinct meanings in (1.1): on the left, “+” stands for the newly de-
fined addition of members of R™ and, on the right, for the usual addition of real numbers.

The vector with all components 0 is called the zero vector and is denoted by 0. It has the property
that v + 0 = v for every vector v; in other words, 0 is the identity element for vector addition.

3| Definition
Areal number A\ € R will be called a scalar. If A\ € R and x € R™ we define scalar multiplication of a



1.1. Vectors Space

vector and a scalar by the coordinatewise multiplication

AX = (Ax1, A\Ta, ..., Azy,) . (1.2)

The space R™ with the operations of sum and scalar multiplication defined above will be called n di-
mensional vector space.

The vector (—1)x is also denoted by —x and is called the negative or opposite of x

We leave the proof of the following theorem to the reader.

4 | Theorem
Ifx,z,andy are in R™ and X\, A\, and )\, are real numbers, then

O x + z = z + x (vector addition is commutative).

® (x+1z)+y=x+(z+Yy) (vector addition is associative).

® There is a unique vector 0, called the zero vector, such thatx + 0 = x for all x in R™.
O Foreachx inR" there is a unique vector —x such that x + (—x) = 0.

0 )\ (\ax) = (M o)x.

(6] (/\1 + )\Q)X = /\1X + )\QX.
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9 \(x+12z) =) x+ Iz

0 Ix=x.

Clearly,0 = (0,0,...,0) and, ifx = (21, x9, ..., x,), then
—x = (—x1,—To, ..., —Tp).

We write x + (—z) as x — z. The vector 0 is called the origin.

In a more general context, a nonempty set V', together with two operations +, - is said to be a vector
space if it has the properties listed in Theorem 4. The members of a vector space are called vectors.

When we wish to note that we are regarding a member of R"™ as part of this algebraic structure, we will
speak of it as a vector; otherwise, we will speak of it as a point.

5 | Definition
The canonical ordered basis for R" is the collection of vectors

{el,eg, Ce ,en}
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with
ep = 0,...,1,...,0)

a linthe k slot and O’s everywhere else

Observe that
kaek: (V1,2 ..., Uy) . (1.3)
k=1

This means that any vector can be written as sums of scalar multiples of the standard basis. We will
discuss this fact more deeply in the next section.

6 | Definition
Let a, b be distinct points in R™ and let x = b — a # 0. The parametric line passing through a in the
direction of x is the set

{reR":r=a+tx teR}.

7 Example
Find the parametric equation of the line passing through the points (1,2, 3) and (-2, —1,0).

Solution: » The line follows the direction

(1-(-2),2—(-1),3-0) =(3,3,3).
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The desired equation is
(x,y,2) = (1,2,3) +t(3,3,3).

Equivalently
(x,y,2) = (—2,-1,0) + ¢ (3,3,3).

Length, Distance, and Inner Product

Definition
Given vectors x,y of R™, their inner product or dot product is defined as

Xy = Z TrYk-
k=1

Theorem
Forx,y,z € R", and a.and (3 real numbers, we have:

O (ax + fy)z = a(xz) + [(y-2)
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9 ch = y.X

O xx>0

O x.x = 0ifandonlyifx =0

The proof of this theorem is simple and will be left as exercise for the reader.
The norm or length of a vector x, denoted as ||x||, is defined as

[ = vxex

10 | Definition
Given vectors x,y of R™, their distance is

n

d(x,y) = |x =yl = V(x = y)e(x —y) = X (2 — 4:)°

=1

If n = 1, the previous definition of length reduces to the familiar absolute value, forn = 2and n = 3,
the length and distance of Definition 10 reduce to the familiar definitions for the two and three dimen-
sional space.



1n

12

13

1. Multidimensional Vectors

Definition
Avector x is called unit vector

[ = 1.

Definition
Let x be a non-zero vector, then the associated versor (or normalized vector) denoted x is the unit vector
X

x= .
x|l

We now establish one of the most useful inequalities in analysis.

Theorem (Cauchy-Bunyakovsky-Schwarz Inequality)
Letx and y be any two vectors in R™. Then we have

[xey| < [x[[ly]l-
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Proof. Since the norm of any vector is non-negative, we have

[x+ty] >0 <= (x+ty)(x+ty) >0
= XeX + 2txey + t2yey > 0

= x| +2txy + 2]y]* > 0.

This last expression is a quadratic polynomial in £ which is always non-negative. As such its discriminant
must be non-positive, that is,

(2xey)* = 4(IxI*) Iy [I*) <0 = |xey| < IIx[| [y,

giving the theorem. u

The Cauchy-Bunyakovsky-Schwarz inequality can be written as

. 2 o, 1/2
) (z) (m) 7 4
k=1 k=1

n
> Teyk
k=1

for real numbers zy, y;.
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14 | Theorem (Triangle Inequality)
Letx and y be any two vectors in R™. Then we have

%+ yll < [l + [yl

Proof.
Ix+yl*? = (x+y)x+y)

= XeX + 2Xoy + yoy

IA

[1x[[* =+ 2[Ix[[[lyl] + [l

(11l + [ly1)?,

from where the desired result follows.

15 Corollary
Ifx,y,and z are in R", then
x -yl <|x—z|+]z -yl
Proof. Write
Xx—y=(x—-2)+(z-y)
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and apply Theorem 14. "

16 | Definition
Letx and y be two non-zero vectors in R". Then the angle (x,y) between them is given by the relation

—_— X.y

cos (x,y) = )
)= Tl

This expression agrees with the geometry in the case of the dot product for R? and R3.

17 | Definition
Let x and y be two non-zero vectors in R". These vectors are said orthogonal if the angle between them

is 90 degrees. Equivalently, if: xey = 0.

Let Py = (p1,p2,---,Pn),andn = (nq,ns, ..., n,) be anonzero vector.

18 | Definition
The hyperplane defined by the point Py and the vector nis defined as the setofpoints P : (x1,,za, ..., xy)
R"™, such that the vector drawn from P, to P is perpendicular to n.

A}
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Recalling that two vectors are perpendicular if and only if their dot product is zero, it follows that the
desired hyperplane can be described as the set of all points P such that

n.(P —Py) =0.
Expanded this becomes
ni(zy —p1) +na(x2 — p2) + -+ + npTn — pp) =0,
which is the point-normal form of the equation of a hyperplane. This is just a linear equation
nixy + Nae + -+ - Npx, +d = 0,
where

d = —(nip1 + napa + -+ + Nuhn).

1.2. Basis and Change of Basis

1.2. Linear Independence and Spanning Sets
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20

21

1.2. Basis and Change of Basis

Definition
Let \; € R, 1 < i < n. Then the vectorial sum

n
> oA,
=1

is said to be a linear combination of the vectors x; € R", 1 < i < n.

Definition
The vectors x; € R",1 < i < n, are linearly dependent or tied if

(A1, Agy -+, Ay) € R"\ {0} such that Y \;x; =0,

J=1

that is, if there is a non-trivial linear combination of them adding to the zero vector.

Definition
Thevectorsx; € R", 1 < i < n, are linearly independent or free if they are not linearly dependent. That
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is, if \; € R,1 < i <nthen

Z/\ijZO — /\1:)\2:"'

G

=\, =0.

A family of vectors is linearly independent if and only if the only linear combination of them

giving the zero-vector is the trivial linear combination.

22 Example

{(1,2,3),(4,5,6),(7,8,9)}

is a tied family of vectors in R3, since

(1) (1,2,3) + (—2) (4,5,6) + (1) (7,8,9) = (0,0,0) .

23 |Definition
A family of vectors {x1,Xa, ...

Xk, - - -, } C R™js said to span or generate R" if every x € R™ can be

written as a linear combination of the x;’s.

24 Example
Since

n

kaek = (v, v, ...

k=1

) Un) -



This means that the canonical basis generate R™.

1.2. Basis and Change of Basis

25 [Theorem
If{x1,%X2,...,Xg,..., } € R"spansR™, then any superset
{y,x1,%X2, ..., Xpy...,} CR"
also spans R™.

Proof. This follows at once from l l
=1 =1

26 Example
The family of vectors
{i=(1,0,0),j=(0,1,0),k = (0,0,1)}

spans R? since given (a, b, ¢) € R? we may write

(a,b,c) = ai + bj + ck.
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27 Example
Prove that the family of vectors

{t1 =(1,0,0),t> = (1,1,0) ,t3 = (1,1,1)}
spans R3.
Solution: » This follows from the identity

(a,b,¢) = (a —b)(1,0,0) + (b—c) (1,1,0) + c¢(1,1,1) = (a — b)t; + (b — ¢)ty + cts.

1.2. Basis

28 | Definition
Afamily E = {x1,Xa,...,Xy, ...} C R™issaid to be a basis of R™ if

O are linearly independent,

@ they spanR".
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29 Example

The family
e; =(0,...,0,1,0,...,0),

where there is a 1 on the i-th slot and 0’s on the other n — 1 positions, is a basis for R".

30| Theorem
All basis of R™ have the same number of vectors.

31| Definition

The dimension of R" is the number of elements of any of its basis, n.

32| Theorem

Let {xy,...,x,} be a family of vectors in R™. Then the x’s form a basis if and only if the n x n matrix A
formed by taking the x’s as the columns of A is invertible.

Proof. Since we have the right number of vectors, it is enough to prove that the x’s are linearly inde-
pendent. Butif X = (A1, A2, ..., \,), then

/\1x1+---—|—/\nxn:AX.
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If Aisinvertible,then AX =0, = X = A7'0 = 0, meaningthat \; = A\ = --- )\, = 0, so the x’s
are linearly independent.

The reciprocal will be left as a exercise. "
33 |Definition
O Abasis E = {x1,Xs,...,X} of vectors in R" is called orthogonal if
Xi*Xj = 0
foralli # j.
® An orthogonal basis of vectors is called orthonormal if all vectors in E are unit vectors, i.e, have
normequal to 1.

1.2. Coordinates
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1.2. Basis and Change of Basis

Theorem

Let E = {e1,es,...,e,} bea basis for a vector space R™. Then any x € R™ has a unique representation
X = aje; + aseq + - - - + ape,.

Proof. Let

x:ble1+bge2+---+bnen

be another representation of x. Then

0= (CLl — bl)el + (CLQ — bg)GQ + -+ (CL” — bn)en

Since {ej, ey, ..., e,} forms a basis for R", they are a linearly independent family. Thus we must have
a; — by =ay —by=---=a, — b, = Og,
that is
ay = by;ay = by; -+ ja, = by,

proving uniqueness.
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35 | Definition
An ordered basis E = {e;, es, ..., e,} of avector space R" is a basis where the order of the x; has been
fixed. Given an ordered basis {e1,es, ..., e,} of a vector space R", Theorem 34 ensures that there are
unique (ay, as, ..., a,) € R"such that

X =aie; + ases + -+ - + a,€ey.

The a;,’s are called the coordinates of the vector x.
We will denote the coordinates the vector x on the basis E by

x]e

or simply [x].

36 Example

The standard ordered basis for R® is E = {i, j, k}. The vector (1,2, 3) € R3 for example, has coordinates

(1,2, 3)g. If the order of the basis were changed to the ordered basis F' = {i, k, j}, then (1,2,3) € R?
would have coordinates (1,3, 2)p.

Usually, when we give a coordinate representation for a vector x € R", we assume that we
are using the standard basis.
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37 Example
Consider the vector (1,2,3) € R? (given in standard representation). Since

(1,2,3) = —1(1,0,0) — 1(1,1,0) + 3(1,1,1),
underthe ordered basis E = {(1,0,0),(1,1,0), (1,1,1)}, (1,2, 3) has coordinates (—1, —1, 3) . We write

(1,2,3) =(-1,-1,3)5.

38 Example
The vectors of

E={(1,1),(1,2)}
are non-parallel, and so form a basis for R2. So do the vectors

Find the coordinates of (3,4) , in the base F.

Solution: » We are seeking z, y such that

2 1 11| (3] |2 1
3L +4(1L,2) =z | | +y — - (@,9)p-
1 ~1 12| 4] |1 -1
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Thus .
2 1 1 1|13
(xvy)F:
1 -1 1 2| |4
L]
= |1 %
— =1 2| |4
13 3
[ 2
3 L)P
- 1
—— 1| |4
. 3
6
-5
F

Let us check by expressing both vectors in the standard basis of R*:

(6,—5), = 6(2,1) —5(1,—1) = (7,11).
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1.2. Basis and Change of Basis

In general let us consider basis F , I for the same vector space R". We want to convert Xz to Y. We
let A be the matrix formed with the column vectors of E in the given order an B be the matrix formed
with the column vectors of F'in the given order. Both A and B are invertible matrices since the E, F" are

basis, in view of Theorem 32. Then we must have

AXp=BYy = Yr =B 'AXg.

Also,
Xg = A"'BYp.
This prompts the following definition.
Definition
Let E = {x1,Xa,...,Xp,} and F' = {y1,ys,...,yYn} be two ordered basis for a vector space R". Let

A € M,«n(R) be the matrix having the x’s as its columns and let B € M,,+,,(R) be the matrix having
the y’s as its columns. The matrix P = B~' A is called the transition matrix from E to I and the matrix

P! = A~ Biscalled the transition matrix from F to E.

Example
Consider the basis of R?
E=1{(1,1,1),(1,1,0),(1,0,0)},

F={(1,1,-1),(1,-1,0),(2,0,0)} .
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Find the transition matrix from E to F and also the transition matrix from F to E. Also find the coordinates
of (1,2,3) in terms of F..

Solution: » Let

111 1 1 2
A=111 0|, B=|1 -1 0
1 00 -1 0 0



The transition matrix from E to F'is

P = BA
1 1 2
= |1 -10
-1 0 0
0 0 -1
= [0 -1 -1
1 1
|
2 2
-1 0 0
= |—2 -1 —0
1
2 1 =
I 2

1.2. Basis and Change of Basis
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The transition matrix from F to E'is

-1 0 O -1 0 0
Pt=]|-2 -1 0| =[2 =1 0
1

2 |
5 0 2 2
Now,
-1 0 0f (1 -1
Yre=|—-2 —1 0] |2 =|—-4
1 11
2 1 =113 —
2 E 21F

As a check, observe that in the standard basis for R?
{1,2,3} =1 {1,1,1} +2 {1,1,0} +3 {1,0,0} = {6,3,1} ;
E

11 11
= o=-11,1,-1| —4|1,-1,0] + = {2,0,0| = [6,3,1] -
2 |p 2

|:_17 _47

1.3. Linear Transformations and Matrices
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1.3. Linear Transformations and Matrices

Definition
A linear transformation or homomorphism between R"™ and R™

R* — R™
L: ,
x = L(x)
is a function which is

m Additive: L(x +y) = L(x) + L(y),

m Homogeneous: L(Ax) = AL(x), for A € R.

Itis clear that the above two conditions can be summarized conveniently into

L(x+ Ay) = L(x) + AL(y).

Assume that {x; };c[1;,) is an ordered basis for R", and E' = {y; };c1,» an ordered basis for R™.



1. Multidimensional Vectors

Then

L(xy,)

11y1 + a21y2 + - + Gm1Ym

G12y1 + A22y2 + * - + GmoYm

A1pY1 + A2,Y2 + - + GmnYm

a1

21
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42 | Definition
The m x n matrix

aipx Q2 - Qip

Q21 Q22 -+ QAap
M; =

m1 Am2 - Omn

formed by the column vectors above is called the matrix representation of the linear map L with respect
to the basis {x; }ic(1.m], {yi tic[:n)-

43 Example
Consider L : R?® — R3,

L(z,y,2)=(x—y—z,04+y+22).

Clearly L is a linear transformation.
1. Find the matrix corresponding to L under the standard ordered basis.

2. Find the matrix corresponding to L under the ordered basis (1,0,0),(1,1,0),(1,0, 1), for both the
domain and the image of L.
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Solution: »

1. The matrix will be a 3 x 3 matrix. We have L(1,0,0) = (1,1,0), L(0,1,0)

L(0,0,1) = (—1,1,1), whence the desired matrix is

1 -1 -1
11 1
0 0 1

2. Call this basis E. We have

= (—1,1,0), and

L(1,0,0)=(1,1,0)=0(1,0,0) +1(1,1,0) +0(1,0,1) = (0,1,0) 1,

L(1,1,0) = (0,2,0) = —2(1,0,0) +2(1,1,0) + 0(1,0,1) = (—=2,2,0) ,,

and

L(1,0,1) =(0,2,1) = —=3(1,0,0) +2(1,1,0) + 1(1,0,1) = (=3,2,1) 5,

whence the desired matrix is
0 -2 -3
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<

1.4. Three Dimensional Space

Definition

The column rank of A is the dimension of the space generated by the columns of A, while the row rank of A

is the dimension of the space generated by the rows of A.

Afundamentalresultin linear algebra is that the column rank and the row rank are always equal. This

number (i.e., the number of linearly independent rows or columns) is simply called the rank of A.

1.4. Three Dimensional Space

45

In this section we particularize some definitions to the important case of three dimensional space

Definition

The 3-dimensional space is defined and denoted by

R3:{r:(as,y,z):x€R,yGR,zER}.

Having oriented the z axis upwards, we have a choice for the orientation of the the x and y-axis. We

adopt a convention known as a right-handed coordinate system, as in figure 1.1. Let us explain. Put

i=(1,0,0), j=1(0,1,0), k =(0,0,1),
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and observe that
r=(z,y,2) = xi+yj+ zk.

ot
ot

Figure 1.1. Right-handed system. Figure 1.3. Left-handed system.
Figure 1.2. Right Hand.

1.4. Cross Product

The cross product of two vectors is defined only in three-dimensional space R?. We will define a gener-
alization of the cross product for the n dimensional space in the section 1.5.
The standard cross product is defined as a product satisfying the following properties.
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46 | Definition
Let x,y,z be vectors in R3, and let A\ € R be a scalar. The cross product X is a closed binary operation
satisfying

@ Anti-commutativity: x X y = —(y X x)
® Bilinearity:

(x+z)Xy=xXy+zXy and XX (z2+y)=XX2z+XXYy

® Scalar homogeneity: (Ax) Xy =x X (Ay) = A(x X y)
O xxx=0

@ Right-hand Rule:
ixj=k jxk=i kxi=j.

It follows that the cross product is an operation that, given two non-parallel vectors on a plane, allows
us to “get out” of that plane.
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47 Example
Find
(1,0,-3) x (0,1,2).

Solution: » We have

i-3k)x(+2k) = ixj+2ixk-3kxj—6kxk

= k—2j+3i+0
= 3i—2j+k
Hence
(1,0,—-3) x (0,1,2) = (3,-2,1).
<

The cross product of vectors in R? is not associative, since
ix({ixj)=ixk=-—j
but
(ixi)xj=0xj=0.

Operating as in example 47 we obtain



X XYy

Figure 1.4. Theorem 51.

1.4. Three Dimensional Space

»

Il

Figure 1.5. Area of a parallelogram
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48 [ Theorem
Letx = (w1, 19, x3) andy = (y1, Y2, y3) be vectors in R, Then

X Xy = (T2y3 — Z3y2)i + (2301 — 21Y3)j + (2192 — 2201 k.

Proof. Sincei X i=j X j=k X k =0, we only worry about the mixed products, obtaining,
X Xy = (zi+zoj + 23k) X (Y11 + o + y3k)
= a1yl X j+ x1ysi X K+ xoy1j X i+ x0y3j X k
+x3y1k X i+ 2310k X j
= (T1y2 — Y122)i X j+ (T2ys — v312)] X K+ (w391 — 21y3)k X i

= (T1y2 — ix2)k + (voys — z3y2)i + (z3y1 — 21y3)],

proving the theorem.

The cross product can also be expressed as the formal/mnemonic determinant
i j k
uxXv= UL U U3

U1 V2 Vs
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Using cofactor expansion we have

Uy U3\, usz Uy, Uy Uz
uxv= i+ j+ k

V2 U3 V3 U1 V1 U2

Using the cross product, we may obtain a third vector simultaneously perpendicular to two other vec-
torsin space.

49 | Theorem
x L (x X y)andy L (x X y), thatis, the cross product of two vectors is simultaneously perpendicular
to both original vectors.

Proof. We will only check the first assertion, the second verification is analogous.

Xe(x Xy) = (v1d+ 22 + 23k)e((22y3 — 392)1
+(z3y1 — 21y3)j + (21y2 — 2y1)K)
= T1X2Y3 — T1X3Y2 + T2T3Y1 — Ta2T1Y3 + T3T1Y2 — T3T2Y1
— 07

completing the proof. n
Although the cross product is not associative, we have, however, the following theorem.
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50 |[Theorem

a X (b X c¢) = (asc)b — (a<b)c.

Proof.

ax (bxc) = (ai+ asj+ ask) X ((bacg — byco)it
+(bscr — bics)j + (bica — bacy k)
= ay(bsc; — bieg)k — aqg(brea — bacy)j — ag(bacs — byea)k
+as(bico — bacy)i+ ag(bacs — byca)j — as(bsep — bies)i
= (a1c1 + agca + ages)(bii + boj + bsi)+
(—a1by — agby — asbs)(c1i + coj + c3i)
= (a«c)b — (asb)c,

completing the proof.



51

axb

X
Figure 1.6. Theorem 497.

1.4. Three Dimensional Space

Figure 1.7. Example 22.

Theorem
Let (x,y) € [0; 7] be the convex angle between two vectors x and'y. Then

[ Xyl = [[x[[[lyllsin (%, y).
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Proof. We have

Ix X ylI? = (22y3 — 2392)° + (w3y1 — 2193)° + (2192 — T2pn)?
= 25y3 — 2ToysT3ya + 23Y5 + 23YT — 2T3y171y3+
+a1y3 + x1Y5 — 2219002y1 + T3Y;
= (2 + a3+ 23)(U] + 95 +u3) — (2191 + Toys + 23y3)°
= [|xIPlly[l* = (x-y)?
= Iy 12 = [IxIPl[y][2 cos? (x, y)

—_—
= [[x[P*[lyl]* sin® (x, ),

whence the theorem follows. n

Theorem 51 has the following geometric significance: ||x X y]|| is the area of the parallelogram formed
when the tails of the vectors are joined. See figure 1.5.
The following corollaries easily follow from Theorem 51.

52 Corollary
Two non-zero vectors x,y satisfy x X y = 0 ifand only if they are parallel.
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53 Corollary (Lagrange’s Identity)

2 2
[l x ylI* = x|y lI” = (ey)*.

The following result mixes the dot and the cross product.

54 | Theorem
Let x, y, z, be linearly independent vectors in R3. The signed volume of the parallelepiped spanned by

themis (x X y) o z.

Proof. See figure 1.6. The area of the base of the parallelepiped is the area of the parallelogram deter-
mined by the vectors x and y, which has area ||x X y||. The altitude of the parallelepiped is ||z|| cos ¢
where @ is the angle between z and x X y. The volume of the parallelepiped is thus

|x X y||||z]| cos @ = (x X y)ez,

proving the theorem. n

Since we may have used any of the faces of the parallelepiped, it follows that

(x X y)oz=(y X2z)x= (2 X X)ey.
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In particular, it is possible to “exchange” the cross and dot products:

xs(y X z) = (x X y)z

1.4. Cylindrical and Spherical Coordinates

Let B = {x;, X2, x3} be an ordered basis for R3. As we have already seen,
forevery v € R™ there is a unique linear combination of the basis vectors
that equals v:

v = TX1 + YXo + 2X3.

The coordinate vector of v relative to F is the sequence of coordinates

[U]E = (l’,’y, Z)'

In this representation, the coordinates of a point (x, y, z) are determined by following straight paths
starting from the origin: first parallel to x;, then parallel to the x5, then parallel to the x3, as in Figure
1.7.1.

In curvilinear coordinate systems, these paths can be curved. We will provide the definition of curvi-
linear coordinate systems in the section 3.10 and 8. In this section we provide some examples: the three
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types of curvilinear coordinates which we will consider in this section are polar coordinates in the plane
cylindrical and spherical coordinates in the space.

Instead of referencing a point in terms of sides of a rectangular parallelepiped, as with Cartesian co-
ordinates, we will think of the point as lying on a cylinder or sphere. Cylindrical coordinates are often
used when there is symmetry around the z-axis; spherical coordinates are useful when there is symmetry
about the origin.

Let P = (z,y, z) be a pointin Cartesian coordinates in R?, and let P, = (x, y, 0) be the projection of P
upon the zy-plane. Treating (x, y) as a pointin R?, let (r, #) be its polar coordinates (see Figure 1.7.2). Let
p be the length of the line segment from the origin to P, and let ¢ be the angle between that line segment
and the positive z-axis (see Figure 1.7.3). ¢ is called the zenith angle. Then the cylindrical coordinates
(r,0, z) and the spherical coordinates (p, 0, ¢) of P(z,y, z) are defined as follows:'

'This “standard” definition of spherical coordinates used by mathematicians results in a left-handed system. For this reason,
physicists usually switch the definitions of # and ¢ to make (p, 8, ¢) a right-handed system.
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Cylindrical coordinates (7, 0, z):
x =rcosl r=/z?+ y?
y =rsind 0 = tan™! (Q)
75

=2z =2z

where 0 <O <7 if y>0 and 7 <0 <27 if y <O

x

Cylindricdttogrdinates

HFigure 1.9.
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Spherical coordinates (p, 0, ¢):

x = psin¢ cosl p=\x2+y>+ 22

y = psin ¢ sin 6 6 =tan~! <Q)
55
_ — eoa-l <
2 = pcos o ¢ = cos < x2+y2+z2>

where 0 <O <7 if y>0 and 7 <0 <2m if y<O

Both 6 and ¢ are measured in radians. Note thatr > 0,0 < 0 < 2m,p > 0and 0 < ¢ < 7. Also, 6 is
undefined when (z,y) = (0,0), and ¢ is undefined when (z, y, z) = (0,0, 0).

55 Example
Convert the point (—2, —2, 1) from Cartesian coordinates to (a) cylindrical and (b) spherical coordinates.

5
Solution: » (a)r = /(—2)2 + (=2)2 = 2v/2,0 = tan~! (2> = tan"'(1) = Zﬁ,sincey =-2<0.

o (2v2.20) !

= /(-2)2+ (=22 +12=19=3,¢ = cos* (;) ~ 1.23 radians.
- (p,0.0) = (3, 5;,1.23)
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|

For cylindrical coordinates (r, 0, z), and constants r,, 6, and z,, we see from Figure 8.3 that the surface
r = 71, is a cylinder of radius r, centered along the z-axis, the surface § = 0, is a half-plane emanating
from the z-axis, and the surface z = z, is a plane parallel to the zy-plane.

z
20
Y
0
T
(a)r =, (b) 0 =6, (c) z = 2z

Figure1.10. Cylindrical coordinate surfaces

The unit vectors 7, 0, k at any point P are perpendicular to the surfaces r = constant, § = constant,
z = constant through P in the directions of increasing r, 6, z. Note that the direction of the unit vectors

7,0 vary from point to point, unlike the corresponding Cartesian unit vectors.
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z

fﬁ z = z plane
|

r = 71 surface

x 1 ¢ = ¢ plane

For spherical coordinates (p, 8, ¢), and constants p,, 8, and ¢,, we see from Figure 1.11 that the surface
p = p, is a sphere of radius p, centered at the origin, the surface 6 = 6, is a half-plane emanating from
the z-axis, and the surface ¢ = ¢, is a circular cone whose vertex is at the origin.

Figures 8.3(a) and 1.11(a) show how these coordinate systems got their names.

Sometimes the equation of a surface in Cartesian coordinates can be transformed into a simpler equa-
tion in some other coordinate system, as in the following example.

56 Example
Write the equation of the cylinder x* + y? = 4 in cylindrical coordinates.



1. Multidimensional Vectors

(@) p=po (b) 6 = 0, (€) ¢ =

Figure1.11.  Spherical coordinate surfaces

Solution: » Since r = \/x? + y?, then the equation in cylindrical coordinatesis r = 2. 4

Using spherical coordinates to write the equation of a sphere does not necessarily make the equation
simpler, if the sphere is not centered at the origin.

57 Example

Write the equation (z — 2)? + (y — 1)? 4+ 2% = 9 in spherical coordinates.
Solution: » Multiplying the equation out gives

24y + 22 —4dx —2y+5=9,s0weget
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p* — 4psin¢ cosf — 2psing sinf —4 =0, or
p? —2sing(2cosf —sinf)p—4=0

after combining terms. Note that this actually makes it more difficult to figure out what the surface is,
as opposed to the Cartesian equation where you could immediately identify the surface as a sphere of
radius 3 centered at (2, 1,0). <

Example

Describe the surface given by @ = z in cylindrical coordinates.

Solution: » This surface is called a helicoid. As the (vertical) z coordinate increases, so does the angle
0, while the radius r is unrestricted. So this sweeps out a (ruled!) surface shaped like a spiral staircase,
where the spiral has an infinite radius. Figure 1.12 shows a section of this surface restrictedto 0 < z < 4nx
and0 <r <2 «

Exercises

A
For Exercises 1-4, find the (a) cylindrical and (b) spherical coordinates of the point whose Cartesian co-
ordinates are given.
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Figure1.12. Helicoidf =z

1. (2,23, 1) 3. (vV21,—v/7,0)
2. (—5,5,6) 4. (0,v2,2)

For Exercises 5-7, write the given equation in (a) cylindrical and (b) spherical coordinates.



10.

11.
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a4yt 22 =25 7. 2% +y? 4+ 922 = 36

x4yt =2y

. Describe the intersection of the surfaces whose equations in spherical coordinates are § = 5 and

™
¢=7
Show that for a # 0, the equation p = 2asin ¢ cos 6 in spherical coordinates describes a sphere
centered at (a, 0, 0) with radius|al.

Let P = (a, 0, ¢) be a point in spherical coordinates, witha > 0 and 0 < ¢ < m. Then P lies on
the sphere p = a. Since 0 < ¢ < m, the line segment from the origin to P can be extended to
intersect the cylinder given by » = a (in cylindrical coordinates). Find the cylindrical coordinates
of that point of intersection.

Let P, and P, be points whose spherical coordinates are (p,, 6, ¢,) and (p,, 0,, ¢,), respectively.
Let v, be the vector from the origin to P,, and let v, be the vector from the origin to P,. For the
angle v between

COS 7Y = COS ¢, COS P, + sin ¢, sin ¢, cos( O, — 0, ).
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This formula is used in electrodynamics to prove the addition theorem for spherical harmonics,

which provides a general expression for the electrostatic potential at a point due to a unit charge.
See pp. 100-102 in [36].

12. Show that the distance d between the points P, and P, with cylindrical coordinates (r,, 6,, z,) and
(s, 0,, 2,), respectively, is

d=\/r2+12—2rryc08(0, — 0,) + (2 — 2,)°.

13. Show that the distance d between the points P, and P, with spherical coordinates (p,, 6,, ¢,) and
(p2, 05, 0,), respectively, is

d=\/p?+ p2 — 2p, pu[sin ¢, sin g, cos(6; — 0, ) + cos b, cos by .

1.5. ~ Cross Product in the n-Dimensional Space

In this section we will answer the following question: Can one define a cross productin the n-dimensional
space so that it will have properties similar to the usual 3 dimensional one?

Clearly the answer depends which properties we require.

The most direct generalizations of the cross product are to define either:
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m abinary product x : R® x R"” — R™ which takes as input two vectors and gives as output a vector;

m an — l-ary product x : R" x--- x R" — R" which takes as input n — 1 vectors, and gives as
—————

n—1times
output one vector.

Under the correct assumptions it can be proved that a binary product exists only in the dimensions 3
and 7. A simple proof of this fact can be found in [51].
In this section we focus in the definition of the n — 1-ary product.

59 |Definition
Let vy,...,v,_1 be vectorsin R",, and let A\ € R be a scalar. Then we define their generalized cross
productv,, = vy X --- X v,_; as the (n — 1)-ary product satisfying

O Anti-commutativity: vi X ---V; X Vigg X+ X Vo1 = =V X =+ Vi X Vy X -+ X V1, .6,
changing two consecutive vectors a minus sign appears.

® Bilinearity: vi X -+ V; + X X Vig1 X =+ X V1 =Vy X+ V; X Vigg X+ X V1 +V XXX

Viglr X oo X'V

® Scalarhomogeneity: vi X «+ - AV; X Vigg X -+ X Vg = AV] X -+ -V X Vg X oo+ X Vg
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® Right-hand Rule: ey X --- X e, 1 = e,, ey X --- X e, = e, and so forth for cyclic permutations of
indices.

We will also write

X(Vi, ooy V1) 5= VX oV X Vi X oo X Vg
In coordinates, one can give a formula for this (n — 1)-ary analogue of the cross product in R™ by:

60 Proposition

Letey, ..., e, bethe canonical basis of R" and let v, ..., v,_1 be vectors in R™, with coordinates:
vV, = (UH, e Uln) (16)
(1.7)
vV, = ('Uﬂ, R ’Um) (18)
(1.9)
Vi, = (Un1, - - Unn) (1.10)

in the canonical basis. Then
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V11 ot Vi
><(V1, e 7Vn71) =
Un—11 ' Un—1n
e RN e,

This formula is very similar to the determinant formula for the normal cross product in R? except that
the row of basis vectors is the last row in the determinant rather than the first.
The reason for this is to ensure that the ordered vectors

(V17 <y Vi1, X(Vh e Vn—l))

have a positive orientation with respect to

(el,...,en).

61 Proposition
The vector product have the following properties:

The vector X (v1, ..., Vv,_1) is perpendicular to v;,

@ the magnitude of X(v1, ..., v,_1) is the volume of the solid defined by the vectors vy, ...v; 1
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V11 o Ui
O v,V X - XV, =
Un—11 *°° Unp—1n
Un1 e Unn

1.6. Multivariable Functions

Let A C R™. For most of this course, our concern will be functions of the form
f:ACR" 5 R™

If m = 1, we say that f is a scalar field. If m > 2, we say that f is a vector field.

We would like to develop a calculus analogous to the situation in R. In particular, we would like to
examine limits, continuity, differentiability, and integrability of multivariable functions. Needless to say,
the introduction of more variables greatly complicates the analysis. For example, recall that the graph
of afunction f : A — R™, A C R". is the set

{(x, f(x)) :x € A)} CR™™,

If m +n > 3, we have an object of more than three-dimensions! In the casen = 2,m = 1, we have a
tri-dimensional surface. We will now briefly examine this case.



1.6. Multivariable Functions

62 | Definition
Let A C R?*andlet f : A — R be afunction. Given c € R, the level curve at z = cis the curve resulting
from the intersection of the surface = = f(x,y) and the plane =z = ¢, if there is such a curve.

63 Example
The level curves of the surface f(x,y) = z* + 3y? (an elliptic paraboloid) are the concentric ellipses

2+ 3y? = ¢, c>0.

1.6. Graphical Representation of Vector Fields

In this section we present a graphical representation of vector fields. For this intent, we limit ourselves
to low dimensional spaces.

Avectorfield v : R?* — R3isan assignment of avector v = v(z, y, ) to each point (z, y, 2) of a subset
U C R3. Each vector v of the field can be regarded as a ”bound vector” attached to the corresponding
point (x,y, z). In components

V($7 Y, Z) - UI(I7 Y, ’Z)i + UQ(xa Y, Z)J + U3(l’, Y, Z)k
64 Example
Sketch each of the following vector fields.
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-3

Figure 1.13. Level curves for f(z,y) = 2% + 3y

F==zxi+yj
F=—yi+zj
r=uzi+yj+zk
Solution: »

a) The vector field is null at the origin; at other points, F' is a vector pointing away from the origin;
b) This vector field is perpendicular to the first one at every point;
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c) The vector field is null at the origin; at other points, F is a vector pointing away from the origin. This
is the 3-dimensional analogous of the first one. «
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65 Example

Suppose that an object of mass M is located at the origin of a three-dimensional coordinate system. We
can think of this object as inducing a force field g in space. The effect of this gravitational field is to attract
any object placed in the vicinity of the origin toward it with a force that is governed by Newton’s Law of

Gravitation.
GmM

F = 5

,
To find an expression for g, suppose that an object of mass m is located at a point with position vector

r=zi+yj+ zk.
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The gravitational field is the gravitational force exerted per unit mass on a small test mass (that won’t
distort the field) at a pointin the field. Like force, itis a vector quantity: a point mass M at the origin produces

the gravitational field

GM
g=g(r)= B

where r is the position relative to the origin and where r = ||r||. Its magnitude is

_GM

2

g:
r

and, due to the minus sign, at each point g is directed opposite to r, i.e. towards the central mass.

Exercises

66 Problem 4
Sketch the level curves for the following maps.

C(ryy) = —

5. (x,y) — 22 + 49?
1L (z,y)—xz+y
2. (z,y) = ay 6. (z,y) > sin(z? + y?)

3. (z,y) = min(|z|, ly|) 7. (z,y) — cos(x? — 1?)
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Figure 1.14. Gravitational Field

67 Problem
Sketch the level surfaces for the following maps.

4. (z,y.2) =2 +y°
2 2
L (v,y,2) —~x+y+z 5. (z,y,2) — 2> + 4y

2. (z,y,2) — xyz 6. (z,y,2) — sin(z — 22 — y?)

3. (z,y,2) — min(|z|, |y, |2]) 7. (x,y,2) = a? + 4 + 22
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1.7. Levi-Civitta and Einstein Index Notation

We need an efficient abbreviated notation to handle the complexity of mathematical structure before us.
We will use indices of a given “type” to denote all possible values of given index ranges. By index type we
mean a collection of similar letter types, like those from the beginning or middle of the Latin alphabet,
or Greek letters

a,b,c,...
0,5, k,...
)\7577"'

each index of which is understood to have a given common range of successive integer values. Variations
of these might be barred or primed letters or capital letters. For example, suppose we are looking at
linear transformations between R™ and R™ where m # n. We would need two different index ranges to
denote vector components in the two vector spaces of different dimensions, say i, j, k,... = 1,2,...,n
and A\, 3,7,...=1,2,...,m.

In order to introduce the so called Einstein summation convention, we agree to the following limita-
tions on how indices may appear in formulas. A given index letter may occur only once in a given term in
an expression (call this a “free index”), in which case the expression is understood to stand for the set of
all such expressions for which the index assumes its allowed values, or it may occur twice but only as a
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superscript-subscript pair (one up, one down) which will stand for the sum over all allowed values (call

this a “repeated index”). Here are some examples. If i, j = 1,...,nthen

A« n expressions : At A% ..., A",
n

Al Z A";, asingle expression with n terms
=1
(this is called the trace of the matrix A = (4%))),

n

n
AT — YA DT A, nexpressions each of which has n terms in the sum,
=1 =1
A;i <— no sum, just an expression for each i, if we want to refer to a specific

diagonal component (entry) of a matrix, for example,
Aly; + Alw; = Al (v; + w;), 2 sums of n terms each (left) or one combined sum (right).

Arepeated index is a “dummy index,” like the dummy variable in a definite integral
b b
/ f(z) dz = / f(u) du.
We can change them at will: A%; = A7;.

In order to emphasize that we are using Einstein’s convention, we will enclose any terms
under consideration with " - .



1. Multidimensional Vectors

68 Example
Using Einstein’s Summation convention, the dot product of two vectors x € R" andy € R" can be written
as .
Xey = Z%’yi =" TYs .
i=1
69 Example

Given that a;, b;, cx, d; are the components of vectors in R3, a, b, c, d respectively, what is the meaning of
“a;b;crdy ?
Solution: » We have
Ta;bicrd, o = Z a;b;" cidy 1 = a*b" crdi 1 = asb Z crdy, = (asb)(ced).

i=1 k=1

<

70 Example
Using Einstein’s Summation convention, theij-thentry (AB),; ofthe product of two matrices A € M, (R)
and B € M,,«,(R) can be written as

(AB Z Alk:Bk‘] - AitBth'
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71 Example
Using Einstein’s Summation convention, the trace tr (A) of a square matrix A € M,,y,,(R) is tr (A) =
Z?:l Att - ,_AttJ.

72 Example
Demonstrate, via Einstein’s Summation convention, that if A, B are two n X n matrices, then

tr (AB) = tr (BA).
Solution: » We have
tr (AB) =1tr ((AB)ZJ> =tr (l—AikBij> = l—l—AthktJJ,

and
tr (BA) = tr ((BA)Z]> = tr ('_BikAij) = l—'_BtkAktJJ,

from where the assertion follows, since the indices are dummy variables and can be exchanged. «



73

74

75

1. Multidimensional Vectors

Definition (Kronecker’s Delta)
The symbol 6;; is defined as follows:

0 ifi#

1 ifi=j.

ij

Example
Itis easy to see that " 6,00 = Sp_ Oirlkj = 0y

Example
We see that
3 3 3
T0iabi o =" 0ab; = agby = xey.
i=1j=1 k=1
Recall that a permutation of distinct objects is a reordering of them. The 3! = 6 permutations of the
index set {1, 2,3} can be classified into even or odd. We start with the identity permutation 123 and
say it is even. Now, for any other permutation, we will say that it is even if it takes an even number of
transpositions (switching only two elements in one move) to regain the identity permutation, and odd if
it takes an odd number of transpositions to regain the identity permutation. Since

231 — 132 — 123, 312 — 132 — 123,
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the permutations 123 (identity), 231, and 312 are even. Since

132 — 123,

the permutations 132, 321, and 213 are odd.

321 — 123,

213 — 123,

Definition (Levi-Civitta’s Alternating Tensor)
The symbol € i, is defined as follows:

0 if{j,k 1} #{1,2,3}

1 2

—1 if
Ejkl = J k
1 2

+1 if

ik

is an odd permutation

is an even permutation

In particular, if one subindex is repeated we have .., = ¢, = €4, = 0. Also,

€123 = €231 = €312 = 1,

€132 = €321 = €213 = —1.
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77 Example
Using the Levi-Civitta alternating tensor and Einstein’s summation convention, the cross product can also
be expressed, ifi = eq, j = e, k = eg, then

XXy= réjkl(akbl)EjJ.

78 Example
If A = [a;j] is a 3 x 3 matrix, then, using the Levi-Civitta alternating tensor,

det A = rsijkauagjagw.

79 Example
Letx,y,z be vectors in R3. Then

xe(y X z) ="x;(y X 2);0 = "wigi(yrz) o

Identities Involving ) and ¢
€ijk01:02j03 = €123 = 1 (1.11)
0 Oim O
€isk€imn = | 61 Ojm Ojn | = 0u0imOhn + Oimndjn0u + im0 10km — 60 0km — Oimji0kn — OinOsmOpr (1.12)
6kl 5km 6kn
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€ijk€imk = = 5il(5jm - 6im5jl

dji 0;

(1.13)

The last identity is very useful in manipulating and simplifying tensor expressions and proving vector

and tensor identities.

€ijk€lik — 204
€ijk€ijk = 20;; = 6

80 Example
Write the following identities using Einstein notation

. A-BxC)=C-(AxB)=B-(CxA)
2 Ax(BxC)=B(A-C)-C(A:-B)
Solution: »

A-BxC)=C-(AxB)=B-(CxA)

) T
€ijkAiBjCk = EkijCkAiBj = Ejkz'BjCkAi

(1.14)

(1.15)

(1.16)
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Ax(BxC)=B(A-C)-C(A-B)

0 (1.17)
EijkAjEklmBlCm = bB; (Amcm) - (AZBZ)

1.7. Common Definitions in Einstein Notation

The trace of a matrix A tensor is:

tr (A) == A” (1.18)
Fora 3 x 3 matrix the determinant is:
A A Ags
det (A) = | Ay Ay Agg | = €ijrAriAz; Az = €ijr A AjpArs (1.19)
Az Az Ass

where the last two equalities represent the expansion of the determinant by row and by column. Alter-
natively

1
6ijk‘slmn14il14jm14kn (1-20)
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For an n x n matrix the determinantis:

1
det (A) == €i1~--inA1i1 e Amn == €i1~~inAi11 e Aznn == E‘Eil"'in €j1"'jnAi1j1 SN Ainjn (1.21)

The inverse of a matrix A is:
1

AT = 3 det (A) ™ €ipg AmpAng (1.22)
The multiplication of a matrix A by a vector b as defined in linear algebrais:
[Ab], = A;;b; (1.23)
The multiplication of two n x n matrices A and B as defined in linear algebra is:
[AB],, = A;;Bji (1.24)

Again, here we are using matrix notation; otherwise a dot should be inserted between the two matrices.
The dot product of two vectors is:

A B =6,;A;B; = A;B; (1.25)
The cross product of two vectors is:

[A X B]z = GijkAjBk (1.26)
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The scalar triple product of three vectors is:

A Ay Aj
A-(BxC)=|B, By, Bs|=e€AiB;Cy
C; Cy Cj

The vector triple product of three vectors is:

[A X (B X C)} = Eijk‘fklmAjBlCm

i

1.7. Examples of Using Einstein Notation to Prove Identities

81 Example
A- BxC)=C-(AxB)=B:-(CxA):

Solution: »

(1.27)

(1.28)
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A - (B xC) = ¢, AiB;Cy (Eg. 7?)
= €1ij A, B;Cy, (Eq. 10.40)
= €4,i;CLAi B, (commutativity)
=C- (A xB) (Eq. 2?) (1.29)
= €1 A; B;Cy, (Eg. 10.40)
= €1, B;CrA,; (commutativity)
—B-(CxA) (Eq. 72)

The negative permutations of these identities can be similarly obtained and proved by changing the
order of the vectors in the cross products which results in a sign change.

<

82 Example
Showthat A x (Bx C)=B(A-C)—-C(A-B):
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Solution: »

[A x (B x C)]Z = €A [B x CJ,
= €ijkAj€klmBlCm
= €;ik€mA; BICp,
= EijkElmkAszCm

Eq. 7?)
Eq. 7?)
commutativity)

Eqg. 10.40)

(
(
(
(
— (8B jm — Sim031) A;BiChy (Eq. 10.58)
= 510 A BiCoy — Gimi1 A3 BiCo (distributivity) (1.30)
— (64B) (6 A;Crm) — (BinCi) (614,81
= B; (AnCh) — C; (AiB)) (
(
(
(

commutativity and grouping)
Eqg. 10.32)

Bi(A-C)~Ci (A B)
[ (A C)] [C(A-B)],
= [B(A-C)-C(A-B)|, Eq. 22)

Because i is a free index the identity is proved for all components. Other variants of this identity [e.g.

Eq. 1.25)

definition of index)

(A x B) x C] can be obtained and proved similarly by changing the order of the factors in the external
cross product with adding a minus sign. <«

Exercises
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83 Problem
Let x,y, z be vectors in R3. Demonstrate that

Triyizi0 = (Xy)z.






Limits and Continuity

2.1. Some Topology

84 | Definition
Leta € R™and lete > 0. An open ball centered at a of radius ¢ is the set

B.(a) ={x € R": ||x —a| <€}




2. Limits and Continuity
An open box is a Cartesian product of open intervals

]al; b1[><]a2; b2[>< s X]an—l; bn—l[x]an; bn[7

where the ay, by, are real numbers.

The set
B.(a) ={x e R": ||x —al| <¢e}.

is also called the e-neighborhood of the point a.

by — as

2T
PPN
1 ]

\(a1, a2z

Figure 2.1. Open ballin R Figure 2.2. Open rectangle in R2.



V4 A J

’ .;6/‘
——m—=<
(al,az,,tis)

\

Topology

T Yy

Figure 2.3. Open ball in R3. Figure 2.4. Open box in R3.

85 Example
An open ball in R is an open interval, an open ball in R? is an open disk and an open ball in R? is an open
sphere. An open box in R is an open interval, an open box in R? is a rectangle without its boundary and an

open box in R3 is a box without its boundary.

86 | Definition
Aset A C R" jssaid to be open if for every point belonging to it we can surround the point by a sufficiently
small open ball so that this balls lies completely within the set. Thatis, Va € A 3¢ > Osuchthat B.(a) C

A

87 Example
The open interval | — 1; 1] is open in R. The interval ] — 1; 1] is not open, however, as no interval centred at

1 is totally contained in | — 1; 1].

88 Example
The region | — 1;1[x]0; +oo| is open in R,
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.- -

......
--------------

Figure 2.5. Open Sets

89 Example
The ellipsoidal region {(z,y) € R? : 2% + 4y* < 4} is open in R>.

.....

The reader will recognize that open boxes, open ellipsoids and their unions and finite intersections are

open setsin R".

90

91

Definition
Aset F' C R" s said to be closed in R™ if its complement R™ \ F'is open.

Example
The closed interval [—1; 1] is closed in R, as its complement, R \ [—1;1] =

R. The interval | — 1; 1] is neither open nor closed in R, however.

)

] — 00; —1[U]1; 400l is open in
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92 Example
The region [—1; 1] x [0; +-00[x[0; 2] is closed in R?.

93 Lemma
Ifx1 and x5 are in S,.(xq) for some r > 0, then so is every point on the line segment from x; to Xs.

Proof. The line segment is given by
X=txo+ (1 —t)x;, 0<t<l1.

Suppose thatr > 0. If

X1 —Xo| <7, |x2—Xo| <7,

and0 <t < 1, then

X — Xg| = [tx2 + (1 — t)x; — tx¢ — (1 — t)xo| (2.1)
= |t(X2 — Xo) + (]. — t)(Xl — XQ)| (2.2)
< t‘XQ — X(]’ + (1 — t)‘Xl — X0| (23)

<tr+(1—t)r=r.
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2. Limits and Continuity

Definition

A sequence of points {x;} in R"™ converges to the limit x if
lim ’Xk - i| =0.
k—oo

In this case we write

lim x;, = X.
k—o0

The next two theorems follow from this, the definition of distance in R", and what we already know
about convergence in R.

Theorem
Let

§:<T1,T2,...,Tn) and X = (.T,'lk,.’l'Qk,...,SEnk), ]{]2 1.
Then klirn xj, = X ifand only if
—00

lim ;. =7;, 1<i<mn;
k—o00

that is, a sequence {xy } of points in R"™ converges to a limit X if and only if the sequences of components
of {x} converge to the respective components of X.
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2.1. Some Topology

Theorem (Cauchy’s Convergence Criterion)
Asequence {x; } inR"™ converges if and only if for each ¢ > 0 there is an integer K such that

%, — x| <e if r,s>K.

Definition
Let S be a subset of R. Then

1. xqis a limit point of S if every deleted neighborhood of x contains a point of S.

2. x¢ is a boundary point of S if every neighborhood of x contains at least one point in S and one
notin S. The set of boundary points of S is the boundary of S, denoted by 0S. The closure of S,
denoted by S, is S = S U 0S.

3. xzgisanisolated point of S if xy € S and there is a neighborhood of xy that contains no other point
of S.

4. xqis exterior to S if x is in the interior of S¢. The collection of such points is the exterior of S.

98 Example

LetS = (—o0, —1] U (1,2) U {3}. Then

1. The set of limit points of S'is (—oo, —1] U [1, 2].
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2,08 ={-1,1,2,3}and S = (—o0, —1] U [1,2] U {3}.
3. 3isthe only isolated point of S.
4. The exteriorof S'is (—1,1) U (2,3) U (3, 00).

99 Example
Forn > 1, let

1 1
nelpls
2n+1 2n

and S = Ej I,.
n=1
Then
1. The set of limit points of S'is S U {0}.
2. 90S={zlzx=00rx=1/n(n>2)}and S = S U{0}.
3. S has noisolated points.

4. The exterior of S is

[0 (s )] ()

n=1
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100 Example
Let S be the set of rational numbers. Since every interval contains a rational number, every real number is
a limit point of S; thus, S = R. Since every interval also contains an irrational number, every real number
is a boundary point of S; thus S = R. The interior and exterior of S are both empty, and S has no isolated

points. S is neither open nor closed.

The next theorem says that S is closed if and only if S = S (Exercise 108).

101 | Theorem
Aset S'is closed if and only if no point of S¢ is a limit point of S.

Proof. Suppose that S is closed and xy € S¢. Since S€is open, there is a neighborhood of z, that is
contained in S¢ and therefore contains no points of S. Hence, xy cannot be a limit point of S. For the
converse, if no point of S¢is a limit point of S then every pointin S¢ must have a neighborhood contained

in S¢. Therefore, S¢is open and S'is closed. u

Theorem 101 is usually stated as follows.

102 Corollary
Aset is closed if and only if it contains all its limit points.
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\ \An

Figure 2.6. Polygonal curve
103 | Definition

A polygonal curve P is a curve specified by a sequence of points (A, A,,
The curve itself consists of the line segments connecting the consecutive vertices.

, Ap,) called its vertices

be connected by a polygonal curve lying within D.
104

Adomain is a path connected open set. A path connected set D means that any two points of this set can
Definition

A simply connected domain is a path-connected domain where one can continuously shrink any simple
closed curve into a point while remaining in the domain.

Equivalently a pathwise-connected domain U C RR? is called simply connected if for every simple
closed curve I' C U, there exists a surface > C U whose boundary is exactly the curveI.



(a) Simply connected domain

Figure 2.7.

Exercises

105 Problem
Determine whether the following subsets of R? are
open, closed, or neither, in R2,

1L A={(z,y) e R*: |z| < 1,|y| < 1}

2. B={(z,y) eR*: x| <1,[y| <1}

2.1. Some Topology

(b) Non-simply connected domain

Domains

3. C={(z,y) e R%:
4. D={(z,y) e R?:
5. E={(z,y) e R*:

6. F={(x,y) e R*:

7] <1, ]yl <1}

2? <y<uz}
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7. G={(z,y) eR?: |y| <9,z < y?} union contains a set E C R% Shew that there is a
106 Problem (Putnam Exam 1969) pairwise disjoint subcollection Dy, k > 1in F such
Let p(x,y) be a polynomial with real coefficients in that .
the real variables z and vy, defined over the entire EC |J3D;.
plane R?. What are the possibilities for the image =
(range) of p(z,y)? 108 Problem
107 Problem (Putnam 1998) Aset S is closed if and only if no point of S€ is a limit

Let F be afinite collection of open disks in R? whose point of S.

2.2. Limits

We will start with the notion of limit.

109 | Definition
Afunction f : R" — R™is said to have a limit . € R™ ata € R"ifVe > 0,30 > 0 such that

0<|lx—al]|<d=||f(x) —L|| <e.
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2.2. Limits

In such a case we write,
lim f(x) = L.

X—a

The notions of infinite limits, limits at infinity, and continuity at a point, are analogously defined.

Theorem
Afunction f : R™ — R™ have limit
)lclgrzla f(x) = L.
ifand only if the coordinates functions f1, fo, ... f,, have limits L, L2, ..., L,, respectively, i.e., f; — L;.

Proof.
We start with the following observation:

2

[#60) = L = [£160) = La| + 200 = Lo o+ [ fn () = L]

So, if
'f1<X) — Ll’ <€

|fo(x) = Lo| <&
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[ fon(X) = Lin| < £

then Hf(t) - LH < y/me.
Now, if Hf(x) — LH < ethen
fi(x) - L1] <«

fa(x) = L2] < ¢
’fm(x) — Lm‘ <e

Limits in more than one dimension are perhaps trickier to find, as one must approach the test point
from infinitely many directions.

111 Example

2 5,,3
Find  lim ry vy
(@,)—(0,0) \ 22 4+ y2” 26 + 9

2

Solution: » First we will calculate lim rY

o D00 22 + 42 We use the sandwich theorem. Observe that 0 <
z,y)—(0,0) T Yy




2

2?2 < 2?2 +y% andso0 < 2:70 5 < 1. Thus
]
%y
hm 0 S 1m 9, a2l = 1m |y|a
(z,y)—(0,0) (z,9)—=(0,0) |2 + Yy (z,y)—(0,0)
and hence )
lim rY
(z,4)—(0,0) 2 + y?
25yP

Now we find  lim .
(2,5)—(0,0) 26 + y4

Either || < |y| or|z| > |y|. Observe that if |x| < |y|, then

5,3 8
Ui Y A
$6+y4 y4
F[y] < |2], then
5,3 8
TY | * _ 2
x6+y4 — 26

Thus
25y

—2 | <max(y*, 2% < y* + 22 — 0,
i (y"2°) <y

2.2

. Limits
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as (z,y) — (0,0).
Aliter: Let X = 23, Y = ¢

X5/3y3/2
T X21Yy?

2y
6+t

Passing to polar coordinates X = pcosf,Y = psinf, we obtain

5,3 X5/3y3/2 (
as (z,y) — (0,0).
<
112 Example
Loty

Find lim }
(z,5)—(0,0) 22 — y?

Solution: » Wheny =0,

5 — +0oo,
X

asxz — 0. Whenz =0,
1+y
_yQ —> )

asy — 0. The limit does not exist. «
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113 Example 6

Find lim —7
(z,9)—(0,0) 6 + 98

Solution: » Puttingx =ty = 3, we find
6

LY

-7 =
a6+ % 212 oo,

ast — 0. But when y = 0, the function is 0. Thus the limit does not exist. «
114 Example

prd g (@ = D2y log (2 = 1 + )
(2,y)—(0,0) lz] + |y '

Solution: » When y = 0 we have

2(x — 1)%In(|]1 — z|) 21
] |z]

and so the function does not have a limit at (0, 0). «

115 Example
Find 1 SR) sin?)

(z,)—(0,0) vt + oyt




2. Limits and Continuity

Figure 2.9. Example 115.
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Solution: » sin(x?) + sin(y?) < z* + y* and so

sin(z*) + sin(y*)

as (z,y) — (0,0). <
Example )
Find lim —— Y
(z,y)—(0,0) T — SINY
Solution: » When y = 0 we obtain
sin
T

2.2. Limits

<zt +yt =0,

— 1,

asx — 0. When y = x the function is identically —1. Thus the limit does not exist. «

If f : R? — R, it may be that the limits

lim (lim f(z,y)),

Y—Yo (CE*}{L’Q

T—rx0 Y—Yo

iy (Jim /(2.0)).

both exist. These are called the iterated limits of f as (x,y) — (x, 7). The following possibilities

might occur.

1. If lim
(z,y)—(z0,y0)
exists.

f(z,y) exists, then each of the iterated limits lim

and lim <

T—T0

iy /(2,9))

Yy—Yo

(hm f(a:,y))

Y—Yyo \T—ITo



2. Limits and Continuity

2. If the iterated limits exist and ylim (hm f(x,y)) # lim (ylggl f(x,y)) then lim  f(x,y)

—Yo \T—ZTo T—rT0 (I,y)ﬁ(xo,yo)
does not exist.

3. It may occur that lim (lim f(:c,y)) = lim (lim f(:v,y)), butthat lim  f(z,y) does not

Y=o \T—To T—z0 \ Y—Yo (z,y)—=(x0,y0)
exist.

4. It may occur that ( )lir(n : f(z,y) exists, but one of the iterated limits does not.
,y)—(Z0,Y0

Exercises

117 Problem 120 Problem .
Sketch the domain of definition of (x,y) +~ Find lim (2% + 3?)sin —.
Ty

JITEZ (2,y)—(0,0)

118 Problem
Sketch the domain of definition of (x,y) — log(z121 Problem '
sin xy

. Find lim .
y) (z,y)—(0,2) T

119 Problem

Sketch the domain of definition of (x, y) — !

22 + y2'



122 Problem
For what c will the function

V1—a22 — 42, ifa® + 4% < 1,

126

fla,y) =
c, if 22 + 49% > 1 127
be continuous everywhere on the xy-plane?
123 Problem
Find
1
lim 2?4 y?sin :
(2.9)—(0,0) R 128
124 Problem
Find
py el )

VIt

(z,y)— (400,+00)

125 Problem

Find
’ 222 siny? + yte 1!
im
(2,9)—(0,0 Va2 + y?

2.2. Limits
Problem
Demonstrate that

lim M _
(2,9,2)—(0,0,0) 2 + Y2 + 22
Problem

Prove that

. . T=Y . . T=Yy
lim (hm ) =1=—1lim <hm ) .
z=0 \y=0 1 +y y—=0 \z—=0 1 +y

Does lim — Y
(z,y)—(0,0) T+ Y

Problem

Let

exist?.

1 1
rsin—+ysin— ifz#0,y#0
flz,y) = o y

0 otherwise

Prove that lim  f(z,y) exists, but that the iter-
(2,9)—(0,0)

atedllm/tsglciir(l) (ili% f(z, y)) andzl/ig% <3161g(1) f(x,y))
do not exist.
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129 Problem
Prove that

2,2
lim ( lim Y =0,
z—0 \ y—0 x2y2 —+ (:L‘ — y)2

2.3. Continuity

and that

2,2
lim | lim Ty =0,
y—0 \ z—0 ;pzyz + (m — y)z

$2y2

butstill lim

does not exist.
(@9)—(00) 22y? + (. — y)?

130 | Definition

LetU C R™ be adomain, and f : U — R% be a function. We say f is continuous at a ifii_r)ré f(z) = f(a).

131 | Definition

tinuous).

If f is continuous at every point a € U, then we say f is continuous on U (or sometimes simply f is con-

Again the standard results on continuity from one variable calculus hold. Sums, products, quotients
(with a non-zero denominator) and composites of continuous functions will all yield continuous func-

tions.



2.3. Continuity
The notion of continuity is useful is computing the limits along arbitrary curves.

132 Proposition
Let f : RY — R be a function, and a € R%. Let~ : [0, 1] — R? be a any continuous function withv(0) = q,
and y(t) # aforallt > 0. If lim f(x) = I, then we must have %5% fly(@) =1L

133 Corollary
If there exists two continuous functions ~y;, s : [0,1] — R%such that fori € {1,2} we have v;(0) = a and
vi(t) # aforallt > 0. If%iﬁn% f(m(t) # Pﬁ% f(72(t)) then lim f(z) can not exist.

134 |Theorem
The vector function f : RY — R is continuous at t, if and only if the coordinates functions fi, fa, ... fn
are continuous at t.

The proof of this Theorem is very similar to the proof of Theorem 110.

Exercises
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136

137

138

139

140

2. Limits and Continuity
Problem
Sketch the domain of definition of (x,y)

VICE

Problem

}_>
141

Sketch the domain of definition of (x,y) — log(z +

y)-
Problem
Sketch the domain of definition of (x, y) —

Problem .
Find lim (2?4 y?)sin —.
(z,)—(0,0) Ty

Problem .
Find lim otV
(z,y)—(0,2) €T

Problem
For what c will the function

VI—22 =42, ifa® +4y2 <1,
if o2 +4y* > 1

f(z,y)

¢,

1

142

22 + y2'

143

144

be continuous everywhere on the xy-plane?

Problem
Find
1
lim /2?2 + y?sin .
(2,y)—(0,0) y x? + y?
Problem
Find
o max(el, ly)
(z,y)—=(+o0,+00)  /x* + y?
Problem
Find
i 222 siny? + yte1®l
1m
(z,9)—(0,0 Va2 + y?
Problem
Demonstrate that
ZL‘2y222

lim S
(2,y,2)—(0,0,0) 22 + Y2 + 22
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145 Problem do not exist.
Prove that
tim [ lim ot A 1 — —1tim [ lim rT—Y 147 Problem
=0 \y=20x +y y=0 \z=20r +y Prove that
Does lim —Y exist?.
(x,y)—(0,0) T + Y 7y
146 Problem glcli% (11,1_15(1) 222 + (7 — y)2> =0,
Let
1 1 and that
xsin—+ysin— ifx #0,y#0
flz,y) = v y .
0 otherwise lim { lim i =0,
y—0 \ z—0 x2y +< y)2

Prove that lim  f(z,y) exists, but that the iter-
(2,y)—(0,0)

222
ated limits lim (li_rf(l) f(x,y)) andhm (hm f(z, y)> butstill  lim
v

does not exist.
x—0 —0 \z—0 (z,y)—(0,0) mzy + ({E — y)Q

2.4. » Compactness

The next definition generalizes the definition of the diameter of a circle or sphere.
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149

2. Limits and Continuity

Definition
If S is a nonempty subset of R", then

d(S) =sup {|x — Y|} x,YeS

is the diameter of S. If d(S) < oo, S is bounded; if d(S) = oo, S is unbounded.

Theorem (Principle of Nested Sets)
If Sy, Ss, ... are closed nonempty subsets of R™ such that

S1D08>---D8.D---

and
Lim d(S,) =0,
then the intersection -
=N
=1,

contains exactly one point.
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Proof. Let {x,} be asequencesuchthatx, € S, (r > 1). Because of (2.4), x, € S ifr > k, so
|x, — Xs| < d(Sg) if r s>k

From (2.5) and Theorem 96, x,. converges to a limit X. Since X is a limit point of every S, and every S,
is closed, X is in every S}, (Corollary 102). Therefore,x € I,so I # (). Moreover, X is the only pointin I,
sinceif Y € I, then

- Y| <d(Sy), k>1,

and (2.5) impliesthat Y = x. "

We can now prove the Heine-Borel theorem for R™. This theorem concerns compact sets. Asin R, a
compact setin R" is a closed and bounded set.
Recall that a collection H of open sets is an open covering of a set S if

SCU{H}H€eH.

Theorem (Heine-Borel Theorem)
If H is an open covering of a compact subset S, then S can be covered by finitely many sets from H.




2. Limits and Continuity

Proof. The proofis by contradiction. We first consider the case where n = 2, so that you can visual-
ize the method. Suppose that there is a covering H for S from which it is impossible to select a finite
subcovering. Since S'is bounded, S'is contained in a closed square

T={(z,y)la1 <z <ar+L,ay <z <ay+ L}

with sides of length L (Figure 22).
Bisecting the sides of T"as shown by the dashed lines in Figure 22 leads to four closed squares, (1) T(2),
T®), and T™, with sides of length L/2. Let

SO =85nT® 1<i<A4.

Each S, being the intersection of closed sets, is closed, and

S = CJ SO,
i=1
Moreover, H covers each S, but at least one S cannot be covered by any finite subcollection of #,
since if all the S could be, then so could S. Let S; be a set with this property, chosen from S, §(),
SG) and S®. We are now back to the situation we started from: a compact set S; covered by H, but
not by any finite subcollection of . However, S; is contained in a square T3 with sides of length L /2
instead of L. Bisecting the sides of 7} and repeating the argument, we obtain a subset S, of S; that has



2.4. x Compactness

the same properties as S, except that it is contained in a square with sides of length L /4. Continuingin
this way produces a sequence of nonempty closed sets Sy (= S), S1, Sa, ..., such that S, D Sk, and
d(Sy) < L/2¥12(k > 0). From Theorem 149, there is a point X in N2, Sy. Since X € S, there is an
open set H in H that contains X, and this H must also contain some e-neighborhood of X. Since every x
in S), satisfies the inequality

x — | < 9-k+1/21,

it follows that S, C H for k sufficiently large. This contradicts our assumption on #, which led us to
believe that no S; could be covered by a finite number of sets from . Consequently, this assumption
must be false: H must have a finite subcollection that covers S. This completes the proof forn = 2.

The idea of the proof is the same for n > 2. The counterpart of the square 7" is the hypercube with
sides of length L:

T = {(xl,a:Q,...,xn)}ai <z <a+L,i=12,...,n.

Halving the intervals of variation of the n coordinates z1, xs, ..., z,, divides T"into 2" closed hypercubes
with sides of length L /2:

where b; = a; orb; = a; + L /2. If nofinite subcollection of H covers S, then at least one of these smaller
hypercubes must contain a subset of S that is not covered by any finite subcollection of S. Now the proof
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proceeds as forn = 2. .

151 | Theorem (Bolzano-Weierstrass)
Every bounded infinite set of real numbers has at least one limit point.

Proof. We will show that a bounded nonempty set without a limit point can contain only a finite number
of points. If S has no limit points, then S is closed (Theorem 101) and every point x of S has an open
neighborhood N, that contains no point of S other than z. The collection

H={N,}xeS

is an open covering for S. Since S is also bounded, implies that S can be covered by a finite collec-
tion of sets from H, say N,,, ..., N, . Since these sets contain only zy, ..., x, from S, it follows that
S ={x1,..., T} .



Differentiation of Vector Function

In this chapter we consider functions f : R — R™. This functions are usually classified based on the
dimensions n and m:

O ifthedimensionsnandmareequalto 1, such afunctionis called a real function of a real variable.

® ifm = 1andn > 1thefunctioniscalled a real-valued function of a vector variable or, more briefly,
a scalar field.

® ifn=1andm > litis called a vector-valued function of a real variable.



3. Differentiation of Vector Function

® ifn > 1andm > 1itis called a vector-valued function of a vector variable, or simply a vector
field.

We suppose that the cases of real function of a real variable and of scalar fields have been studied before.

This chapter extends the concepts of limit, continuity, and derivative to vector-valued function and
vector fields.

We start with the simplest one: vector-valued function.

3.1. Differentiation of Vector Function of a Real Variable

152 | Definition

A vector-valued function of a real variable is a rule that associates a vector f(t) with a real number t,

where t is in some subset D of R (called the domain of f). We writef : D — R" to denote that fis a
mapping of D into R™.

f:R—R"
f(t) = (fl(t)7f2(t)7 e 7fn<t))
with
fi, fos s fu i R—=R.
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3.1. Differentiation of Vector Function of a Real Variable

called the component functions of f.
In R3 vector-valued function of a real variable can be written in component form as

f(t) = fl(t)i + fz(t).] + f3(t)k
orin the form
f(t) = (fi(1), f2(1), (1))
for some real-valued functions f,(t), f,(t), fs(t). The first form is often used when emphasizing that f(¢)
is a vector, and the second form is useful when considering just the terminal points of the vectors. By
identifying vectors with their terminal points, a curve in space can be written as a vector-valued function.
Example

Forexample, f(t) = ti+t?j+t3kis a vector-valued function in R3, defined for all real numberst. Att = 1 the
value of the function is the vector i + j + k, which in Cartesian coordinates has the terminal point (1,1, 1).

Example

Define f : R — R3 by f(t) = (cost, sint,t).

This is the equation of a helix (see Figure 1.8.1). As the value of t increases, the terminal points of f(t) trace
out a curve spiraling upward. For each t, the x- and y-coordinates of f(t) are x = cost and y = sint, so

? 4+ y* = cos’t +sin®t = 1.

Thus, the curve lies on the surface of the right circular cylinder 2% + y* = 1.



3. Differentiation of Vector Function

It may help to think of vector-valued functions of a real variable in R" as a generalization of the para-
metric functions in R? which you learned about in single-variable calculus. Much of the theory of real-
valued functions of a single real variable can be applied to vector-valued functions of a real variable.

155 | Definition
Letf(t) = (f.(t), f(t),..., f.(t)) be a vector-valued function, and let a be a real number in its domain.

df
The derivative of f(t) at a, denoted by f'(a) or r (a), is the limit

f(a + h) — f(a)

f'(a) = lim

if that limit exists. Equivalently, f(a) = (f!(a), fi(a), ..., f'(a)), if the component derivatives exist. We
say that f(t) is differentiable at o if f (a) exists.




3.1. Differentiation of Vector Function of a Real Variable

The derivative of a vector-valued function is a tangent vector to the curve in space which the function
represents, and it lies on the tangent line to the curve (see Figure 3.1).

xT

Figure 3.1.

f'(a)
A L
f(a) X@
N o f(t)
o
fla+h) Y

Tangent vector f'(a) and tangent

line L = f(a) + sf'(a)

156 Example

Letf(t) = (cost,sint,t). Thenf'(t) = (—sint, cost, 1) for allt. The tangent line L to the curve at f(27) =
(1,0,2m)is L = f(27) + sf(27) = (1,0, 27) + s(0, 1, 1), orin parametric form: x = 1,y = s,z =21 + s

for —oo < s < 0.

Note that if u(t) is a scalar function and f(¢) is a vector-valued function, then their product, defined
by (uf)(t) = u(t) f(¢) for all ¢, is a vector-valued function (since the product of a scalar with a vector is a

vector).



3. Differentiation of Vector Function

The basic properties of derivatives of vector-valued functions are summarized in the following theo-

rem.
157 |Theorem
Let f(t) and g(t) be differentiable vector-valued functions, let u(t) be a differentiable scalar function, let
k be a scalar, and let c be a constant vector. Then
d
O —c=0
dt©
d df
O — (kf) =k—
dt (k1) dt
d df dg
= (f e s
© wre =gt
d df dg
gy S
Tt 8= "«
d du df




3.1. Differentiation of Vector Function of a Real Variable

d df dg
) = fooo©
© 5 (fe)=ge+ g
d df dg
(7] a(fxg)_axgijxE

Proof. The proofs of parts (1)-(5) follow easily by differentiating the component functions and using the
rules for derivatives from single-variable calculus. We will prove part (6), and leave the proof of part (7)
as an exercise for the reader.

(6) Write £(t) = (f.(t), £o(t), f5(t)) and g(t) = (g:(t), ga(t), gs(t) ), where the component functions f, (%),
fo(1), f5(t), . (1), g2(t), g5(t) are all differentiable real-valued functions. Then

i(f(t).g(t)) = Cdlt(fl () o (8) + fo(t) gat) + fo(£) gs(1))
= (Cilt(fl(t) g.(t)) + ((jit(fZ(t) g-(t)) + ((jjt(fS(t) gs(1))

= L0+ 10 L)+ L0t + 10 L0 + L0y 0 + 10 L
df,

dt dt dt T
= <d£ (t)a dd{f(t)a dt (t))o (gl(t),gQ(t),g?)(t))

(0,560 £0) (0. %00, 0
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= T (t)a(t) + £(0)-E

(t) forall¢.® (3.2)

158 Example
Suppose {(t) is differentiable. Find the derivative of Hf(t) H Solution: »

Since Hf(t) H is a real-valued function of t, then by the Chain Rule for real-valued functions, we know that

d d
ailtl =2 aHf )

ButHf H = f(t)-f(t), so — Hf H —i (f(t)+£(t)). Hence, we have
2||ft)|| dtHf )| == (£(t)+£(1)) = £(1)-(t) + £(t)+F(t) by Theorem 157(f), so
_2f'() f(t), so if||£(t)|| # O then
()-f(t)
f —
<
We know that Hf(t H is constant if and only /f—”f H = 0forallt. Also, f(t) L f(t)if and only if

f'(t)+f(t) = 0. Thus, the above example shows th/s important fact:
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3.1. Differentiation of Vector Function of a Real Variable
Proposition
If Hf(t) H # 0, then Hf(t) H is constant if and only if f(t) L f'(¢) for allt.

This means that if a curve lies completely on a sphere (or circle) centered at the origin, then the tangent
vector f'(t) is always perpendicular to the position vector f(t).

Example

The spherical spiral f(t) = ( cost sint —at

, , ,fora # 0.

V1+a?t? 1+ a?t? \/1+a2t2> 7

Figure 3.2 shows the graph of the curve when a = 0.2. In the exercises, the reader will be asked to show
that this curve lies on the sphere x> + y* + 2% = 1 and to verify directly that f (t)«f(t) = 0 for all t.

Just asin single-variable calculus, higher-order derivatives of vector-valued functions are obtained by
repeatedly differentiating the (first) derivative of the function:

/ d ’ d,
f(t):af(t), f(t)zaf’(t), e — e

d'f  d (d'f
dtr ~ dt

) (formn =2,3,4,...)

We can use vector-valued functions to represent physical quantities, such as velocity, acceleration,
force, momentum, etc. For example, let the real variable ¢ represent time elapsed from some initial time
(t = 0), and suppose that an object of constant mass m is subjected to some force so that it moves in
space, with its position (x,y, z) at time ¢ a function of t. Thatis, z = z(t),y = y(t), = = z(t) for some
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Figure 3.2. Spherical spiral witha = 0.2

real-valued functions =(t), y(t), z(t). Callx(t) = (z(t),y(t), z(t)) the position vector of the object. We



3.1. Differentiation of Vector Function of a Real Variable

can define various physical quantities associated with the object as follows:'

position: r(t) = (x(t),y(t), z(t))

velocity: v(t) = #(t) =1'(t) = (iit;g

— @), 9(0), 2 (1)

acceleration: a(t) = v(t) = v'(t) = C};
— () =1"(t) = it‘;

= ("(1),y"(1), 2" (1))
momentum: p(t) = mv(t)

force: F(t) = p(t) = p'(t) = (ZI; (Newton’s Second Law of Motion)

The magnitude Hv(t) H of the velocity vector is called the speed of the object. Note that since the mass m
is a constant, the force equation becomes the familiar F(¢) = ma(t).

161 Example
Letr(t) = (5cost,3sint,4sint) be the position vector of an object at time t > 0. Find its (a) velocity and
(b) acceleration vectors.

"We will often use the older dot notation for derivatives when physics is involved.
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Solution: »

(@) v(t) =r(t) = (—5sint, 3 cost, 4 cost)
(b)a(t) = v(t) = (—5cost, —3sint, —4sint)
Note that Hr(t)H = V/25cos?t + 25sin?t = 5 for all £, so by Example 158 we know that r(t)«i*(t) = 0 for
all ¢ (which we can verify from part (a)). In fact, v(t)H = 5 for all ¢ also. And not only does r(¢) lie on
the sphere of radius 5 centered at the origin, but perhaps not so obvious is that it lies completely within
a circle of radius 5 centered at the origin. Also, note that a(t) = —r(¢). It turns out (see Exercise 16)
that whenever an object moves in a circle with constant speed, the acceleration vector will point in the
opposite direction of the position vector (i.e. towards the center of the circle). «

Antiderivatives

Definition
An antiderivative of a vector-valued function f is a vector-valued function F such that

The indefinite integral [ f(t) dt of a vector-valued function f is the general antiderivative of f and

represents the collection of all antiderivatives of f.




3.1. Differentiation of Vector Function of a Real Variable

The same reasoning that allows us to differentiate a vector-valued function componentwise applies
to integrating as well. Recall that the integral of a sum is the sum of the integrals and also that we can
remove constant factors from integrals. So, given f(t) = z(t) vi + y(t)j + z(¢)k, it follows that we can
integrate componentwise. Expressed more formally,

If£(t) = x(t)i+ y(t)j + z(t)k, then

/f(t) it = (/x(t) dt) it (/y(t) dt)j + (/z(t) dt) k.

Two antiderivarives of f(t) differs by a vector, i.e., if F(t) and G(t) are antiderivatives of f then existsc € R"

163 Proposition

such that
F(t)-G(t) =c
Exercises
164 Problem L) = (t+ 1,2+ 2 f(t)=(+1,e" +
For Exercises 1-4, calculate f' (t) and find the tangent 1,3+ 1) 1e +1)
line at £(0).

3. f(t) = (cos2t,sin2t,t) 4. f(t) = (sin2t,2sin’¢,2cost
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For Exercises 5-6, find the velocity v(t) and acceler-
ation a(t) of an object with the given position vector

r(t).

5 r(t) = (t,t — 6. r(t) = (3cost,2sint, 1)

sint, 1 — cost)

165 Problem
1. Let

f(t):< cost sint —at ))

V14 a2 V1+a2? 1+ a2t
with a # 0.
(a) Show that Hf(t)H = 1forallt.
(b) Show directly that f'(t)«f(t) = 0 for all t.

2. Iff'(t) = Oforalltinsomeinterval (a,b), show

that (t) is a constant vector in (a, b).

3. For a constant vector ¢ # 0, the function
f(t) = tc represents a line parallel to c.

2
. Showthatd<f><df> :fxﬂ

(a) What kind of curve does g(t) = t3c repre-
sent? Explain.

(b) What kind of curve does h(t) = e'c repre-
sent? Explain.

(c) Compare £(0) and g'(0). Given your an-
swer to part (a), how do you explain the
difference in the two derivatives?

de2’

dt dt

. Let a particle of (constant) mass m have po-

sition vector r(t), velocity v(t), acceleration
a(t) and momentum p(t) at time t. The an-
gular momentum L(t) of the particle with
respect to the origin at time t is defined as
L(t) = r(t)x p(t). IfF(t) is the force act-
ing on the particle at time t, then define the
torque IN(t) acting on the particle with re-
spect to the origin as N(t) = r(t)xF(t).



Show that L/ (t) = N(t).

d df
. h h f' h = [ h
6. Show that dt( (g xh)) % (g xh) +

dg dh
(2n) 1 o).

7. The Mean Value Theorem does not hold for

3.2. Kepler Law

3.2. Kepler Law

vector-valued functions: Show that for f(t) =
(cost,sint,t), there is no t in the interval
(0,27) such that

Why do planets have elliptical orbits? In this section we will solve the two body system problem, i.e.,
describe the trajectory of two body that interact under the force of gravity. In particular we will proof
that the trajectory of a body is a ellipse with focus on the other body.

We will made two simplifying assumptions:

© The bodies are spherically symmetric and can be treated as point masses.

® There are no external orinternal forces acting upon the bodies other than their mutual gravitation.

Two point mass objects with masses m, and ms and position vectors x; and x, relative to some inertial
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’ |

Figure 3.3. Two Body System

reference frame experience gravitational forces:

. —Gmime .
miX; = —5 T
r
. Gmimg._.
MoXe = Tr

where x is the relative position vector of mass 1 with respect to mass 2, expressed as:
X =X1 — X9

and T is the unit vector in that direction and r is the length of that vector.



3.2. Kepler Law

Dividing by their respective masses and subtracting the second equation from thefirst yields the equa-
tion of motion for the acceleration of the first object with respect to the second:

x— Mg (3.3)

where 1 is the parameter:
w=G(my + ms)

With the versor r we can write r = rr and with this notation equation 3.3 can be written
= K5 (3.4)
For movement under any central force, i.e. a force parallel to r, the relative angular momentum
L=rxr
stays constant. This fact can be easily deduced:

. d
L:a(rxf):fxf—f—rxf:O—l—O:O
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Since the cross product of the position vector and its velocity stays constant, they must lie in the same
plane, orthogonal to L. This implies the vector function is a plane curve.

From 3.4 it follows that

d

L=rxr=rrx a('rf') — 1t X (rf + %) = r2(8 X F) + 77(F X ) = r?F x 1
Now consider
ix L= —%f X (P2 X 1) = —pf X (F X 1) = —p[(Fo0)F — (£of)1]

Substituting these values into the previous equation, we have:

i‘XL:uf



3.2. Kepler Law

Now, integrating both sides:

rxL=pur+c

Where cis a constant vector. If we calculate the inner product of the previous equation this with r yields
an interesting result:

re(f X L) = re(ur + ¢) = prer + rec = pr(rer) + rccos(d) = r(u + ccos(0))

Where 6 is the angle between r and c. Solving forr:

_ re(fxL)  (rxi)lL IL|?
" p+ccos()  p+ccos(d) -+ ccos()

Finally, we note that
(r.0)

. . . . . L? c
are effectively the polar coordinates of the vector function. Making the substitutions p = u ande = —,
It It
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3. Differentiation of Vector Function

we arrive at the equation
b

r = —
1+e-cost
The Equation 3.5 is the equation in polar coordinates for a conic section with one focus at the origin.

(3.5)

Definition of the Derivative of Vector Function

Observe that since we may not divide by vectors, the corresponding definition in higher dimensions in-
volves quotients of norms.

Definition
Let A C R™ be anopenset. Afunctionf: A — R™ jssaid to be differentiable ata € Aifthereisalinear
transformation, called the derivative of fat a, D, (f) : R™ — R™ such that

- 1If(G%) — @) — Da(£)(x — )

x—a [Ix — al|

=0.

If we denote by E(h) the difference (error)

E(h) := f(a + h) — f(a) — Da(f)(a)(h).
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3.3. Definition of the Derivative of Vector Function

Then may reformulate the definition of the derivative as

Definition

that
f(a+h) — f(a) = Da(f)(h) + E(h),
. . | Em)
with E(h) a function that satisfies limy,_, b =0.

Afunctionf: A — R™ issaid to be differentiable ata € A if thereis a linear transformation D, (f) such

The condition for differentiability at a is equivalent also to
f(x) — f(a) = Da(f)(x —a) + E(x — a)

[Be—a] _,

with E(x — a) a function that satisfies limy, Thl

Theorem
The derivative D, ( f) is uniquely determined.
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Proof. Let L : R" — R™ be another linear transformation satisfying definition 166. We must prove that
Vv € R" L(v) = Da(f)(v). Since Aisopen,a+h € A for sufficiently small ||h||. By definition, we have

f(a +h) —f(a) = Da(f)(h) + E1(h).

and
f(a+h) —f(a) = L(h) + Ex(h).
[E2()]

[l
Now, observe that

= 0.

with limh_>0

Da(f)(v) — L(v) = Da(f)(h) — f(a+h) + f(a) + f(a + h) — f(a) — L(h).
By the triangle inequality,
[IDa(f)(v) = L(v)[| < [IDa(f)(h) — f(a+h) + f(a)||
+[f(a + h) — f(a) — L(h)]|
= E;(h)+ Ez(h)
= Es(h),
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3.3. Definition of the Derivative of Vector Function
[Es(h)]

with limy, ¢ =limp 0 —7 =

, ]
This means that

IL(v) = Da(f)(v)[| = 0,
i.e., L(v) = Da(f)(v), completing the proof. n

Example
If L : R™ — R™ s alinear transformation, then D,(L) = L, forany a € R".

Solution: » Since R™ is an open set, we know that D,(L) uniquely determined. Thus if L satisfies
definition 166, then the claim is established. But by linearity

IL(x) = L(a) = L(x — a)|| = ||L(x) — L(a) - L(x) + L(a)|| = [[0] = 0,

whence the claim follows. «

Example
Let

R®*xR® — R

(x,y) = xy
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be the usual dot product in R3. Show that f is differentiable and that
D(x,y)f(h, k) = xek + hey.
Solution: » We have

fx+h,y+k)—f(x,y) = (x+h)(y+k)—xey
= xoy + x°k + hey + hek — xey
= x-k + hey + hek.

Since x+k + hey is a linear function of (h, k) if we choose E(h) = h-k, we have by the Cauchy-
Buniakovskii-Schwarz inequality, that |hek| < ||h||| k|| and

B

< | k|| = 0.
(hk)—(0,0 || < [Ik]

which proves the assertion. «
Just like in the one variable case, differentiability at a point, implies continuity at that point.

171 | Theorem
Suppose A C R™ jsopenand f: A — R"is differentiable on A. Then f is continuous on A.




3.3. Definition of the Derivative of Vector Function

Proof. Givena € A, we must shew that

lim f(x) = f(a).

X—a

Since fis differentiable at a we have

f(x) — f(a) = Da(f)(x —a) + E(x — a).

o |Em) .
Since limy, g Thl = 0 then limy_, HE(h)H = 0. and so
f(x) — f(a) — 0,
asx — a, proving the theorem. n
Exercises

172 Problem
Let L : R3 — R3 be a linear transformation and

R} —» R?
F.

X XXL(X)'
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Shew that F is differentiable and that norm in R™, with ||x|*> = x+x. Prove that

Dy(F)(h) =x X L(h) +h X L(x). Dy (f)(v) = ﬂ’
173 Problem >

Letf : R" — R,n > 1,f(x) = ||x]|| be the usual forx # 0, but that fis not differentiable at 0.

3.4. Partial and Directional Derivatives

174 | Definition

Let ACR™f: A— R™ andput

fi(zy, ... xy)
fg(l'l, e ,.an)

(1, .. xy)




3.4. Partial and Directional Derivatives

Here f; : R" — R. The partial derivative gfi (x) is defined as
g
L ofi T fi(xlm---,ifj‘f‘h,---,xn) —fi(l"l,---,ivj,---,xn)

whenever this limit exists.

To find partial derivatives with respect to the j-th variable, we simply keep the other variables fixed
and differentiate with respect to the j-th variable.

175 Example
Iff:R3 — R, and f(x,y,2) = v + y* + 23 + 3wy?23 then

of _ 2.3
%(C(Z,y,Z) - 1+3y Z
0

ag(xaya Z) = 2y+6xy23,

and p
a];(x, Yy, z) = 32° + 9xy?2>.

Let f(x) be a vector valued function. Then the derivative of f(x) in the direction u is defined as

Dut(x) i= DE)fu] = | 1 £+ aw)

a=0
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T; = cte

for all vectors u.

176 Proposition

0 Iff(x) = f1(x) + f5(x) then D, f(x) = Dyuf1(x) + Dyfa(x)

@ Iff(x) = fi(x) x £5(x) then Dyf(x) = (Dufi(x)) x f3(x) + £1(v) x (Dufa(x))
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3.5. The Jacobi Matrix
The Jacobi Matrix

We now establish a way which simplifies the process of finding the derivative of a function at a given
point.

Since the derivative of a function f : R" — R™ is a linear transformation, it can be represented by aid
of matrices. The following theorem will allow us to determine the matrix representation for D, (f) under
the standard bases of R™ and R™.

Theorem
Let
fl(.Tl, C.e ,ZEn>
BBilg 0 0 0 o BBp,
fx) = fa(z1 )
f(@1, .o xy)

dfi
Suppose A C R™jsanopensetandf : A — R™ is differentiable. Then each partial derivative af (x)
x‘ .

exists, and the matrix representation of D, ( f) with respect to the standard bases of R™ and R™ is the
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Jacobi matrix of of of
1 1 1
pr (x) s (x) ... o (x)
P L . g
f(x) = | 01 Do Oz,
Ofn  Ofu . O
o (x) 9, (x) ... o1, (X)_

Proof. Lete;, 1 < j < n, be the standard basis for R". To obtain the Jacobi matrix, we must compute
D«(f)(e;), which will give us the j-th column of the Jacobi matrix. Let f'(x) = (.J;;), and observe that

Dy (f)(e;) =

and puty = x + ce;, ¢ € R. Notice that

[If(y) — £(x) = D (f)(y = x|

ly — x|
(21, ..., xj+h,. o z) — (2, oz, ) — €Dx(f)(e5)]]

]




3.5. The Jacobi Matrix

Since the sinistral side — 0 as ¢ — 0, the so does the i-th component of the numerator, and so,
\fi(xl,...,xj —i—h,,xn) — fi(:lrl,...,xj,...,xn) _EJz]| 0.

This entails that
fi(l'l,...,ﬁlfj—f—g,...,xn)—fi(l'l,...,CL’j,...,In) _ 8fz

Jij = llgtl) - oz, (x) .
This finishes the proof. n

Strictly speaking, the Jacobi matrix is not the derivative of a function at a point. It is a ma-
trix representation of the derivative in the standard basis of R”. We will abuse language,

however, and refer to f’ when we mean the Jacobi matrix of f.
178 Example

Letf: R? — R? be given by
f(x,y) = (vy + yz, log, 7y).

Compute the Jacobi matrix of f.

Solution: » The Jacobi matrix is the 2 x 3 matrix

8:cfl($ay) ayfl(xvy) 82]01(3:7?/)
f(z,y) = =
asz(xay> any(xay) azf?(xay)

rT+z Yy

R =<
Q| =
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<
179 Example
Letf(p,0,z) = (pcos b, psinb, z) be the function which changes from cylindrical coordinates to Cartesian
coordinates. We have
cosf —psinf 0O

f'(p,0,2) = |sinf pcosd 0] -
0 0 1

180 Example
Let f(p, ¢,0) = (pcos@sin @, psinfsin ¢, pcos @) be the function which changes from spherical coordi-
nates to Cartesian coordinates. We have
cosfsing pcosfcos¢p —psin@sinf
f'(p,¢.0) = |sinfsing psinfcosd pcoshsine

cos ¢ —psin ¢ 0

The concept of repeated partial derivatives is akin to the concept of repeated differentiation. Simi-
larly with the concept of implicit partial differentiation. The following examples should be self-explanatory.
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181 Example N

f@@1gzu)at(1,——1,z

Letf(u,v,w) = e*v cos w. Determine .
( ? Y ) 8”81) 4)

Solution: » We have
82

oudv

(e"vcosw) = —(e" cosw) = e* cosw,

ou
2
which is 6\2/_ at the desired point. «

182 Example

. ., 0 0
The equation 2™ + (zy)* + xy?2* = 3 defines z as an implicit function of x and y. Find a—z and a—z at
T Y
(1,1,1).
Solution: » We have
ﬁzxy — Eexylogz
ox dx
= ( lo z-+az> Y
y g P ax Y
0 0
a (xy)z — 76z10ga:y
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Hence, at (1,1, 1) we have

0z 0z 0z 1
—+1+14+3—=0 — =
8:U+ T ox — ox 2
Similarly,
0 0
— wy —  _ ,rylogz
ayz aye
= (xlogz + xy@z) 2"
z Oy
= %lo Ty + > (zy)?
~ \ay gryY Y y)©,
aayxyzz?’ = 2xy23+3xy222§;,
Hence, at (1,1, 1) we have
0z 0z 0z 3
— 4+14243—=0 = — = —-.
8y+ tet dy oy 4

Exercises
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185

3.5. The Jacobi Matrix

Problem 186 Problem
Letf : [0;+00[x]0;+00[— R, f(r,t) = t"e /% Let f(x,y) = (eyz+y) and glz,y) =
where n is a constant. Determine n such that (z — ya*y®z + y) Find (g o £)'(0,1).
of 10 (,0f
ot r2or (r 8r> '
Problem 187 Problem
Let Assuming that the equation zy? + 3z = cos 2 de-

fines z implicitly as a function of x and vy, find 0, z.
f:R?* - R, f(z,y) = min(x, y?).

Of(z,y)  Of(z,y)
Find O and oy 188 Problem 3
Problem Ifw=e"andu = r + s, v = rs, determine 6—1:
Letf: R*? — R?and g : R® — R? be given by
f(z,y) = (zy’2*y),  g(z,y,2) = (t —y + 2189)Problem

Let z be an implicitly-defined function of x and y

Compute (f o g)'(1,0, 1), if at all defined. If unde-
through the equation (x + z)* + (y + 2)? = 8. Find

fined, explain. Compute (g o f)'(1,0), if at all de- ;
fined. If undefined, explain. 92 (1,1,1).
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3.6. Properties of Differentiable Transformations

Just like in the one-variable case, we have the following rules of differentiation.

190 | Theorem
Let A C R", B C R™beopensetsf,g : A — R™, o € R, be differentiableon A,h : B — R! be
differentiable on B, and f(A) C B. Then we have

m Addition Rule: Dy ((f + ag)) = Dx(f) + aDx(g).

m ChainRule: Dy((hof)) = (D (h)) o (Dx(f)).

Since composition of linear mappings expressed as matrices is matrix multiplication, the Chain Rule
takes the alternative form when applied to the Jacobi matrix.

(hof) = (h'o f)(f). (3.6)

191 Example
Let

f(u,v) = (ue’, u+ v, uv),



3.6. Properties of Differentiable Transformations

h(z,y) = (2" +y,y + 2).

Find (fo h) (x,y).

Solution: » We have

voou
and
2¢ 1 0
B (z,y) =
0 1 1

Observe also that

ey+z (372 + y)eerz

Y+ z 2% 4y



3. Differentiation of Vector Function

Hence

|
192 Example

Let

(foh)(z,y) = f(h(z,y)h'(z,y)

ey+z (x2+y)ey+z

22y + 222 w2+ 2y + 2 2 +y

f:R* = R, f(u,v)=u®+e¢",

u,v: R = R u(z,y) = x2, v(z,y) =y + 2.

Put h(z,y) = f (u(z,y,z),v(z,y, 2)) . Find the partial derivatives of h.




3.6. Properties of Differentiable Transformations

Solution: » Putg: R® — R? g(x,y) = (u(x,y), v(x,y)) = (zz,y + z). Observe that h = f o g. Now,

Thus

, z 0 =z
g($,y): )
011
f(U,U)I 2u €|,
f'(h(z,y)) = 202 evt?]|.
oh oh oh '
— — — = h'(x,
9 1Y) ay(:f,y) az@’y)} (z,y)

= |2r2% YT 2%z 4 ¥t
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Equating components, we obtain
oh
— — 222

oh

7(.T,y) = ey+z7

dy

h
Z(w, y) = 2172 + ¥t
P

<

193 |[Theorem

LetF = (f1, fo,..., fm) : R" — R™ and suppose that the partial derivatives

Ofi

, 1<i<m, 1<j<n,
axj

exist on a neighborhood of x, and are continuous at x,. Then F is differentiable at x.

We say that F is continuously differentiable on a set S if S is contained in an open set on which

the partial derivatives in (3.7) are continuous. The next three lemmas give properties of continuously
differentiable transformations that we will need later.
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194 Lemma
Suppose that F : R™ — R™ is continuously differentiable on a neighborhood N of xy. Then, for every
€ > 0, thereisa d > 0 such that

F(x) = F) < (IF'(x0)[ + €)lx =y if A,y € Bs(xo). (3.8)
Proof. Consider the auxiliary function
G(x) = F(x) — F'(x¢)x. (3.9)

The components of G are
0fi(x9)0x;
gi(x) = filx) = > M B

x J

j=1
(%) _ 0fi(x)  0fi(x0)
ox; 0z ox;

Thus, dg;/0z; is continuous on N and zero at x,. Therefore, thereisa § > 0 such that

dg;(x) -
(?xj

SO

for 1<i<m, 1<j<n, if |x—xo|<0. (3.10)

Now suppose that x,y € Bs(xg). By Theorem 22,

9i(x) — gi(y) = i: a%fi) (j — v5), (3.11)
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where x; is on the line segment from x to y, so x; € Bs(xg). From (3.10), (3.11), and Schwarz’s inequality,
" [9g:(x)]" ¢
(x) — g; 2 Y9i\2i) _vI2 < Sx — vI2
(91x) 53 < <Z[ ) ) g < -

Summing this from i = 1 to i = m and taking square roots yields

IG(x) — G(y)| <elx—y| if x,y€ Bs(xo). (3.12)
To complete the proof, we note that

F(x) - F(y) = G(x) - G(y) + F'(x0)(x — y), (3.13)
so (3.12) and the triangle inequality imply (3.8). .
Lemma

SupposethatF : R" — R™ s continuously differentiable on a neighborhood of xq and ¥’ (xy) is nonsingular.

Let
T K- (3.14)
IE Go)) I '

Then, forevery e > 0, thereisa § > 0 such that

F(x) —F(y)| > (r—e)|x—y| if x,y€ Bs(xo). (3.15)
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Proof. Let x andy be arbitrary pointsin Dg and let G be as in (3.9). From (3.13),

[F(x) —F(y)| > ﬂIF’(Xo)(X =y = 1G(x) - G(y)l|, (3.16)
Since
x —y = [F'(x0)]""F'(x0)(x — y),

(3.14) implies that )

x—y| < ;!F’(Xo)(x -yl
SO

F'(x0)(x — y)| > r|x —yl. (3.17)
Now choose § > 0 so that (3.12) holds. Then (3.16) and (3.17) imply (3.15). .
Definition

A function f is said to be continuously differentiable if the derivative f' exists and is itself a continuous
function.

Continuously differentiable functions are said to be of class C*. A function is of class C? if the first and
second derivative of the function both exist and are continuous. More generally, a function is said to be of
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class C* if the first k derivatives exist and are continuous. If derivatives £ exist for all positive integers

n, the function is said smooth or equivalently, of class C°.

3.7. Gradients, Curls and Directional Derivatives

197 | Definition
Let

R*" —- R
f:
x = f(x)
be a scalar field. The gradient of f is the vector defined and denoted by
Vf(x):=Df(x) = (i f (%), 0f (x),...,0nf (x)).

The gradient operator is the operator

V: (81,82,...,8n).
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198 | Theorem
Let A C R" beopenandlet f : A — R be a scalar field, and assume that f is differentiable in A. Let
K € R bea constant. Then V f(x) is orthogonal to the surface implicitly defined by f(x) = K.

Proof. Let
R — R"

t — c(t)

be a curve lying on this surface. Choose ¢, so that c(#y) = x. Then

(f o c)(to) = f(c(t)) = K,
and using the chain rule
Df(c(to))Defto) = 0,
which translates to
(Vf(x))+(c(t0)) = 0.

Since c(ty) is tangent to the surface and its dot product with V f (x) is 0, we conclude that V f(x) is nor-
mal to the surface. ]
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199 Remark
Now let c(t) be a curve in R™ (not necessarily in the surface).
And let 0 be the angle between V f(x) and c(t,). Since

((V(x))+(c'(t0))| = [[VF)|l|c'(to)]| cos b,
V f(x) is the direction in which f is changing the fastest.

200 Example
Find a unit vector normal to the surface x3 + y* + 2 = 4 at the point (1,1, 2).

Solution: » Here f(z,y,2) = 23 + 4® + 2 — 4 has gradient
Vf(z,y,2) = (322 3y° 1)

whichat (1,1,2)is (3, 3, 1). Normalizing this vector we obtain

(V% 75 75)
<

201 Example
Find the direction of the greatest rate of increase of f(x,y, z) = xye* at the point (2,1, 2).
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Solution: » The direction is that of the gradient vector. Here

Vi(x,y,z) = (ye*, ze*, zye®)
which at (2, 1,2) becomes (€2, 2¢2, 2¢?) . Normalizing this vector we obtain

1

\/5(1,2,2).

<«
202 Example

Sketch the gradient vector field for f(x,y) = z* + y* as well as several contours for this function.
Solution: » The contours for a function are the curves defined by,

flz,y) =k
for various values of k. So, for our function the contours are defined by the equation,

2+ =k

and so they are circles centered at the origin with radius v/% . The gradient vector field for this function
is
Vf(x,y) = 2zi+ 2yj

Here is a sketch of several of the contours as well as the gradient vector field. «
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P
P
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°
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203 Example
Let f : R? — R be given by

f(:v,y,z):x—l—gf—zz.

Find the equation of the tangent plane to f at (1,2, 3).

Solution: » Avector normal to the planeis V f(1,2,3). Now

Vfi(x,y,z)=(1,2y,—2z)

which is
(1,4,-6)
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at (1,2, 3). The equation of the tangent plane is thus

(x—1)+4(y—2)—6(2—3)=0,

or

44y — 62 = —9.

<

204

Definition

Let
R* — R"
x +— f(x)

be a vector field with

f(x) = (f1(%), f2(2); -, fa(x))
The divergence of f is defined and denoted by

205

divf(x) = Vef(x) := Tr (Df(x)) := O1.f1 (X) + Oafo (X) + -+ + Onfn (X).

Example
IFf(x,y, 2) = (a2, 4%, ye* ) then
divf(x) =2z + 2y + 2yze” .
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Mean Value Theorem for Scalar Fields The mean value theorem generalizes to scalar fields. The trick
is to use parametrization to create a real function of one variable, and then apply the one-variable theo-
rem.

206 |Theorem (Mean Value Theorem for Scalar Fields)

Let U be an open connected subset of R™, and let f : U — R be a differentiable function. Fix points
x,y € U such that the segment connecting x to 'y liesin U. Then

fly) = f(x) =V f(z) (y —x)

where z is a point in the open segment connecting x to y.

Proof. Let U be an open connected subset of R” , and let f : U — R be a differentiable function. Fix
points x,y € U such that the segment connecting x to y liesin U , and define g(t) := f((l —t)x+ ty).
Since f is a differentiable function in U the function g is continuous function in [0, 1] and differentiable
in (0,1). The mean value theorem gives:

9(1) = g(0) = g'(c)
forsomec € (0,1). Butsince g(0) = f(x) and g(1) = f(y), computing ¢'(c) explicitly we have:

F9) — £ = Vi((1 - ox +ey) - (v —x)
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or
fy) = f(x) =Vf(z) (y —x)

where z is a point in the open segment connectingx to y n

By the Cauchy-Schwarz inequality, the equation gives the estimate:

) = F&)] < V(= ex o+ ey) ||y = |

Curl

207 | Definition
IfF : R® — R3is a vector field with components F = (F, F», F3), we define the curl of F

82F3 — 83F2
VxFE|gF —0,F;
81F2 - aQFl

This is sometimes also denoted by curl(F).
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208 Remark
A mnemonic to remember this formula is to write

O Fy
VXF =0, X |F,

03 F3
and compute the cross product treating both terms as 3-dimensional vectors.

209 Example
IfF(z) = z/|z|”, then V x F = 0.

210 Remark
In the example above, F is proportional to a gravitational force exerted by a body at the origin. We know

from experience that when a ball is pulled towards the earth by gravity alone, it doesn’t start to rotate;
which is consistent with our computation V x F = (.

211 Example
Ifv(z,y,z) = (sin z,0,0), then V x v = (0, cos 2, 0).
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Remark

3.7. Gradients, Curls and Directional Derivatives

Think of v above as the velocity field of a fluid between two plates placed at = = 0 and z = w. Asmall ball

placed closer to the bottom plate experiences a higher velocity near the top than it does at the bottom, and

so should start rotating counter clockwise along the y-axis. This is consistent with our calculation of V x v.

The definition of the curl operator can be generalized to the n dimensional space.

Definition

(glagQa cee

7gn—2)

curl(gy, ga, - - -

» gn—2) (%) = det

Let gy : R* — R", 1 < k < n — 2 be vector fields with g; = (gi1, gi2, - - -

(S5} €9
O O
g11(x) g12(x)

G21(x) g22(x)

_g(n—2)1 (x) 9(n—2)2 (x)

,Gin)- Then the curl of

€n

gin(X)

9on(X)

9(n—2)n (X>
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214 Example
Iff(x,y, z,w) = (7%%,0,0,w?), g(z,y, z,w) = (0,0, z,0) then

€ €y €3 €4
O 0Oy 03 O

curl(f, g)(z,y, z,w) = det SRR (z2%e™)ey.
e 0 0 w?

0 0 =z

215

Definition
Let A C R" beopenandletf : A — R be a scalar field, and assume that f is differentiable in A. Let
v € R\ {0} be such that x + tv € A for sufficiently smallt € R. Then the directional derivative of f

in the direction of v at the point x is defined and denoted by

D,f(x) = lim Henr67) = f(x).

t—0 t

Some authors require that the vector v in definition 215 be a unit vector.
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216 |Theorem
Let A C R" beopenandletf : A — R be a scalar field, and assume that f is differentiable in A. Let

v € R™\ {0} be such that x + tv € A for sufficiently smallt € R. Then the directional derivative of f
in the direction of v at the point x is given by

Vf(x)sv.

217 Example
Find the directional derivative of f(z,y, z) = x> + y> — 2% in the direction of (1,2, 3).

Solution: » We have
Vi(x,y,z) = (322 3y, —22)

and so
Vf(z,y,z)v = 32° + 6y* — 62.

<
The following is a collection of useful differentiation formulae in R3.

218 | Theorem
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O Vepu =1yYVeu+ uVy

Vxiyu=9yV xu+ V¢ xu
Veuxv=veVxu—uVxv

V x (uxv)=veVu—uVv + u(Vev) — v(Veu)
V(uev) =uVv+veVu+ux (Vxv)+vx(Vxu)
V x (V) = curl (grad ¥) =0

Ve(V xu) =div (curl u)=0

@ ©¢ @ 6 © o ©o

Ve(Vipy x Vipy) =0
O V x (Vxu)=curl (curl u)=grad (div u)— V3u
where

Af:v2f:v-Vf:62f+82f+82f

ox?  0y* 022




is the Laplacian operator and

3.7. Gradients, Curls and Directional Derivatives

5 0? 0? 0?
Pu, OPu, O*u, Pu,  Pu,  Ou, Pu, 0u, O*u,
. . K
( 0x? + 0y? + 0z Jit( 0x? oy? 072 Jj+ 0x? 0y? * 072 )

Finally, for the position vector r the following are valid

O Ver =3
O Vxr=0
® u-Vr=u

where u is any vector.

Exercises

219 Problem

The temperature ata pointinspaceisT = xy+yz+
zT.

a) Find the direction in which the temperature
changes most rapidly with distance from (1,1, 1).
What is the maximum rate of change?
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3. Differentiation of Vector Function

b) Find the derivative of T in the direction of thet
vector 3i — 4k at (1,1, 1).

Problem
For each of the following vector functions ¥, deter-
mine whether V¢ = F has a solution and determine
it if it exists.
a)F = 2zyz3i — (222° + 2y)j + 3a2yz*k 225
b)F = 2zyi+ (2? + 2y2)j + (v* + 1)k

Problem
Letf(x,y, z) = xe¥?. Find

226
(V(2,1,1).
Problem
Letf(x,y,z) = (zz,€", 2). Find
(Vx )2,1,1).
Problem 227

2
. x
Find the tangent plane to the surface 5 Y -2 =

0 at the point (2, —1,1).

Problem
Find the point on the surface

2* +y® —bry + 2 —yzr = —3
for which the tangent plane is © — Ty = —6.

Problem

Find a vector pointing in the direction in which
f(z,y,z) = 3zy — 9x2* + y increases most rapidly
at the point (1, 1,0).

Problem

Let D,f(x,y) denote the directional derivative of f
at (z,y) in the direction of the unit vector u. If
Vf(l, 2) = 2i —j, find D 34 f(l, 2).

55

Problem

Use a linear approximation of the function f(z, y) =
e®52Y gt (0, 0) to estimate £(0.1,0.2).
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228 Problem 1. VooV = ¢V-V + V.V
Prove that
2. VX V=9V XV+ (Vo) XV
Ve(uxv)=ve(Vxu —ue(VXVv).

229 Problem 3 VX (Vep)=0

Find the point on the surface 4. Vo(V X V) =0
2 2 —
20wy +y Hdr+ 8y —2414=0 5. V(UsV) = (UsV)V + (VoV)U + U x (V X
for which the tangent plane is 4z + y — z = 0. V) ++V x (VX U)
230 Problem 231 Problem
Let  : R® — R be a scalar field, and let U,V : Find the angles made by the gradient of f(z,y) =
R3 — IR3 be vector fields. Prove that zV3 + y at the point (1, 1) with the coordinate axes.

3.8. The Geometrical Meaning of Divergence and Curl

In this section we provide some heuristics about the meaning of Divergence and Curl. This interpreta-
tions will be formally proved in the chapters 6 and 7.
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3.8. Divergence

Consider a small closed parallelepiped, with sides parallel to the coordinate planes, as shown in Figure
3.4. What is the flux of F out of the parallelepiped?
Consider first the vertical contribution, namely the flux up through the top face plus the flux through

the bottom face. These two sides each have area AA = Ax Ay, but the outward normal vectors point
in opposite directions so we get

> FAA=RF(z+ Az)k Az Ay — F(z)k Az Ay

top+bottom
~ (Fz(z + Az) — Fz(z)> Ax Ay

_F(z+Az) = F.(2)
- Az

Ax Ay Az
__OF,
0z

where we have multiplied and divided by Az to obtain the volume AV = Ax Ay Az in the third step,

and used the definition of the derivative in the final step.

Repeating this argument for the remaining pairs of faces, it follows that the total flux out of the paral-
lelepiped is

Ax Ay Az by Mean Value Theorem

totalflux= > FAA~x (

parallelepiped

0F, O0F, OF,
ox + dy + 82) AV
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Ottt e e Yy

O e e e S ¢

Figure 3.4. Computing the vertical contribution
to the flux.
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Since the total flux is proportional to the volume of the parallelepiped, it approaches zero as the volume
of the parallelepiped shrinks down. The interesting quantity is therefore the ratio of the flux to volume;
this ratio is called the divergence.

At any point P, we can define the divergence of a vector field F, written V-F, to be the flux of F per
unit volume leaving a small parallelepiped around the point P.

Hence, the divergence of F' at the point P is the flux per unit volume through a small parallelepiped
around P, which is given in rectangular coordinates by
flux 0F, O0F, OF,

+

.F: p—
v unitvolume Oz * dy 0z

Analogous computations can be used to determine expressions for the divergence in other coordinate
systems. These computations are presented in chapter 8.

Curl

Intuitively, curlis the circulation per unit area, circulation density, or rate of rotation (amount of twisting
at a single point).

Consider a small rectangle in the yz-plane, with sides parallel to the coordinate axes, as shown in
Figure 1. What is the circulation of F around this rectangle?
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| \

Figure 3.5. Computing the horizontal contribu-
tion to the circulation around a small rectangle.

Consider first the horizontal edges, on each of which dr = Ay j. However, when computing the circu-
lation of F around this rectangle, we traverse these two edges in opposite directions. In particular, when
traversing the rectangle in the counterclockwise direction, Ay < 0 on top and Ay > 0 on the bottom.

> Fedr = —F(z + Az)+j Ay + F(2)+j Ay (3.19)

top+bottom

~ —(Fy(z + Az) — Fy(z)> Ay
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F,(z + Az) — Fy(2)
~— Ay A
Az yas
OF,
~ 5 Ay Az by Mean Value Theorem
z

where we have multiplied and divided by Az to obtain the surface element AA = Ay Az in the third
step, and used the definition of the derivative in the final step.

Just as with the divergence, in making this argument we are assuming that F doesn’t change much in
the x and y directions, while nonetheless caring about the change in the z direction.

Repeating this argument for the remaining two sides leads to

> Fedr = F(y + Ay)k Az — F(y)k Az (3.20)

sides

~ (Fuy+Ay) — E(y)) A

F.(y + Ay) — F.(y)
~ Ay A
Ay yoz
8F

T oy

where care must be taken with the signs, which are different from those in (3.19). Adding up both expres-

sions, we obtain
OF, 8F

dy 0z

total yz-circulation ~ ( ) Ax Ay (3.21)
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Since this is proportional to the area of the rectangle, it approaches zero as the area of the rectangle
converges to zero. The interesting quantity is therefore the ratio of the circulation to area.
We are computing the i-component of the curl.
yz-circulation  OF, OF,

curl(F)-1 := unitarea  dy 0z (3.22)

The rectangular expression for the full curl now follows by cyclic symmetry, yielding

oF, OF, oF, OF oF, OF.
F — z o 7y . X o z . 7y o xr k '2
curl(F) <0y 82>1+<8z 63:)J+<8x 8y> (3.23)
which is more easily remembered in the form
i j k
curl(F) =V xF =2 a% 2 (3.24)
F, F, F,

3.9. Maxwell’s Equations

Maxwell’s Equations is a set of four equations that describes the behaviors of electromagnetism. To-
gether with the Lorentz Force Law, these equations describe completely (classical) electromagnetism, i.
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Figure 3.6. Consider a small paddle wheel placed
in a vector field of position. If the v, component
is an increasing function of x , this tends to make
the paddle wheel want to spin (positive, counter-
clockwise) about the  -axis. If the v, component
is a decreasing function of y , this tends to make
the paddle wheel want to spin (positive, counter-
clockwise) about the & -axis. The net impulse to
spin around the k -axis is the sum of the two.
Source MIT

e., all other results are simply mathematical consequences of these equations.

To begin with, there are two fields that govern electromagnetism, known as the electric and magnetic
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field. These are denoted by E(r, t) and B(r, t) respectively.
To understand electromagnetism, we need to explain how the electricand magnetic fields are formed,

and how these fields affect charged particles. The last is rather straightforward, and is described by the
Lorentz force law.

232 | Definition (Lorentz force law)

A point charge q experiences a force of

F=¢(E+71 xB).

The dynamics of the field itself is governed by Maxwell’s Equations. To state the equations, first we
need to introduce two more concepts.

233 | Definition (Charge and current density)

m p(r,t) is the charge density, defined as the charge per unit volume.

m j(r,t) is the current density, defined as the electric current per unit area of cross section.

Then Maxwell’s equations are
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234 | Definition (Maxwell’s equations)

V-E:ﬁ
€0
V-B=0
0B
E+—=0
V XE+ 5

OE
VxB-— — = lg]
X Ho€o ot Hol,

where ¢ is the electric constant (i.e, the permittivity of free space) and i is the magnetic constant (i.e,

the permeability of free space), which are constants.

3.10. Inverse Functions

A function f is said one-to-one if f(x;) and f(x,) are distinct whenever x; and x, are distinct points of
Dom(f). In this case, we can define a function g on the image

Im(f) = {ulu = f(x) for some x € Dom(f)}
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of f by defining g(u) to be the unique point in Dom(f) such that f(u) = u. Then
Dom(g) = Im(f) and Im(g) = Dom(f).

Moreover, g is one-to-one,
g(f(x)) =x, x € Domi(f),

and
f(g(u)) =u, u € Dom(g).

We say that g is the inverse of f, and write g = . The relation between fand g is symmetric; that is, f
is also the inverse of g, and we write f = g1

A transformation f may fail to be one-to-one, but be one-to-one on a subset S of Dom(f). By this we
mean that f(x;) and f(x2) are distinct whenever x; and x; are distinct points of S. In this case, fis not
invertible, but if f|; is defined on S by

flg(x) =1(x), xeS,

and left undefined forx ¢ S, then f| is invertible.

We say that f|, is the restriction of fto S, and that f5' is the inverse of f restricted to S. The domain
of f5'is f(9).

The question of invertibility of an arbitrary transformation f : R" — R" is too general to have a
useful answer. However, there is a useful and easily applicable sufficient condition which implies that
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one-to-one restrictions of continuously differentiable transformations have continuously differentiable
inverses.

235 | Definition
If the function f is one-to-one on a neighborhood of the point x,, we say that fis locally invertible at x,,.
If a function is locally invertible for every xq in a set S, then fis said locally invertible on S.

To motivate our study of this question, let us first consider the linear transformation

a1; a2 - Qip T

Q21 Qg2 -+ Q2n T2
f(x) = Ax =

ap1 QAp2 - App Ty,

The function fis invertible if and only if A is nonsingular, in which case Im(f) = R™ and
f1(u) =Atu

Since A and A~! are the differential matrices of f and f~1, respectively, we can say that a linear trans-
formation is invertible if and only if its differential matrix f' is nonsingular, in which case the differential
matrix of f~1 is given by

(£ ="
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Because of this, it is tempting to conjecture that if f : R™ — R™ is continuously differentiable and A’(x)
is nonsingular, or, equivalently, D(f)(x) # 0, for x in a set S, then fis one-to-one on S. However, this is
false. For example, if

f(x,y) = [e” cosy, e” siny],

then
e*cosy —esiny
D(f)(z,y) = =€ #0, (3.25)
e*siny  e*cosy
but fis not one-to-one on R, The best that can be said in general is that if fis continuously differentiable
and D(f)(x) # Oinanopenset .S, then fis locally invertible on S, and the local inverses are continuously
differentiable. This is part of the inverse function theorem, which we will prove presently.

Theorem (Inverse Function Theorem)

Iff: U — R is differentiable at a and D,(f) is invertible, then there exists a domains U’, V' such that
a €U CUf(a) € Vandf : U — V'is bijective. Further, the inverse functiong : V' — U'is
differentiable.

The proof of the Inverse Function Theorem will be presented in the Section 2?2.
We note that the condition about the invertibility of D, (f) is necessary. If f has a differentiable inverse
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in a neighborhood of a, then D,(f) must be invertible. To see this differentiate the identity

flg(r)) =«

3.11. Implicit Functions

Let U C R"*! beadomainand f : U — R be a differentiable function. If x € R* andy € R, we’ll
concatenate the two vectors and write (x,y) € R™ .

237 |Theorem (Special Implicit Function Theorem)

Suppose ¢ = f(a,b) and 0,f(a,b) # 0. Then, there exists a domain U’ > a and differentiable function
g: U — Rsuchthatg(a) = band f(z,g(x)) = cforallz € U'.
Further, there exists a domain V' > b such that

{(x,y) ‘ relU yeV flx,y) = c} = {(a:,g(x)) ‘ x € U’}.

In other words, for all x € U’ the equation f(z,y) = ¢ has a unique solution in V' and is given by
y = g(x).
238 Remark
To see why 0, f # 0is needed, let f(z,y) = ax + Py and consider the equation f(x,y) = c. To expressy
as a function of x we need 3 # 0 which in this case is equivalent to 0, f # 0.
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3.11. Implicit Functions
Remark
Ifn = 1, one expects f(x,y) = cto some curve in R% To write this curve in the form y = g(x) using a
differentiable function g, one needs the curve to never be vertical. Since V f is perpendicular to the curve,
this translates to V f never being horizontal, or equivalently 0, f # 0 as assumed in the theorem.

Remark

For simplicity we choose y to be the last coordinate above. It could have been any other, just as long as the
corresponding partial was non-zero. Namely if 0; f (a) # 0, then one can locally solve the equation f(x) =
f(a) (uniquely) for the variable x; and express it as a differentiable function of the remaining variables.
Example

flz,y) =2* +y*withc = 1.

Proof. [of the Special Implicit Function Theorem] Let f(z,y) = (x, f(x,y)), and observe D(f)(, # 0.
By the inverse function theorem f has a unique local inverse g. Note g must be of the form g(z,y) =

(z,9(2,y)). Also f o g = Id implies (z,y) = f(z, g(z,y)) = (z, f(z, g(z,y)). Hencey = g(z, c) uniquely
solves f(x,y) = cin a small neighbourhood of (a, b). n

Instead of y € R above, we could have been fancier and allowed y € R™. In this case f needs to be an
R™ valued function, and we need to replace 9, f # 0 with the assumption that the n x n minorin D(f)
(corresponding to the coordinate positions of y) is invertible. This is the general version of the implicit
function theorem.
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242 |Theorem (General Implicit Function Theorem)

LetU C R™™ be a domain. Suppose f : R" x R™ — R™ js C' on an open set containing (a,b) where
a € R"andb € R™. Suppose f(a, b) = 0 and that the m x m matrix M = (D, ;f;(a, b)) is nonsingular.
Then that there is an open set A C R™ containing a and an open set B C R™ containing b such that, for
eachx € A, thereis a unique g(x) € B such thatf(xz, g(x)) = 0. Furthermore, g is differentiable.

In other words: if the matrix M is invertible, then one can locally solve the equation f(x) = f(a)

(uniquely) for the variables z;,, ..., ; , and express them as a differentiable function of the remaining n
variables.

The proof of the General Implicit Function Theorem will be presented in the Section 22.

243 Example
Consider the equations

(x—12+y*+22=5 and (z+1)>*+y*+2°=5

for whichx = 0,y = 0, z = 2 is one solution. For all other solutions close enough to this point, determine
which of variables x, vy, z can be expressed as differentiable functions of the others.
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3.12. Common Differential Operations in Einstein Notation

Solution: » Leta = (0,0,1) and

F(z,y,z) =
(r+1)% +y? + 22
Observe
-2 0 4
DF, = )
2 0 4

and the 2 x 2 minor using the first and last column is invertible. By the implicit function theorem this
means that in a small neighborhood of a, z and z can be (uniquely) expressed in terms of y. <

Remark

In the above example, one can of course solve explicitly and obtain

x=0 and z=+/4—1y?

but in general we won’t be so lucky.

Common Differential Operations in Einstein Notation

Here we present the most common differential operations as defined by Einstein Notation.
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The operator V is a spatial partial differential operator defined in Cartesian coordinate systems by:

0
P = .26
The gradient of a differentiable scalar function of position f is a vector given by:
0
[Vf]z =Vif= agf =0,f = f,i (3.27)

The gradient of a differentiable vector function of position A (which is the outer product, as defined
in S10.3.3, between the V operator and the vector) is defined by:

VA, = 84 (3.28)

The gradient operation is distributive but not commutative or associative:

V(f+h)=Vf+Vh (3.29)
Vf#fV (3.30)
(Vf)h#V (fh) (3.31)

where f and h are differentiable scalar functions of position.
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The divergence of a differentiable vector A is a scalar given by:

0A; DA

“ aZL’j &rl

V-A=9 =V,;A, =0,A, = A, (3.32)

The divergence of a differentiable A is a vector defined in one of its forms by:
= 0;Ay; (3.33)

and in another form by

These two different forms can be given, respectively, in symbolic notation by:

V-A & V-AT (3.35)

where AT is the transpose of A.
The divergence operation is distributive but not commutative or associative:

V. (A+B)=V-A+V B (3.36)

V-A#4A.V (3.37)
V- (fA)#Vf-A (3.38)
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where A and B are differentiable vector functions of position.

The curl of a differentiable vector A is a vector given by:

0A
[V X A]z = EijkT; = EijkvjAk = CijkajAk = GijkAk,j (339)
J

The curl operation is distributive but not commutative or associative:

Vx(A+B)=VxA+VxB (3.40)

VXxA#£AXxV (3.41)

Vx(AxB)#(VxA)xB (3.42)

The Laplacian scalar operator, also called the harmonic operator, acting on a differentiable scalar f is
given by:

Af=V3f=6¢ B =Vl =0uf = fu (3.43)

The Laplacian operator acting on a differentiable vector A is defined for each component of the vector
similar to the definition of the Laplacian acting on a scalar, that is

[V2A} 0;; Ai (3.44)

%
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3.12. Common Differential Operations in Einstein Notation

The following scalar differential operator is commonly used in science (e.g. in fluid dynamics):

AV=Av, =42 —ap, (3.45)
0331-

where A is a vector. As indicated earlier, the order of A; and 0; should be respected.
The following vector differential operator also has common applications in science:

[A X V]l = GijkAjak (346)

Common Identities in Einstein Notation

Here we present some of the widely used identities of vector calculus in the traditional vector notation
and in its equivalent Einstein Notation. In the following bullet points, f and h are differentiable scalar
fields; A, B, C and D are differentiable vector fields; and r = z;e; is the position vector.

V.r=n
0 (3.47)

0;x; =n

where n is the space dimension.
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where a is a constant vector.

Vxr=0
(i

eijkﬁjxk:()

V(a-r)=a

]
0; (ajxj> = qy

V- (Vf)=Vf
r

0; (0if) = Ouf

V- (VxA)=0
T

€ijk0;0jAr = 0
Vx(Vf)=0

)

endiOnf =0

(3.48)

(3.49)

(3.50)

(3.51)

(3.52)
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V(fh) = fVh+hVf
i
0; (fh) = fO;h + ho; f
V- (fA)=fV-A+A-Vf
T
0; (fA;) = fOA; + A0 f
VX(fA)=fVXA+VfxA
T
€ijik0j (fAR) = feijn0; A + €iji <8jf) Ay,
Ax(VxB)=(VB)-A—-A-VB
T
€ijk€rim A0 B = (0;Bm) A — A1 (01B;)
Vx(VxA)=V(V-A)- VA

)
GijkEklmajalAm =0 (amAm) — OA;

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)
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VA-B)=Ax(VxB)+Bx (VxA)+(A-V)B+(B-V)A

i (3.58)
0; (AmBum) = €ijkAj (€kim0iBm) + €ijk Bj (€kimOiAm) + (A10)) B; + (Bi0;) A;

V- (AxB)=B:-(VxA)-—A-(V xB)

i (3.59)
@ (ijAjBk) = Bk (ekij&Aj) — Aj <€]zkasz)

Vx(AxB)=(B-V)A+(V-B)JA—(V-A)B—(A-V)B

) (3.60)
€ijk€rimOj (A1Bm) = (BmOm) Ai + (0mBp) Ai — (ajAj> B — (Ajaj> Bi

A-C A-D
(AxB)-(CxD)=
B-C B-D
0 (3.61)
Ez‘jkAjBkEilmCle = (AICI) (BmDm) - (AmDm) (BlCl)
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(AxB)x (CxD)=[D-(AxB)]C—[C-(AxB)|D
i (3.62)
€:j1€jmnAmBr€ipgCpDy = (€gmnDgAmBn) Ci — (€pmnCpAmBy) D;

In Einstein, the condition for a vector field A to be solenoidal is:

V-A=0
() (3.63)
9 A; =0

In Einstein, the condition for a vector field A to be irrotational is:

VxA=0

iy (3.64)
EijkajAk =0

3.12. Examples of Using Einstein Notation to Prove Identities

245 Example
Show thatV -r = n:



3. Differentiation of Vector Function

Solution: »

=n (Eqg. 10.36)

<

246 Example
Show thatV x r = 0:

Solution: »

[V x 1], = €0,z (Eq. 3.39)
= €;10k; (Eq. 10.35)
= €jj (Eqg. 10.32)
=0 (Eq. 10.27)

Since 7 is a free index the identity is proved for all components.
D |
247 Example
Va-r)=a

(3.65)

(3.66)
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Solution: »

{V (a- r)L =0 (ajxj> (Egs. 3.27 &1.25)
= a;0;w; + 1;0;0; (product rule)
= a;0;x; (a; is constant) (3.67)
= a;0j; (Eqg. 10.35)
=q; (Eg. 10.32)
= [a], (definition of index)
Since i is a free index the identity is proved for all components.
<
V- (Vf) = Vf:
V- (V) =0V (Eq. 3.32)
=0, (0if) (Eq. 3.27)
= 0;0;f (rules of differentiation) (3.68)
=0uf (definition of 2nd derivative)
= V2f (Eq. 3.43)
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V- (VxA)=0:

V- (VxA)=0[V xA] (Eq. 3.32)
=0, <€ijk:ajAk:) (Eq. 3.39)
= €,;,0;0; Ay, (0 not acting on ¢)
= €10;0; Ay, (continuity condition) (3.69)
= —€;;0;0; Ay, (Eg. 10.40)
= —€;10,0; Ay, (relabeling dummy indices i and j)
=0 (since €;;,0;0; A, = —¢€;j5,0;0;Ay)

This can also be concluded from line three by arguing that: since by the continuity condition 9; and 0,
can change their order with no change in the value of the term while a corresponding change of the order
ofand j in ¢, resultsin a sign change, we see that each term in the sum has its own negative and hence
the terms add up to zero (see Eqg. 10.50).
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Vx(Vf)=0:

[V X (V))], = end; [V [ (Eq. 3.39)
= €105 (Okf) (Eq. 3.27)
= €00k f (rules of differentiation)
= €jk0k0; f (continuity condition) (3.70)
= —€1;0k0; f (Eg. 10.40)
= —€;j10;0k f (relabeling dummy indices 7 and k)
=0 (since €00k f = —€;10;0k f)

This can also be concluded from line three by a similar argument to the one given in the previous point.
Because [V X (Vf)]i is an arbitrary component, then each component is zero.
V(fh) = fVh+hVf:

[V (fh)], = 0 (fh) Eq. 3.27)

(
= fO;h + ho; f (product rule) 371
= [fVh], + WV f]; (Eq. 3.27) '
=[fVh+hV(], (Eq. 7?)

Because i is a free index the identity is proved for all components.



3. Differentiation of Vector Function

V- (fA)=fV-A+A-Vf:

V- (fA) =i [fA],
=0; (fA:)
= [O;Ai + AiOi f
=fV-A+A.Vf

VX (fA)=fV x A+ VfxA:

[V X (fA)], = e0; [fA],
= Eijkaj (fAk)
= fein0; A + eiji (0;f) Ay,
= feijn0; A + €iji [Vf]j Ag
= [V x AL +[VfxA]
=[fVXA+VfxA]

(Eg. 3.32)
(definition of index)
(3.72)
(
(

product rule)

EQgs. 3.32 & 3.45)

(Eq. 3.39)
(definition of index)
(product rule & commutativity)
(3.73)
(Eq. 3.27)
(Egs. 3.39 & ??)
(

Eq. 7?)

Because i is a free index the identity is proved for all components.



Ax(VxB)=(VB)-A—-A.VB:

3.12. Common Differential Operations in Einstein Notation

[A x (V xB)| =¢34 [V xB],

i
= EijkAjEkzmazBm
= €;jk€rmA;0 By,

= EijkﬁzmkAjazBm

= (6il6jm - 6im5jl) Ajale
= 5il5ijj8le - 5im5lejale

= A,.0;B,, — A,0,B;
= (aiBm) Ay — 4 (ale’)

= [(VB)-A]

i

=[(VB)-A—A.VB]

[A ) VBL‘

%

(Eq. 2?)
(Eq. 3.39)
(commutativity)

(Eg. 10.40)

(Eq. 10.58)

(3.74)
(distributivity)

(Eq. 10.32)

(

commutativity & grouping)

(Eq. 72)

Because i is a free index the identity is proved for all components.



3. Differentiation of Vector Function
Vx(VxA)=V(V-A)—-V?A:
[V % (V% A)], = e [V x Al
= Eijkaj (EklmalAm)
= €ijk€rm0; (O1Anm)

= GijkGlmkajalAm

= ((Sildjm - 5im5jl) ajalAAm
== 5il5jm8j8lAm - 5Z‘m5jlajalAm

= On0; A — D014,
= 0; (OnAm) — O
= [V(V-A)], - [V?A]
=[V(V-A) - V’A]

i

(Eq. 3.39)
(Eq. 3.39)
(0 not acting on ¢)

(Eq. 10.40 & definition of derivative)

(Eq. 10.58)

(3.75)
(distributivity)

(Eq. 10.32)

(0 shift, grouping & Eq. 2?)

(Egs. 3.32,3.27 & 3.44)

(Egs. 22)

Because i is a free index the identity is proved for all components. This identity can also be considered

as an instance of the identity before the last one, observing that in the second term on the right hand

side the Laplacian should precede the vector, and hence no independent proof is required.
V(A-B)=Ax(VxB)+Bx (VxA)+(A-V)B+(B-V)A:
We start from the right hand side and end with the left hand side

[AXx(VxB)+Bx(VxA)+ (A -V)B+(B-V)A] =

K2
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[AXx(VxB)],+[Bx(VxA),+[(A-V)B],+[(B-V)A], = (Eq.??)
€ijkA; [V x Bl + €xB; [V x Al + (A0, B; + (B,0;) A; = (Egs. ?2,3.32 & indexing)
€ijkAj (€kimOBm) + €k Bj (€kimO1Am) + (A10;) B; + (Bi0;) A; = (Eq. 3.39)
€ijk€kimA;01Bm + €ijk€rim B0 Am + (A10;) B; + (B10;) A; = (commutativity)
€ijk€mkAjO1 B, + €ijk€mk BjOlAm + (A10)) B; + (B10;) A; = (Eq. 10.40)
(0:16jm — Gim051) AjO1 By + (6:6jm — 6im6j1) BiOyAm + (A101) B; + (B10)) A; = (Eq. 10.58) (3.76)
(6:16jmA;0Bm, — 8im01A;01Bm) + (0:10m B0 Apy — 6im 01 B;01Am) + (A1) Bi + (B19;) A; = (distributivity)
0i10jm A0 By, — A10,B; + 8110, Bj01 Ay, — BiO1A; + (4,0,) B; + (B19;) A; = (Eq. 10.32)
010 jmAjO By, — (A101) Bi + 6510 Bj01 Ay — (B10)) Ai + (A101) B; + (B10;) A; = (grouping)
0i10jm A0y By, + 0310, Bj01 A, = (cancellation)
An8; By + B0 A = (EQ. 10.32)

0; (A, Bp,) = (product rule)
= [V(A-B)], (Egs. 3.27 &3.32)

Because i is a free index the identity is proved for all components.



3. Differentiation of Vector Function

V- (AxB)=B:-(VxA)—-A. (VxB):

V- (A xB)=0[A xB]

= 0; (eijrA;By)

= €ijk0i <AjBk>

= eiji (Br0;A; + A;0,By)

= €k BrO;Aj + €, A;0; By,

= €ij Br0;Aj — €k A;0; By

= B (erj0:4;) — A; (€jix0iBr)
= By [V x A], — 4; [V x BJ;
=B (VxA)—A-(VxB)

(Eq. 3.32)

(Eq. 77)

(0 not acting on )

(product rule)

(distributivity) (3.77)
(Eq. 10.40)

(commutativity & grouping)

(Eq. 3.39)

(Eg. 1.25)
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Vx(AxB)=(B-V)A+(V-B)JA—(V-A)B—(A-V)B:

[V x (A x B)|. = e;0; [A x BJ,
= €;j10; (€ximA1Bnm)
= €,jk€kim0; (A1 Bp,)
= €ijkCkim (Bm(?jAl + Alc?ij)
= €;jk€lmk (BmajAl + Alﬁij)
= (616jm — Sim0j1) (BmOjAi + A10;By)
= 6110jm BmO; Al + 820 A10; By — Gim1 B0 At — 6im01410; By,
= B0 A; + Ai0p By — Bi0;Aj — A;0;B;
= (BmOm) Ai + (0mBn) Ai — (0;4;) B; — (A;0;) B;
=[B-V)A].+[(V-B)A]. - [(V-A)B]. - [(A-V)B]
=[(B-V)A+(V-B)A—-(V-A)B—(A-V)B|.

7

)

Because i is a free index the identity is proved for all components.

Eqg. 3.39)

Eq. 7?)

d not acting on ¢)
product rule)

Eq. 10.40)

(

(

(

(

(

(Eg. 10.58)
(distributivity)
(Eg. 10.32)
(grouping)
(Egs. 3.45 & 3.32)
(Eq. 7?)

(3.78)
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A.-C A-D
(AxB)-(CxD)= :
B-C B-D

(AxB)-(CxD)=[AxB]J[CxD] Eq. 1.25)
= €k A Br€itmC1 Dy, Eq. ??)
= €;jk€imA; BrC1D,, commutativity)

= (5jl5km — 5jm5kl) A;ByC Dy,
- jl(skmAjBkCle - 6jm5klAjBkCle
= (5lejCz) (OkmBe D) — (5ijij) (0, BxCh)

Egs. 10.40 &10.58)
distributivity)

commutativity & grouping)

(
(
(
(
(
(
(
(

=(A-C)(B-D)—(A-D)(B-C) Eq. 1.25)
A-C A-D

= (definition of determinant)
B-C B-D

(3.79)
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(AxB)x (CxD)=[D-(AxB)|]C—-[C:(AxB)|D:

Eq. 7?)
Eq. 7?)

[(AXB)><(CxD)]i:eijk[AxB]j[CxD]k (

= €ijk€jmnAm BnéipCpDy (

= €ik€hpg€imnAmBnCpDy (commutativity)
= €k €pgk€jmn Am BrCp D, (Eq. 10.40)
= (0ip0jq — 0iqOip) €jmnAmBrCypDy (Eg. 10.58)
= ((L-péjqejmn — 5iq§jpejmn) A, B, C,D, (distributivity)
= (Gip€qmn — Gig€pmn) AmBnCpDy (Eq. 10.32)
= 0ip€qmnAmBnCypDy — 0iqpmnAmBnC,D,  (distributivity) 13.80)
= € AmnBnCiDy — €pn A B,CyD; (
= €gmnDyAmBuCi — €pmnCyyAm B Di (
= (€gmnDgAmBy) Ci = (€pmnCpAmBn) Di - (
=[D-(AxB)|C;—[C-(AxB)| D, (
= [[D-(AxB)|C| —[[C-(AxB)D| |

= [[D-(AxB)|C—[C-(AxB)|D

Eq. 10.32)
commutativity)
grouping)

Eq. 7?)

definition of index)

)

(Eq. 2?)

Because i is a free index the identity is proved for all components.
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Multiple Integrals

In this chapter we develop the theory of integration for scalar functions.

Recall also that the definite integral of a nonnegative function f(z) > 0 represented the area “un-
der” the curve y = f(x). As we will now see, the double integral of a nonnegative real-valued function

f(z,y) > 0represents the volume “under” the surface z = f(z,y).
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4. Multiple Integrals
Double Integrals

Let R = [a, b] x[c,d] C R*bearectangle,and f : R — Rbecontinuous. Let P = {zo, ..., Zar, Yo, - -, Ynr }
wherea =29 < 2y < --- <axpy =bandc =y < y; < --- < yy = d. The set P determines a par-
tition of R into a grid of (non-overlapping) rectangles R, ; = [z;, x;+1] X [y;,yj41] for0 < ¢ < M and
0 < j < N.Given P, choose a collection of points M = {gi,j} sothat¢; ; € R, ; foralli, j.

Definition
The Riemann sum of f with respect to the partition P and points M is defined by

L Mo1N-1 M—1N-1
R(f,P,M) = 3" S f(&,) area(R F(& ) (@ip1 — ) (Yj+1 — ¥5)
i=0 j=0 i=0 j=0

Definition
The mesh size of a partition P is defined by

HP” = max {$i+1 -

}U{yj+l_yj‘0§j§N}-




<
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250 | Definition
The Riemann integral of f over the rectangle R is defined by

J[ f@ vy dzay® im R(s.P.W),

provided the limit exists and is independent of the choice of the points M. A function is said to be Riemann

integrable over R if the Riemann integral exists and is finite.

251 Remark
A few other popular notation conventions used to denote the integral are

//RfdA, //Rfdxdy, //Rfdmldxg, and //Rf.
252 Remark

The double integral represents the volume of the region under the graph of f. Alternately, if f(x,y) is the

density of a planar body at point (x, y), the double integral is the total mass.

253 |Theorem
Any bounded continuous function is Riemann integrable on a bounded rectangle.
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254 Remark
Most bounded functions we will encounter will be Riemann integrable. Bounded functions with reason-
able discontinuities (e.g. finitely many jumps) are usually Riemann integrable on bounded rectangle. An
example of a “badly discontinuous” function that is not Riemann integrable is the function f(x,y) = 1if
x,y € Qand 0 otherwise.

Now suppose U C R?is an nice bounded' domain, and f : U — R is a function. Find a bounded
rectangle R D U, and as before let P be a partition of R into a grid of rectangles. Now we define the
Riemann sum by only summing over all rectangles R, ; that are completely contained inside U. Explicitly,

let
1 R;CU
Xij = .
0 otherwise.
and define
o M—-1N-1
R(f7P>M7U = Z Zx,jf gl,] Tiv1 — i)(ijrl_yj)'
=0 j5=0

'We will subsequently always assume U is “nice”. Namely, U is open, connected and the boundary of U is a piecewise
differentiable curve. More precisely, we need to assume that the “area” occupied by the boundary of U is 0. While you
might suspect this should be true for all open sets, it isn’t! There exist open sets of finite area whose boundary occupies
an infinite area!
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255 | Definition
The Riemann integral of f over the domain Uis defined by

J[ tewdedy m R(s.PMD)
U | P[|—0

provided the limit exists and is independent of the choice of the points M. A function is said to be Riemann

integrable over R if the Riemann integral exists and is finite.

256 |Theorem
Any bounded continuous function is Riemann integrable on a bounded region.

257 Remark
As before, most reasonable bounded functions we will encounter will be Riemann integrable.

To deal with unbounded functions over unbounded domains, we use a limiting process.

258 |Definition
Let U C RR? be a domain (which is not necessarily bounded) and f : U — R be a (not necessarily
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bounded) function. We say f is integrable if

lim // Xr|f| dA
R0 JJunB(o,R)

exists and is finite. Here xr(x) =1 if‘f(m)’ < Rand 0 otherwise.

259 Proposition
If f is integrable on the domain U, then

lim // XrfdA
R=o JJunB(o,R)

exists and is finite.

260 Remark
If f is integrable, then the above limit is independent of how you expand your domain. Namely, you can
take the limit of the integral over U N [— R, R]? instead, and you will still get the same answer.
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261 | Definition
If f is integrable we define

//fdxdy: lim// xrfdA
U R—oo JJunB(o,R)

4.2. lterated integrals and Fubini’s theorem

Let f(z,y) be a continuous function such that f(x,y) > 0 for all (z,y) on the rectangle R = {(x,y) :
a <z <b c<y<d}inR% We will often write this as R = [a, b] x [c, d]. For any number zx in the
interval [a, b], slice the surface z = f(x,y) with the plane = = x* parallel to the yz-plane. Then the trace
of the surface in that plane is the curve f(xx*,y), where zx is fixed and only y varies. The area A under
that curve (i.e. the area of the region between the curve and the xy-plane) as y varies over the interval
[c, d] then depends only on the value of z*. So using the variable = instead of xx, let A(z) be that area
(see Figure4.1).

Then A(x) = f(z,y) dy since we are treating x as fixed, and only y varies. This makes sense since
for a fixed = the function f(z,y) is a continuous function of y over the interval [c, d], so we know that the
area under the curve is the definite integral. The area A(x) is a function of x, so by the “slice” or cross-
section method from single-variable calculus we know that the volume V' of the solid under the surface
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z:f(x,y)

Figure 4.1. Thearea A(x) varies with z
z = f(z,y) but above the zy-plane over the rectangle R is the integral over [a, b] of that cross-sectional

area A(x):
V = /abA(x)d:c = /ab

We will always refer to this volume as “the volume under the surface”. The above expression uses what
are called iterated integrals. First the function f(z, y) is integrated as a function of y, treating the vari-

d
/ f(z,y) dy] dx (4.1)

able z as a constant (this is called integrating with respect to y). Thatis what occursin the “inner” integral
between the square brackets in equation (4.1). This is the first iterated integral. Once that integration is
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performed, the result is then an expression involving only x, which can then be integrated with respect
to x. That is what occurs in the “outer” integral above (the second iterated integral). The final result is
then a number (the volume). This process of going through two iterations of integrals is called double
integration, and the last expression in equation (4.1) is called a double integral.

Notice that integrating f(x, y) with respect to y is the inverse operation of taking the partial derivative
of f(z,y) with respect to y. Also, we could just as easily have taken the area of cross-sections under the
surface which were parallel to the zz-plane, which would then depend only on the variable y, so that the

V = /cd [/abf(x,y)d:c] dy . (4.2)

It turns out that in general due to Fubini’s Theorem the order of the iterated integrals does not matter.

volume V would be

Also, we will usually discard the brackets and simply write

V = /cd/abf(:c,y)d:cdy, (4.3)

where it is understood that the fact that dz is written before dy means that the function f(z, y) is first
integrated with respect to x using the “inner” limits of integration a and b, and then the resulting function
isintegrated with respect to y using the “outer” limits of integration c and d. This order of integration can
be changed if it is more convenient.

Let U C R? be adomain.
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4.2. lterated integrals and Fubini’s theorem

Definition
Forx € R, define

S.U = {y ’ (x,y) € U} and TyU:{x ‘ (x,y) EU}

Example

IfU = [a,b] x [c,d] then

,d € la,b b € le,d
su_lled eelwtl ot yeld
0 x&lab] 0 yéled.
For domains we will consider, S,U and T, U will typically be an interval (or a finite union of inter-
vals).
Definition

Given a function f : U — R, we define the two iterated integrals by

[ seom)ac o [ (] s
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with the convention that an integral over the empty setis 0. (We included the parenthesis above for clarity;
and will drop them as we become more familiar with iterated integrals.)

Suppose f(z,y) represents the density of a planar body at point (x, y). Forany z € R,

/y e

represents the mass of the body contained in the vertical line through the point (z, 0). It’s only natural to
expect that if we integrate this with respect to y, we will get the total mass, which is the double integral.
By the same argument, we should get the same answer if we had sliced it horizontally first and then
vertically. Consequently, we expect both iterated integrals to be equal to the double integral. This is
true, under a finiteness assumption.

Theorem (Fubini’s theorem)
Suppose f : U — Ris a function such that either

/xeR</y€SxU’f(a:,y)‘ dy) dr < oo or /yeR(/xeTyU’f(x’y)‘ da:) dy < oo, (4.4)
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then f is integrable over U and

//deA:/IGR(/yESsz(x7y)dy>dx:/ye]R</meTyUf($7y)dx)dy'

Without the assumption (4.4) the iterated integrals need not be equal, even though both may exist
and be finite.

266 Example
Define
22— y2

f(z,y) = —0,0, tanfl(g) = m

8

Then

1 1 T 1 1 T
/ f(z,y)dydx = — and / flz,y)drdy = ——
2=0 J y=0 4 y=0 J =0 4

267 Example

Let f(x,y) = (x —y)/(x +y)?ifr,y > 0and 0 otherwise,and U = (0, 1)2. The iterated integrals of f over
U both exist, but are not equal.
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268 Example
Define

1 ye(z,z+1)andz >0
fz,y) =3 -1 ye(r—1,z)andxz >0
0  otherwise.
Then the iterated integrals of f both exist and are not equal.
269 Example
Find the volume V' under the plane = = 8x + 6y over the rectangle R = [0, 1] x [0, 2].

Solution: » Weseethat f(x,y) =8x 4+ 6y > 0for0 <z <land0 <y < 2,so:

2 1
V = / / (8z + 6y) dr dy
o Jo
2 rx=1
= / (43:2 + 6zy > dy
0 =0

= /02(4+6y) dy

2

= 4y +3y°

0
= 20
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Suppose we had switched the order of integration. We can verify that we still get the same answer:

1 2
V= / / (8z + 6y) dy dx
o Jo
1 y=2
= / (Sxy + 3y° ) dx
0 y=0

1
- /(16x+12)dw
0

1

= 822 + 12z

0
= 20

<
270 Example
Find the volume V under the surface = = e**¥ over the rectangle R = [2, 3] x [1, 2].

Solution: » We know that f(z,y) = ¢*™¥ > O forall (z,y), so

2 3
V = / / eV dx dy
1 J2
2 r=3
= / (e“y )dy
1 =2
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2
— / (ey+3 - ey+2) dy
1

— ¥t3 _ pyt2

= —et—(et—e¥) = -2t + 6P

<
b

Recall that for a general function f(z), the integral [ f(x)dx represents the difference of the area

below the curve y = f(x) but above the z-axis when f(;:) > 0, and the area above the curve but below
the z-axis when f(z) < 0. Similarly, the double integral of any continuous function f(x,y) represents
the difference of the volume below the surface z = f(x,y) but above the zy-plane when f(z,y) > 0,
and the volume above the surface but below the zy-plane when f(z,y) < 0. Thus, our method of double
integration by means of iterated integrals can be used to evaluate the double integral of any continuous
function over a rectangle, regardless of whether f(z,y) > 0 or not.

Example oy o
Evaluate / sin(z + y) dx dy.
o Jo

Solution: » Notethat f(x,y) = sin(z+y) is both positive and negative over the rectangle [0, 7] x [0, 27].
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We can still evaluate the double integral:

2r o 2m =7
/ / sin(z +y)dedy = / <— cos(x + ) ) dy
0 0 0 =0

27
= / (—cos(y + m) + cosy) dy
0

27
= —sin37w +sin 27 — (—sin7 4 sin0)
0

= —sin(y + 7) +siny

=0

Exercises

A
For Exercises 1-4, find the volume under the surface z = f(x,y) over the rectangle R.

1. f(z,y) =4zy, R =10,1] x [0, 1] 2. f(z,y)=¢"Y,R=10,1] x [-1,1]
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3. f(z,y) =2°+y* R=1[0,1] x [0, 1] 4. f(r,y) =2*+ay+y°, R=[1,2] x [0,2]

For Exercises 5-12, evaluate the given double integral.

1 2 12
5. / / (1 —y)z® dx dy 6. / / z(r +y)dedy
0o J1 o Jo
2 1 2 1
7. / / (x +2)dxdy 8. / / z(zxy + sinx) dz dy
o Jo —1J-1
w/2 1 T /2
9. / / xy cos(z?y) dx dy 10. / / sinz cos(y — ) dx dy
0 0 o Jo

2 4 1 p2
1. / / xy dx dy 12. / / ldz dy
0o J1 -1J-1

d b
13. Let M be a constant. Show that/ / Mdxdy = M(d—c)(b—a).

4.3. Double Integrals Over a General Region

In the previous section we got an idea of what a double integral over a rectangle represents. We can now
define the double integral of a real-valued function f(z, ) over more general regions in R
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Suppose that we have a region R in the xy-plane that is bounded on the left by the vertical line x = «,

bounded on the right by the vertical line z = b (where a < b), bounded below by a curve y = g,(x),

and bounded above by a curve y = g,(x), asin Figure 4.2(a). We will assume that ¢, (z) and g,(x) do not
intersect on the open interval (a, b) (they could intersect at the endpoints x = a and x = b, though).

Y = g2()

R r = h,(y
 y=glz) 0T
: : €T R x
0 a b 0
g2(x) hz(y)
(a)Verticalslice:/ / flz,y)dydx (b) Horizontal slice: / / flx,y)dedy
a Jgi(x) h1

Figure 4.2. Double integral over a nonrectan-
gularregion R
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Then using the slice method from the previous section, the double integral of a real-valued function
f(z,y) over the region R, denoted by // f(z,y) dA,is given by

ﬂmmwzf

This means that we take vertical slices in the region R between the curvesy = g,(x) andy = ¢,(z). The
symbol dA is sometimes called an area element or infinitesimal, with the A signifying area. Note that
f(z,y) is first integrated with respect to y, with functions of z as the limits of integration. This makes
sense since the result of the first iterated integral will have to be a function of x alone, which then allows
us to take the second iterated integral with respect to x.

Similarly, if we have a region R in the zy-plane that is bounded on the left by a curve z = h,(y),
bounded on the right by a curve x = h,(y), bounded below by the horizontal line y = ¢, and bounded
above by the horizontal line y = d (where ¢ < d), as in Figure 4.2(b) (assuming that h,(y) and h,(y) do
not intersect on the open interval (¢, d)), then taking horizontal slices gives

ﬂmwwszfﬁmmPy (4.6)
) 1

Notice that these definitions include the case when the region R is a rectangle. Also, if f(x,y) > 0 for

g2(x)
/Ummﬂm (4.5)
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all (z,y) inthe region R, then [[ f(z,y) dAis the volume under the surface z = f(z,y) over the region
R
R.

272 Example
Find the volume V under the plane z = 8x + 6y over the region R = {(z,y) : 0 <2 <1, 0 < y < 22%}.

Y
y g 2x2

V = //(8x+6y)dA R
R
1 22
— / [/ (8z + 6y) dy} dx 0 1
0 0 Figure 4.3.
1 y=2z>
= / 8xy + 3y° dx
0 y=0

1
= / (162° + 122*) dx
0

Solution: » Theregion R is shown in Figure 3.2.2. Using vertical slices we get:

= 4x4+%$5 = 4—1—% =32 — 64

0 5
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We get the same answer using horizontal slices (see Figure 3.2.3):

V = //(8x+6y)dA
= /02 [/\;y_ﬂ(&% + 6y) dx} dy
= /02 (4952 + 62y Zi/ﬁ) dy

2 2
= /(4+6y—(2y+ﬁ§y\/§))dy= /(4+4y—3\/§y3/2)dy
0 0

Figure 4.4.

2
= 4y+2y2—¥y5/2 .

=848 V2V _ 1548 _ 32 _ gy

<

273 Example
Find the volume V of the solid bounded by the three coordinate planes and the plane 2x + y + 4z = 4.

Solution: » The solid is shown in Figure 4.5(a) with a typical vertical slice. The volume V' is given by
I f(z,y) dA, where f(z,y) = z = 3(4 — 2z — y) and the region R, shown in Figure 4.5(b), is R =
R



4.3. Double Integrals Over a General Region

Y

y=—2x+4

(a)

(b)

Figure 4.5.

{(z,y): 0 <z <2,0<y< —2z+4}. Usingvertical slices in R gives

V = //14 2r —y)dA
2z+4
= /0 [/0 (4 =2z —y)dy| dx
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2 . y=—2x+4
= / <—8(4—2x—y) )da:
0 y=0
2
= / %(4—2x)2dx
0
1 s et _ 4
= —xl-2)) =% =3

|
For a general region R, which may not be one of the types of regions we have considered so far, the
doubleintegral [[ f(z,y) dAisdefined asfollows. Assumethat f(x, y) isa nonnegative real-valued func-
R

tion and that R is a bounded region in R?, so it can be enclosed in some rectangle [a, b] x [c,d]. Then
divide that rectangle into a grid of subrectangles. Only consider the subrectangles that are enclosed
completely within the region R, as shown by the shaded subrectangles in Figure 4.6(a). In any such sub-
rectangle [z, x,.,] X [y;, Y;11], Pick @ point (z,., y;.). Then the volume under the surface z = f(x,y) over
that subrectangle is approximately f(z..,y,.) Az, Ay,, where Az, = x,,, — z;,, Ay, = y;., — y;, and
f(z,.,y,.)isthe height and Az; Ay; is the base area of a parallelepiped, as shown in Figure 4.6(b). Then
the total volume under the surface is approximately the sum of the volumes of all such parallelepipeds,
namely

Z Z f(@i,y;.) Az Ay; (4.7)

where the summation occurs over the indices of the subrectangles inside R. If we take smaller and



274

4.3. Double Integrals Over a General Region

smaller subrectangles, so that the length of the largest diagonal of the subrectangles goes to 0, then

the subrectangles begin to fill more and more of the region R, and so the above sum approaches the

actual volume under the surface z = f(z,y) over the region R. We then define [[ f(z,y) dA as the limit
R

of that double summation (the limit is taken over all subdivisions of the rectangle [a, b] x [c, d] as the
largest diagonal of the subrectangles goes to 0).

A similar definition can be made for a function f(x, y) that is not necessarily always nonnegative: just
replace each mention of volume by the negative volume in the description above when f(z,y) < 0. In
the case of a region of the type shown in Figure 4.2, using the definition of the Riemann integral from
single-variable calculus, our definition of [ f(z,y) dA reduces to a sequence of two iterated integrals.

R

Finally, the region R does not have to be bounded. We can evaluate improper double integrals (i.e.
over an unbounded region, or over a region which contains points where the function f(z, y) is not de-
fined) as a sequence of iterated improper single-variable integrals.

Example /a2
Evaluate / / 2y dy dx.
1 Jo

Solution: »
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Exercises

A

For Exercises 1-6, evaluate the given double integral.

1 1 T Y
1. / / 2422y dy dx 2. / / sinx dx dy
0 Jyz o Jo
2 Inz 2 2y )
3. / / 4z dy dx 4. / / e’ dx dy
1 Jo 0o Jo
/2 Py 0o oo (ot
5. / / cosx siny dz dy 6. / / wye” @) dy dy
0 0 o Jo
2 Y 1 x?
7. / / ldzdy 8. / / 2dydx
0o Jo 0o Jo

9. Find the volume V of the solid bounded by the three coordinate planes and the planez + y + z = 1.
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4.4. Triple Integrals
10. Findthevolume V of the solid bounded by the three coordinate planes and the plane 3z +2y+5z =
6.

11. Explain why the doubleintegral [ 1 dA gives the area of the region R. For simplicity, you can assume

R
that R is a region of the type shown in Figure 4.2(a).

o

12. Prove that the volume of a tetrahedron with mutually perpendicular adjacent
sides of lengths a, b, and ¢, asin Figure 3.2.6, is %”C (Hint: Mimic Example 273, and
recall from

Section 1.5 how three noncollinear points determine a plane.)

Figure 4.7.

13. Show how Exercise 12 can be used to solve Exercise 10.

Triple Integrals

Our definition of a double integral of a real-valued function f(z, y) over aregion RinR? can be extended
to define a triple integral of a real-valued function f(z,y, z) over a solid S in R3. We simply proceed
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as before: the solid S can be enclosed in some rectangular parallelepiped, which is then divided into
subparallelepipeds. In each subparallelepiped inside S, with sides of lengths Az, Ay and Az, pick a
point (z., y., z.). Then define the triple integral of f(x,y, z) over S, denoted by [[[ f(z,y,z)dV,by

S

S

where the limitis over all divisions of the rectangular parallelepiped enclosing S into subparallelepipeds
whose largest diagonalis going to 0, and the triple summation is over all the subparallelepipeds inside S.
It can be shown that this limit does not depend on the choice of the rectangular parallelepiped enclosing
S. The symbol dV is often called the volume element.

Physically, what does the triple integral represent? We saw that a double integral could be thought of
as the volume under a two-dimensional surface. It turns out that the triple integral simply generalizes
this idea: it can be thought of as representing the hypervolume under a three-dimensional hypersurface
w = f(z,y, z) whose graph lies in R%. In general, the word “volume” is often used as a general term to
signify the same concept for any n-dimensional object (e.g. length in R}, area in R?). It may be hard to
get a grasp on the concept of the “volume” of a four-dimensional object, but at least we now know how
to calculate that volume!

In the case where S is a rectangular parallelepiped [z, x,] X [y, ys] X [z1, 22|, thatis, S = {(z,y, 2) :
T << xy oy Sy <y, 2z <z < 2}, the triple integral is a sequence of three iterated integrals,
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// f(z,y,2)dV = / /f /zgf(x,y,z) dx dy dz (4.9)
S ! ! .

where the order of integration does not matter. This is the simplest case.

namely

A more complicated case is where S is a solid which is bounded below by a surface z = ¢,(z,y),
bounded above by a surface z = ¢,(z,y), y is bounded between two curves h,(x) and h,(z), and x
varies between a and b. Then

b pho(x)
// flz,y,2)dV = / / / f(x,y, 2)dzdydz . (4.10)
G a Jhi(z) (z,y)

Notice in this case that the first iterated integral will result in a function of = and y (since its limits of
integration are functions of x and y), which then leaves you with a double integral of a type that we
learned how to evaluate in Section 3.2. There are, of course, many variations on this case (for example,
changing the roles of the variables z, y, z), so as you can probably tell, triple integrals can be quite tricky.
At this point, just learning how to evaluate a triple integral, regardless of what it represents, is the most
important thing. We will see some other ways in which triple integrals are used later in the text.

Example
Evaluate/ / / xy + z)dzx dy dz.
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3 2l
/ / / (xy + z)drdydz =
o Jo Jo

Solution: »

<
276 Example

1 11—z 2—x—y
Evaluate / / / (x+y+2)dzdydx.
0 Jo 0

Solution: »

1 11—z 2—z—y
/ / / (x+y+2)dzdyds =
0 JO 0
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1 11—z
/ (2 — %1:2 —xy — %y2> dy dz
0

y=1—x
3 dx
y=0

/

/
1
=/ 2y — sa’y —xy — Jay’ — Gy
0
11 1,.3
/06—2x+6x>dx

1
4

2, 1 _ T
xm+24x 8

0

<« Note that the volume V of a solid in R3 is given by

V = ///1dV. (4.11)

S
Since the function being integrated is the constant 1, then the above triple integral reduces to a double
integral of the types that we considered in the previous section if the solid is bounded above by some
surface z = f(x,y) and bounded below by the zy-plane z = 0. There are many other possibilities.
For example, the solid could be bounded below and above by surfaces z = ¢,(z,y) and z = g,(x,y),
respectively, with y bounded between two curves h,(z) and h,(x), and x varies between a and b. Then

ha(x g2(z,y) ha(x
V= ///mv // / 1dzdydx—// — gi(z,y)) dydx
g1(z,y) hi(x

just like in equation (4.10). See Exercise 10 for an example.
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Exercises

A

For Exercises 1-8, evaluate the given triple integral.

3 2 1 1 x Yy
1. / / / xyzdzr dydz 2. / / / xyzdz dydx
o Jo Jo o Jo Jo
T pxr pTyY 1 prz pry
3. / / / 2% sin zdz dy dx 4. / / / 2e¥ dx dy dz
o Jo Jo o Jo Jo
e y 1/y 2 y2 22
5. / / / w2z dr dz dy 6. / / / yzdx dz dy
1 Jo Jo 1 Jo Jo
2 4 pr3 1 11—z l—z—y
7. / / / ldx dydz 8. / / / ldzdydx
1 J2 Jo o Jo 0

22 Y2 €2
9. Let M be a constant. Show that/ / / Mdrdydz = M(z, — 2,)(y, — y1) (T, — 24).
21 1 x1
B

10. Find the volume V of the solid S bounded by the three coordinate planes, bounded above by the
planex + y + z = 2, and bounded below by the plane z = x + .
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4.5. Change of Variables in Multiple Integrals
o

11. Show that/ / / flz)dxdydz = / —f( ) dz. (Hint: Think of how changing the order of

integration in the triple integral changes the limits of integration.)

Change of Variables in Multiple Integrals

Given the difficulty of evaluating multiple integrals, the reader may be wondering if it is possible to sim-
plify those integrals using a suitable substitution for the variables. The answer is yes, though it is a bit
more complicated than the substitution method which you learned in single-variable calculus.

Recall that if you are given, for example, the definite integral

2
/ Va2 — ldx,
1

then you would make the substitution

2

u=12>-1=2"=u+1

du =2z dx
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which changes the limits of integration

r=1=u=0

r=2=u=3

so that we get

2
/ Va2 —1ldz =
1

Let us take a different look at what happened when we did that substitution, which will give some mo-
tivation for how substitution works in multiple integrals. First, we let u = 22 — 1. On the interval of
integration [1, 2], the function = — z? — 1 is strictly increasing (and maps [1, 2] onto [0, 3]) and hence
has an inverse function (defined on the interval [0, 3]). That is, on [0, 3] we can define = as a function of
u, namely

r = gu) = Vu+1.
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Then substituting that expression for z into the function f(z) = 23v/z2 — 1 gives

and we see that

SO since

f@) = flg(w) = (u+1)**Vu,
fli =g'(u) = dr = g'(u)du
dv = S(u+1)""?du,
o(0) =1 = 0= g (1)
93)=2=3=g""(2)

then performing the substitution as we did earlier gives

/12 f(z)dx

2
= / 2Vr2 — 1de
1
3

— / %(u + 1)y/udu , which can be written as

0

3
= / (u+1)*2V/u - L(u+1)"?du , which means

0
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2 97'(2) /
[ @ = [ sy @,
1 g~t(1)
In general, if z = g(u) is a one-to-one, differentiable function from an interval ¢, d] (which you can
think of as being on the “u-axis”) onto an interval [a, b] (on the z-axis), which means that g’(u) # 0 on
the interval (c, d), so thata = g(c) and b = g(d), thenc = g~ (a) and d = g~ '(b), and

b ()
/ f(x)de = / F(9(u) 9" (u) du (4.12)
a g~ 1(a)

This is called the change of variable formula for integrals of single-variable functions, and it is what you
were implicitly using when doing integration by substitution. This formula turns out to be a special case
of amore general formula which can be used to evaluate multiple integrals. We will state the formulas for
double and triple integrals involving real-valued functions of two and three variables, respectively. We
will assume that all the functions involved are continuously differentiable and that the regions and solids
involved all have “reasonable” boundaries. The proof of the following theorem is beyond the scope of
the text.

277 |Theorem
Change of Variables Formula for Multiple Integrals
Letx = z(u,v) andy = y(u,v) define a one-to-one mapping of a region R’ in the uv-plane onto a region
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R in the xy-plane such that the determinant

o0 0
_ |Ou 0w
J(u,v) = 3y By (4.13)
Oou Ov
is never 0in R'. Then
/f:z:ydAa:y //f x(u,v) uv‘Juv‘dAuv) (4.14)

We use the notation dA(x, y) and dA(u, v) to denote the area elementin the (z,y) and (u, v) coordinates,

respectively.
Similarly, if v = z(u,v,w), y = y(u,v,w) and z = z(u,v,w) define a one-to-one mapping of a solid
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S’ in uwvw-space onto a solid S in xyz-space such that the determinant

Oou Ov Ow
oy Oy O

J(u,v,w) = a—z a—z 8% (4.15)
Oou Ov JOw

is never 0in S’, then

/S/f(x,%z)dV(:r,y,z):{/ f(x(“7v=w)vy(uaUﬂﬂ),z(u,v,w))’J(u,u,w)‘ 4V (. v.w). (476)

The determinant J(u, v) in formula (4.13) is called the Jacobian of x and y with respect to v and v, and
is sometimes written as

O(z,y)
= : 1
J(u,v) 3, v) (4.17)
Similarly, the Jacobian J(u, v, w) of three variables is sometimes written as
0(z,y, 2)
= ) 18
J(u, v, w) A, v, 0) (4.18)

Notice that formula (4.14) is saying that dA(z,y) = ‘J(u, v)’ dA(u,v), which you can think of as a two-
variable version of the relation dx = ¢g’(u) du in the single-variable case.
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The following example shows how the change of variables formula is used.

278 Example
Evaluate//ezlg dA,where R = {(z,y) : x>0,y > 0,2 +y < 1}.

R

Solution: » First, note that evaluating this double integral without using substitution is probably im-
possible, at least in a closed form. By looking at the numerator and denominator of the exponent of ¢,
we will try the substitution w = x — y and v = x + y. To use the change of variables formula (4.14), we
need to write both z and y in terms of u and v. So solving for z and y givesz = 1 (u+v) andy = 3(v—u).
In Figure 4.8 below, we see how the mapping z = 2(u,v) = $(u+ ),y = y(u,v) = 5(v — u) maps the

region R’ onto R in a one-to-one manner.
Now we see that

Oor Oz )
_lou ov| _ 2 2 1 _ !
J(u,v) = @ @ = L o = ‘J(u,v)‘ = ’2’ =5
ou Ov 22

so using horizontal slices in R/, we have

//e+ A — //f(:c(u,v),y(u,v)) [ (u,v)| A
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1 1( 1) e? —1
= — e — — =
0 4 e 4e

<« The change of variables formula can be used to evaluate double integrals in polar coordinates. Letting

r = x(r,0) = rcosd and y = y(r,0) = rsind,

we have
or Ox
o 90 cos@ —rsinf
J(u,v) = 8; dy = = rcos’f +rsin? = r = ‘J(u,v)' =|rl =r,
3 20 sinf  rcosf

so we have the following formula:
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Double Integral in Polar Coordinates

é/f(x,y)dxdy = R/jf(rcos@,rsin@)rdrd@, (4.19)

where the mapping x = r cosf, y = rsin # maps the region R’ in the r0-plane onto the region R in

the zy-plane in a one-to-one manner.

279 Example
Find the volume V inside the paraboloid = = x> + y? for0 < z < 1.
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Solution: Using vertical slices, we see that

V= //(1—z)dA = //(1—(96”1/2))‘114’

where R = {(z,y) : 2* + y* < 1} is the unit disk in R? (see Figure

3.5.2). In polar coordinates (r, §) we know that z* + y? = r* and that

the unitdisk Ristheset R = {(r,0) : 0 <r < 1,0 <60 < 2x}. Thus

27
/ / 1—r rdrdf
:/ /(r—r3)drd0
0 0
2 4 =1

) @
r=0

280 Example
Find the volume V inside the cone z = \/x? + y*for0 < z < 1.

2 Pty =1
e 1
I
A Y
0
x
Figure4.9. =z =22 +°
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Solution: Using vertical slices, we see that Zp?2 42 =1
1
V—//l—sz—// VErg)daa, o O
where R = {(x,y) : 2 + y* < 1} is the unit disk in R? y
(see Figure 3.5.3). In polar coordinates (r, 0) we know 0
that \/22 + y2? = r and that the unit disk R is the set r
R ={(r,0) :0<r<1,0<6<2r}. Thus, Figure 4.10. =

2m 1
V = / (1—r)rdrdd
o Jo

2w 1
= / (r —1r2) drdf
o Jo

In a similar fashion, it can be shown (see Exercises 5-6) that triple integrals in cylindrical and spherical
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coordinates take the following forms:

Triple Integralin Cylindrical Coordinates
// f(z,y,2)dedydz = // f(rcos@,rsind, z)rdrdfdz, (4.20)
S S

where the mapping © = rcos 6,y = rsinf, z = z maps the solid S’ in rfz-space onto the solid S in
xyz-space in a one-to-one manner.

Triple Integralin Spherical Coordinates

// flz,y,2)dedydz = // f(psin cosf, psin ¢ sinf, pcos @) p* sinpdpdpdd,  (4.21)
S S

where the mapping © = psin ¢ cosf, y = psin¢ sinf, z = pcos ¢ maps the solid S” in ppfh-space
onto the solid S in zyz-space in a one-to-one manner.

281 Example
Fora > 0, find the volume V inside the sphere S = 2% 4 y* + 2? = a>.

Solution: We see that S is the set p = a in spherical coordinates, so

V= ///mv - /O%/OW/OQM2 sin ¢ dp d¢p df

S
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2 ™ p3 p=a ' 2 s CL3 .
= — sin g dpdf = — sing do df
0 0 3 lp=0 0 0o 3

2 3 o=m 27723 4 3
- [ <_acos¢\ >d0:/ 20° g A1
0 3 »=0 0 3 3

Exercises

1. Find the volume V inside the paraboloid z = 22 + y? for0 < 2z < 4.

2. Find the volume V inside the cone z = /22 + y? for0 < z < 3.

3. Find the volume V of the solid inside both 22 + y? + 2> = 4and 2% + % = 1.
4. Find the volume V inside both the sphere 2% + y? + 2% = 1 and the cone z = /22 + 12,

5. Prove formula (4.20). 6. Prove formula (4.21).

7. Evaluate [[ sin (£5) cos (£5%) dA, where Risthe triangle with vertices (0, 0), (2,0) and (1, 1). (Hint:
R

Use the change of variables uw = (z + y) /2, v = (x — y)/2.)
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8. Find the volume of the solid bounded by z = 22 + y? and 2? = 4(2? + y?).

9. Find the volume inside the elliptic cylinder 2—2 + Z—; =1for0 <z <2

o

10. Show that the volume inside the ellipsoid i—i + %}’—2 + j—j =1is % (Hint: Use the change of variables
x = au, y = bv, z = cw, then consider Example 281.)

11. Show that the Beta function, defined by

1
B(z,y) = / t" N1 -t tdt, forx >0,y >0,
0
satisfies the relation B(y, z) = B(x,y) forxz > 0,y > 0.

12. Using the substitutiont = u/(u + 1), show that the Beta function can be written as

0 uxfl
B(.T,y) = /0 mdu, forx>0,y>0

4.6. Application: Center of Mass
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Recall from single-variable calculus that for a region R = {(x,y) : Y

a<z<0b,0<y< f(xr)}inR?thatrepresents a thin, flat plate (see ‘ y=/@

Figure 3.6.1), where f(x) is a continuous function on [a, b], the center \/\R

of mass of R has coordinates (z, y) given by | (Z,7) B
0 a b

Y

M

T =

S

and ¢y =
Figure 4.11. Centerof massof R

b 2 b b
Mx:/a (f(;))dm, My:/axf(w)dm M:/a f(z)dx, (4.22)

assuming that R has uniform density, i.e the mass of R is uniformly distributed over the region. In this

where

case the area M of the region is considered the mass of R (the density is constant, and taken as 1 for
simplicity).

In the general case where the density of a region (or lamina) R is a continuous function § = 6(z, y) of
the coordinates (z, y) of points inside R (where R can be any region in R?) the coordinates (z, ) of the

center of mass of R are given by
M, and §j= M.
M YT

M, = l/xé(x,y) dA, M, = é/y&(:p,y) dA, M= {/5($,y) dA (4.24)

(4.23)

T =

where
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The quantities M, and M, are called the moments (or first moments) of the region R about the x-axis
and y-axis, respectively. The quantity M is the mass of the region R. To see this, think of taking a small
rectangle inside R with dimensions Ax and Ay close to 0. The mass of that rectangle is approximately
d(z4, y«) Az Ay, for some point (z., y.) in that rectangle. Then the mass of R is the limit of the sums of
the masses of all such rectangles inside R as the diagonals of the rectangles approach 0, which is the
double integral [[ d(z,y) dA.

R

Note that the formulas in (4.22) represent a special case when 6(x, y) = 1 throughout R in the formu-
lasin (4.24).

Example
Find the center of mass of the region R = {(z,y) : 0 < z < 1, 0 < y < 222}, if the density function at
(z,y)isd(z,y) =z +y.
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)

Solution: » Theregion R is shown in Figure 3.6.2. We have

M://5$ydA
:// x+y)dydz

2 . Figure 4.12.
:/ :Uy—iryf dz
0 2
y=0
1
= /(2x3+2x4)daj
0
1
Coat 229
2 5| 10
0

and
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1 ) 5 y=2x2 1 ) y=2x2
ry Yy 2 Ty
_ it AT d = — d
/o 9 + 3 X /0 oy + 9 T
y=0 y=0
! 86 1
= / (22° + —) dx = / (22 + 22°) dw
0 3 0
1 1
_af +8.CE7 5 22 2% 11
3 21 7 5 31 15’
0 0

so the center of mass (z, y) is given by

M, 11/15 22

M~ 9/10 27’

M, 5/T 50

M — 9/10 63"

Note how this center of mass is a little further towards the upper corner of the region R than when the
density is uniform (it is easy to use the formulas in (4.22) to show that (z, ) = (3 §) in that case). This

475

makes sense since the density function §(z, y) = z+yincreases as (x, y) approaches that upper corner,

where there is quite a bit of area. «

In the special case where the density function §(z, y) is a constant function on the region R, the center

of mass (z, ) is called the centroid of R.
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The formulas for the center of mass of a region in R? can be generalized to a solid S in R3. Let S be

a solid with a continuous mass density function é(z, y, z) at any point (z,y, z) in S. Then the center of
mass of S has coordinates (z, y, z), where

T = Y , g = , z = Y

M

(4.25)

where

M,, = ///x(S x,y,2)dV ., M, = ///y(5 z,y,2)dV, My, = ///z(5 .Y, 2 . (4.26)
M = /// x,Y, 2 . (4.27)

In this case, M,., M,. and M,, are called the moments (or first moments) of S around the yz-plane, zz-

plane and xy-plane, respectlvely. Also, M is the mass of S.

Example
Find the center of mass of the solid S = {(z,y,2) : z > 0, 2? + y* + 2% < a?}, if the density function at

(z,y,2)isd(z,y,2) = L



4. Multiple Integrals

Solution: » Thesolid S'isjust the upper hemisphere inside the sphere of radius
a centered at the origin (see Figure 3.6.3). So since the density function is a con-
stant and S is symmetric about the z-axis, then itis clear that z = 0O and y = 0,
so we need only find zZ. We have

M = // Iz,y,z)dV = ///1dV = Volume(S). Figure 4.13
S S

But since the volume of S is half the volume of the sphere of radius a, which we know by Example 281 is

4ma® _ 2mad
5, then M = =% And

M, — ///zé(x,y,z) qv

= ///zdv , which in spherical coordinates is

S
2 /2 pa
= / / / (p cos @) p* sin ¢ dpdo df
o Jo 0

_ /O%/Oﬁ/2 sinqbcosgb(/oapgdp) do db




Exercises

A

4.6. Application: Center of Mass

2r /2 .
/ / T sin¢ cos ¢ do db
o Jo
J
4 p=m/2
/ (—‘fﬁ COS 2(/5‘ ) db
0 $=0

/2
/ % sin2¢ d¢ df (since sin2¢ = 2sin ¢ cos ¢)
0

2w
2w
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For Exercises 1-5, find the center of mass of the region R with the given density
function o(z, y).

1. R={(z,y):0<2 <2 0<y<4}d(z,vy) =2y

2. R={(z,y): 0<2<1,0<y<2?},6(z,y) =x+y

3. R={(z,y9):y >0, 2° +y* < a’},0(x,y) =1

4. R={(z,y):y>0,2>0,1 <2 +y* <4},0(x,y) = Va? + 42
5. R={(z,y):y>0,2°+y* <1},0(z,y) =y

B
For Exercises 6-10, find the center of mass of the solid S with the given density function §(z, y, 2).

6. S={(z,,2):0<2<1,0<y<1,0<2<1},6(x,y,2) =2ayz

7. S={(n,y,2): 2> 0, 22 +y* + 2° < a®}, §(x,y,2) = 2* + y* + 22

8. S={(z,9,2):2>0,y>0,2>0, 22 +9*+22<a?},0(z,y,2) =1

9. S={(2,9,2):0<2<1,0<y<1,0<2<1},0(z,y,2) =a2?+y* + 22

10. S={(z,9,2):0<2<1,0<y<1,0<z<1l—-z—yho(x,y,2)=1
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4.7. Application: Probability and Expected Value

In this section we will briefly discuss some applications of multiple integrals in the field of probability
theory. In particular we will see ways in which multiple integrals can be used to calculate probabilities
and expected values.

Probability

Suppose that you have a standard six-sided (fair) die, and you let a variable X represent the value
rolled. Then the probability of rolling a 3, written as P(X = 3), is %, since there are six sides on the die
and each one is equally likely to be rolled, and hence in particular the 3 has a one out of six chance of
being rolled. Likewise the probability of rolling at most a 3, written as P(X < 3),is % = %, since of the
six numbers on the die, there are three equally likely numbers (1, 2, and 3) that are less than or equal
to 3. Notethat P(X < 3) = P(X = 1)+ P(X = 2) + P(X = 3). We call X a discrete random
variable on the sample space (or probability space) €2 consisting of all possible outcomes. In our case,
0 =1{1,2,3,4,5,6}. Anevent A is a subset of the sample space. For example, in the case of the die, the
event X < 3istheset{1,2,3}.

Now let X be a variable representing a random real number in the interval (0, 1). Note that the set
of all real numbers between 0 and 1 is not a discrete (or countable) set of values, i.e. it can not be put
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into a one-to-one correspondence with the set of positive integers.? In this case, for any real number x
in (0, 1), it makes no sense to consider P(X = x) since it must be 0 (why?). Instead, we consider the
probability P(X < x), which is given by P(X < x) = z. The reasoning is this: the interval (0, 1) has
length 1, and for x in (0, 1) the interval (0, x) has length z. So since X represents a random number in
(0, 1), and hence is uniformly distributed over (0, 1), then

_length of (0, ) x

<z)= = - =uz.
PX < 2) length of (0, 1) -

We call X a continuous random variable on the sample space 2 = (0, 1). An event A is a subset of the
sample space. For example, in our case the event X < zistheset (0, x).

In the case of a discrete random variable, we saw how the probability of an event was the sum of the
probabilities of the individual outcomes comprising that event (e.g. P(X <3)=P(X =1)+ P(X =
2) + P(X = 3)in the die example). For a continuous random variable, the probability of an event will
instead be the integral of a function, which we will now describe.

Let X be a continuous real-valued random variable on a sample space €2 in R. For simplicity, let (2 =
(a, b). Define the distribution function F of X as

F(zx) = P(X <z), for—oco<uz<o0 (4.28)

2For a proof see p. 9-10 in kam.
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1, forz >0
= (P(X <z), fora<z<b (4.29)
0, forr <a.

Suppose that there is a nonnegative, continuous real-valued function f on R such that

F(z) = /_x fly)dy, for—oo<z< o0, (4.30)

and

/ f(x)dx = 1. (4.31)
Then we call f the probability density function (or p.d.f. for short) for X. We thus have
P(X <z) = / fly)dy, fora<ax<b. (4.32)

Also, by the Fundamental Theorem of Calculus, we have

F'(z) = f(z), for—oo <z < 0. (4.33)
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284 Example
Let X represent a randomly selected real number in the interval (0,1). We say that X has the uniform
distribution on (0, 1), with distribution function

1, forx>1
F(z) = P(X<z) = Sz, for0<z<1 (4.34)
0, forz <O,

and probability density function

, 1, forO<z<1
flz) = F'(z) = (4.35)
0, elsewhere.

In general, if X represents a randomly selected real number in an interval (a, b), then X has the uniform
distribution function

1, forz >0

Flz) = P(X <) = (;Z, fora<z<b (4.36)
0,

forr <a,
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and probability density function

, ﬁ, fora < x <b
f(z) = F'(z) = (4.37)
0, elsewhere.

285 Example
A famous distribution function is given by the standard normal distribution, whose probability density
function f is

1 2
= /2 for —
T e , for—oo < x < oQ. 4.38
f(z) Nors (4.38)
This is often called a “bell curve’, and is used widely in statistics. Since we are claiming that f is a p.d.f, we
should have
<1 >
—x4/2 _
—c€ de =1 4.39
/_Oo v 2T ( )

by formula (4.31), which is equivalent to

/ e dr = 21, (4.40)
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We can use a double integral in polar coordinates to verify this integral. First,

/Oo /OO e—(12+y2)/2 dxr dy _ /OO 6—92/2 </OO e—I2/2 d$> dy
= (/OO 6*562/2 dl’) </OO 6*92/2 dy)
~ 2
= (/ e /2 dx)

since the same function is being integrated twice in the middle equation, just with different variables. But
using polar coordinates, we see that

00 e 2m 00
/ / e~ @ H+°)/2 g dy = / / e "2 dr do
—00 J —00 0 0

=00

2m )
= / —e /2 do
0

r=0

= /OQW(O—(—eO))dez/:ﬂme = 2m,
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. 2
(/ e~/ d:z:) — 27 , and hence

/ e 2 dr = V2T .

and so

In addition to individual random variables, we can consider jointly distributed random variables. For this,
we will let X, Y and Z be three real-valued continuous random variables defined on the same sample
space €2 in R (the discussion for two random variables is similar). Then the joint distribution function F’
of X,Y and 7 is given by

F(z,y,z) = P(X <z, Y<y, Z<z), for—oo<uzy,z<o. (4.41)

If there is a nonnegative, continuous real-valued function f on R? such that

z Y T
F(x,y,z) = / / / flu,v,w)dudvdw, for—oo < x,y,z<o0 (4.42)

/_Z/_Z/_:f(a:,y,z)dxdydz =1, (4.43)

and
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then we call f the joint probability density function (or joint p.d.f. for short) for X, Y and Z. In general,
fora, < b,,a, < b,, a; < b;, we have

bs by by
Pla, < X <b,a, <Y <by, a;<Z <bs) = / / flx,y,2)dedydz, (4.44)
as as a1

with the < and < symbols interchangeable in any combination. A triple integral, then, can be thought
of as representing a probability (for a function f whichis a p.d.f.).

Example
Let a, b, and ¢ be real numbers selected randomly from the interval (0, 1). What is the probability that the
equation ax® + bx + ¢ = 0 has at least one real solution x?
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Solution: » We know by the quadratic formula that there is at least one real ¢
solution if b* — 4ac > 0. So we need to calculate P(b* — 4ac > 0). We willuse ...
three jointly distributed random variables to do this. First, since 0 < a,b,c < 1, i\\ c= 4
we have N
Ry R, ! a
V¥ —4dac >0 0<dac < <1&0<2V/ave<b<l, 0% 1

where the last relation holds forall 0 < a,c < 1 such that Figure 4.14.  Region

1 R=R,UR
0<dac<1le0<c< — P

4a
Considering a, b and c as real variables, the region R in the ac-plane where the above relation holds is
givenby R = {(a,c) : 0 <a<1,0<c<1,0<c< 4}, whichwe can seeis a union of two regions R,
and R,, as in Figure 3.7.1 above.

Now let X, Y and Z be continuous random variables, each representing a randomly selected real
number from the interval (0, 1) (think of X, Y and Z representing a, b and ¢, respectively). Then, similar
to how we showed that f(z) = 1is the p.d.f. of the uniform distribution on (0, 1), it can be shown that
f(z,y,z) =1forz,y, zin (0,1)

(0 elsewhere) is the joint p.d.f. of X, Y and Z. Now,

P(b* —4ac >0) = P((a,c) € R, 2/a/e<b< 1),
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so this probability is the triple integral of f(a,b,c) = 1 as bvaries from 2,/a y/cto 1 and as (a, c) varies
over the region R. Since R can be divided into two regions R, and R,, then the required triple integral
can be splitinto a sum of two triple integrals, using vertical slices in R:

1/4a
P(b2—4a020):/ // 1dbdcda+/ / / 1dbdcda
2va/c /4 2vay/c
1/4 1 1/4a
:/ / (1 —2va+/c) dcda+/ / (1 —2va+/c)dcda

1/4Jo

1/4 =1 1 c=1/4a
= / (c—g ac?? ) da + / <c—§ ac’? )da

0 c=0 1/4 c=0

1/4 1
= / ( - %ﬁ) da + / T2 da
0 1/4

1/4

1

Ly
— 11
I

8
= a—-a’?

9

0 1/4

11 11 5 1
= (--= — ") = 24 —In4
(4 9>+<0 12 n4) 36 12"
In 4
P(b2—4ac20)=5+336nz0.2544

In other words, the equation ax? + bx + ¢ = 0 has about a 25% chance of being solved! <
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Expected Value

The expected value EX of a random variable X can be thought of as the “average” value of X as it

varies over its sample space. If X is a discrete random variable, then

EX = Y zP(X =u1),

(4.45)

with the sum being taken over all elements z of the sample space. For example, if X represents the

number rolled on a six-sided die, then

6 6
EX = Y zP(X =2) = Zmé = 35

=1 =1
is the expected value of X, which is the average of the integers 1 — 6.
If X is a real-valued continuous random variable with p.d.f. f, then

EX = /fo(x)dx.

For example, if X has the uniform distribution on the interval (0, 1), then its p.d.f. is

1, for0<zx<1
flx) =

0, elsewhere,

(4.46)

(4.47)

(4.48)
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and so

0 1
EX = / x f(z)de = / rdx = ; (4.49)
- 0

o0

For a pair of jointly distributed, real-valued continuous random variables X and Y with joint p.d.f.
f(z,y), the expected values of X and Y are given by

EX = /_Z/_fo(:c,y)d:cdy and EY = /_:/_ny(az,y)d:cdy, (4.50)

respectively.

Example
If you were to pick n > 2 random real numbers from the interval (0, 1), what are the expected values for
the smallest and largest of those numbers?

Solution: » LetU,, ..., U, ben continuous random variables, each representing a randomly selected
real number from (0, 1), i.e. each has the uniform distribution on (0, 1). Define random variables X and
Y by

X =min(U,,...,U,) and Y =max(U,,...,U,).
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Then it can be shown?3 that the joint p.d.f. of X and Y is

nn—1)(y—z)"?2 for0<zr<y<1

flz,y) = (4.51)

0, elsewhere.

Thus, the expected value of X is

1 1
EX = / / n(n — Da(y —z)" % dy dx
0 T
1

_ /0 <nx(y—x)”_1 Zl> do

1
= / nz(1l —z)" ' dx , sointegration by parts yields
0

1

= —z(1—2)"—
1
n+1’

(1 — )"t

n+1 0

EX =
and similarly (see Exercise 3) it can be shown that

n
n+1"

1 ry
EY = / / nin — Dy(y —2)" ?dedy =
0 Jo

3See Ch. 6in[34].



4. Multiple Integrals

So, for example, if you were to repeatedly take samples of n = 3 random real numbers from (0, 1), and
each time store the minimum and maximum values in the sample, then the average of the minimums
would approach i and the average of the maximums would approach 2 as the number of samples grows.
It would be relatively simple (see Exercise 4) to write a computer program to test this. «

Exercises

1. Evaluate the integral / e du using anything you have learned so far.

> ]. 2 2
2. Foro > 0and > 0, evaluate/ e~ @17 20% g
s oV
3. Show that Y = 5 in Example 287

C

4. Write a computer program (in the language of your choice) that verifies the results in Example 287 for
the case n = 3 by taking large numbers of samples.

5. Repeat Exercise 4 for the case whenn = 4.



4.7. Application: Probability and Expected Value

6. For continuous random variables X, Y with joint p.d.f. f(z,y), define the second moments E(X?)
and E(Y?) by

E(X / / 2 f(z,y)dvdy and E(Y?) / / y? flx,y)dzdy,

and the variances Var(X') and Var(Y") by
Var(X) = E(X?) — (EX)* and Var(Y) = E(Y?) — (EY)>.
Find Var(X) and Var(Y') for X and Y as in Example 287.

7. Continuing Exercise 6, the correlation p between X and Y is defined as

 E(XY) - (EX)(EY)
P= JVar(X)var(y)

where E(XY) = / / xy f(z,y) dx dy. Find p for X and Y as in Example 287.
(Note: The quantity E(XY) (EX)(EY ) is called the covariance of X and Y.)

8. In Example 286 would the answer change if the interval (0, 100) is used instead of (0, 1)? Explain.
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Yj+1 - \

Y; \
N\

c
Lo z
0 q i Tigq b
(a) Subrectanglesinside the region R (b) Parallelepiped over a subrectangle, with volume

f(xm yj*) Az, Ay,

Figure 4.6. Double integral over a general re-
gion R
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v
x:%(u—kv) 1
z+y=1 y:%(v—u) R
U= —v u="v
R T U
1 —1 0 1

Figure 4.8. Theregions Rand R’






Curves and Surfaces

5.1. Parametric Curves

There are many ways we can described a curve. We can, say, describe it by a equation that the points on
the curve satisfy. For example, a circle can be described by 22 + 3? = 1. However, this is not a good way
to do so, as it is rather difficult to work with. It is also often difficult to find a closed form like this for a
curve.

Instead, we can imagine the curve to be specified by a particle moving along the path. So it is rep-
resented by a function f : R — R", and the curve itself is the image of the function. This is known as
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a parametrization of a curve. In addition to simplified notation, this also has the benefit of giving the

curve an orientation.

288 | Definition
We say I' C R™ is a differentiable curve if exists a differentiable function~ : I = [a,b] — R" such that

I'=1([a, b]).
The function ~ is said a parametrization of the curve ~y. And the function~ : I = [a,b] — R™is said a

parametric curve.

Sometimes ' = 4[] C R™ is called the image of the parametric curve. We note that a curve R" can

be the image of several distinct parametric curves.

289 Remark
Usually we will denote the image of the curve and its parametrization by the same letter and we will talk

about the curve vy with parametrization ~y(t).

290 | Definition
A parametrization y(t) : I — R™isregularif~'(t) # 0forallt € I.

The parametrization provide the curve with an orientation. Since ¥ = ([a, b]), we can think the curve

as the trace of a motion that starts at v(a) and ends on ~(b).
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Figure 5.1. Orientation of a Curve

291 Example
The curve z* + y* = 1 can be parametrized by (t) = (cost, sint) fort € [0, 27]

Given a parametric curvey : I = [a,b] — R"

m Thecurveissaid to be simpleif yisinjective, i.e. ifforall z, y in (a,b), we have v(x) = (y) implies

T =q.
m Ify(z) = v(y) forsome z # yin (a,b), then y(z) is called a multiple point of the curve.
m Acurve vy issaid to be closed if y(a) = ~(b).

m Asimple closed curve is a closed curve which does not intersect itself.

Note that any closed curve can be regarded as a union of simple closed curves (think of the loopsin a
figure eight)
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) (x(), (1), 2(1))
~7 X (2(a),y(a), 2(a
x = x(t) C
y=y(t) r(t) ((b), y(b), 2(b))
z=z(t)
. . . R Yy
a t b 0

Figure5.2. Parametrization of a curve C' in R3

292 |Theorem (Jordan Curve Theorem)
Let v be a simple closed curve in the plane R?. Then its complement, R? \ ~, consists of exactly two con-

nected components. One of these components is bounded (the interior) and the other is unbounded (the

exterior), and the curve -y is the boundary of each component.

The Jordan Curve Theorem asserts that every simple closed curve in the plane curve divides the plane
into an ”interior” region bounded by the curve and an “exterior” region. While the statement of this

theorem is intuitively obvious, it’s demonstration is intricate.

293 Example
Find a parametric representation for the curve resulting by the intersection of the plane 3x +y + z = 1
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C C
(a) Closed (b) Not closed

Figure 5.3. Closed vs non-closed curves
and the cylinder x® + 2y? = 1inR3.

Solution: » The projection of the intersection of the plane 3x +y+ 2z = 1 and the cylinderis the ellipse
2?2 + 2y% = 1, on the zy-plane. This ellipse can be parametrized as

2
x:cost,y:7sint, 0<t< 2.

From the equation of the plane,

2
z:1—3:c—y:1—3cost—\é_sint.
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Thus we may take the parametrization

r(t) = (:E(t),y(t), z(t)) = <COS t, ? sint,1 — 3cost — ? sint) .

<

Proposition
Letf: Rt — R"js differentiable, c € R™ and v = {x € Rt ‘ f(x) = c} be the level set of f. If at every
point in vy, the matrix Df has rank n then ~ is a curve.

Proof. Leta € ~. Since rank(D(f),) = d, there must be d linearly independent columns in the ma-
trix D(f),. For simplicity assume these are the first d ones. The implicit function theorem applies and

guarantees that the equation f(z) = ¢ can be solved for x4, ..., z,, and each x; can be expressed as a
differentiable function of z,,,1 (close to a). That is, there exist open sets U’ C R, V' C R and a differ-
entiable function g suchthata € U’ x V'andyN(U' x V') = {(g(xnﬂ),xnﬂ) ‘ Tpyl € V’}. "
Remark

A curve can have many parametrizations. For example, 6(t) = (cost,sin(—t)) also parametrizes the unit
circle, but runs clockwise instead of counter clockwise. Choosing a parametrization requires choosing the
direction of traversal through the curve.
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We can change parametrization of r by taking an invertible smooth function u — «, and have a new
parametrization r(@) = r(@(u)). Then by the chain rule,

dr_dr da
du da du
dr _dr da
do  du’ du

296 Proposition
Let v be a regular curve and ~ be a parametrization, a = ~(ty) € . Then the tangent line through a is

{7(to) + t7/(to) | t € R}.

If we think of () as the position of a particle at time ¢, then the above says that the tangent space is
spanned by the velocity of the particle.

That is, the velocity of the particle is always tangent to the curve it traces out. However, the acceler-
ation of the particle (defined to be 7”) need not be tangent to the curve! In fact if the magnitude of the
velocity || is constant, then the acceleration will be perpendicular to the curve!

So far we have always insisted all curves and parametrizations are differentiable or C'*. We now relax
this requirement and subsequently only assume that all curves (and parametrizations) are piecewise
differentiable, or piecewise C'*.
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297 | Definition
Afunction f : [a,b] — R" is called piecewise C" if there exists a finite set ' C [a, b] such that f is C* on
[a,b] — F, and further both left and right limits of f and [’ exist at all points in F.

-1 —-0.5 0.5 1

Figure 5.4. Piecewise C'! function

298 | Definition
A (connected) curve ~ is piecewise C* if it has a parametrization which is continuous and piecewise C.
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Figure 5.5. The boundary of a square is a piece-
wise C'! curve, but not a differentiable curve.

299 Remark

5.2.

A piecewise C'! function need not be continuous. But curves are always assumed to be at least continuous;
so for notational convenience, we define a piecewise C*! curve to be one which has a parametrization which
is both continuous and piecewise C".

Surfaces

We have seen that a space curve C can be parametrized by a vector function r = r(u) where u ranges
over some interval I of the u-axis. In an analogous manner we can parametrize a surface S in space by a
vector function r = r(u, v) where (u, v) ranges over some region €2 of the uv-plane.
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v

R2
z
S
~~ ~
Q x = z(u,v)
(u]v) YY) r(u,0)
Yy
0
U x

Figure5.6. Parametrization of asurface SinRR?
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Definition

A parametrized surface is given by a one-to-one transformationr : {2 — R", where ) is a domain in the

plane R2. The transformation is then given by

r(u,v) = (r1(u,v),...,x,(u,v)).

Example

(The graph of a function) The graph of a function

ny(x),CL’G [a7b]
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can be parametrized by setting
r(u) = ui+ f(u)j,u € |a,b].
In the same vein the graph of a function
z = flz,y),(z,y) € Q
can be parametrized by setting
r(u,v) =ui+vj+ f(u,v)k, (u,v) € Q.

As (u,v) ranges over S, the tip of r(u, v) traces out the graph of f.

Example (Plane)
If two vectors a and b are not parallel, then the set of all linear combinations ua + vb generate a plane p,
that passes through the origin. We can parametrize this plane by setting

r(u,v) = ua+ vb, (u,v) € R x R.
The plane p that is parallel to py and passes through the tip of c can be parametrized by setting
r(u,v) =ua+vb+c,(u,v) € R xR,
Note that the plane contains the lines

li :7(u,0) =wa+candly : r(0,v) = vb + c.



5. Curves and Surfaces
303 Example (Sphere)
The sphere of radius a centered at the origin can be parametrized by

r(u,v) = acos ucos vi+ asin ucos vj + asin vk
)

m m
with (u,v) ranging over the rectangle R : 0 < u <27, —— < v < —.
Derive this parametrization. The points of latitude v form a circle of radius a cos v on the horizontal plane
z = asin v. This circle can be parametrized by

R(u) = acosv(cosui + sinuj) + asinvk, u € [0, 27].
This expands to give
R(u,v) = acos ucos vi+ asin ucos vj + asin vk, u € [0, 27].

Letting v range from —g to g, we obtain the entire sphere. The xyz-equation for this same sphere is x> +
y? + 2% = a®. Itis easy to verify that the parametrization satisfies this equation:

2

2 2 wcos 2v + a?sin %v

:B2+y2—|—22 = a? cos *u cos *v + a? sin 2

= > (Cos 2u + sin 2u) cos 2 + a® sin %v

=a? (cos 2o+ sin%) = a’.
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Example (Cone)
Considers a cone with apex semiangle o and slant height s. The points of slant height v form a circle of
radius v sin « on the horizontal plane z = v cos a. This circle can be parametrized by

C(u) = vsin a(cos ui + sin uj) + v cos ak
= vcos usin ai+ vsin usin «j 4+ vcos ok, u € [0, 27].
Since we can obtain the entire cone by letting v range from 0 to s, the cone is parametrized by
r(u,v) = vcos usin ai + vsin usin aj + v cos ak,

with) < u <2m,0<wv <s.
Example (Spiral Ramp)
A rod of length [ initially resting on the z-axis and attached at one end to the z-axis sweeps out a surface
by rotating about the z-axis at constant rate w while climbing at a constant rate b.

To parametrize this surface we mark the point of the rod at a distance u from the z-axis (0 < u < [) and
ask for the position of this point at time v. At time v the rod will have climbed a distance bv and rotated
through an angle wv. Thus the point will be found at the tip of the vector

u(coswvi + sin wvj) + bvk = wcoswv i+ usinwovj + buk.
The entire surface can be parametrized by

r(u,v) = ucoswvi—+ usin wvj + bvkwith0 < u < 1,0 < wv.
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306 | Definition
A regular parametrized surface is a smooth mapping ¢ : U — R", where U is an open subset of R?, of
maximal rank. This is equivalent to saying that the rank of p is 2

Let (u,v) be coordinates in R?, (1, ..., x,) be coordinates in R™. Then

o(u,v) = (x1(u,v), ..., x,(u,v)),

where z;(u, v) admit partial derivatives and the Jacobian matrix has rank two.

5.2. Implicit Surface

An implicit surface is the set of zeros of a function of three variables, i.e, an implicit surface is a surface
in Euclidean space defined by an equation

F(z,y,z)=0.

Let F': U — R be a differentiable function. A regular point is a point p € U for which the differential
dF, is surjective.
We say that q is a regular value, if for every point pin F~1(q), p is a regular value.
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307 |Theorem (Regular Value Theorem)
LetU C R3 beopenand F : U — R be differentiable. If q is a regular value of f then F~1(q) is a reqular

surface

308 Example
Show that the circular cylinder x* + y* = 1is a regular surface.

Solution: » Define the function F(z,y, 2) = 2 + y* + 22 — 1. Then the cylinder is the set f~1(0).

Observe that 51 = 2z, 51 = 2y 91 = 22.
Itis clear that all partial derivatives are zero if and only if + = y = z = 0. Further checking shows that

£(0,0,0) # 0, which means that (0,0, 0) does not belong to f~'(0). Hence for allu € f~!(0), not all of
partial derivatives at u are zero. By Theorem 307, the circular cylinder is a regular surface.

<

5.3. Classical Examples of Surfaces

In this section we consider various surfaces that we shall periodically encounter in subsequent sections.
Let us start with the plane. Recall that if a, b, c are real numbers, not all zero, then the Cartesian equa-

tion of a plane with normal vector (a, b, ¢) and passing through the point (¢, yo, 20) is

a(x —xo) + b(y — yo) + c(z — z) = 0.
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If we know that the vectors u and v are on the plane (parallel to the plane) then with the parameters
p, gthe equation of the plane is

T — xo = pu1 + qU1,
Y — Yo = Pug + qua,

2 — Zg = pus + qus.

309 | Definition
Asurface S consisting of all lines parallel to a given line A and passing through a given curve + is called
a cylinder. The line A is called the directrix of the cylinder.

To recognise whether a given surface is a cylinder we look at its Cartesian equation. Ifitis
of the form f(A, B) = 0, where A, B are secant planes, then the curve is a cylinder. Under
these conditions, the lines generating S will be parallel to the line of equation A = 0, B = 0.
In practice, if one of the variables x, y, or z is missing, then the surface is a cylinder, whose
directrix will be the axis of the missing coordinate.
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P

Figure 5.7. Circular cylinder z2 4+ y% = 1. Figure 5.8. The parabolic cylinder z = y*.

Example
Figure 5.7 shews the cylinder with Cartesian equation x? + y* = 1. One starts with the circle 2% + y? = 1
on the xy-plane and moves it up and down the z-axis. A parametrization for this cylinder is the following:

T = cosv, y = sinwv, z=u, u € R,v € [0;27].

Example

Figure 5.8 shews the parabolic cylinder with Cartesian equation z = y>. One starts with the parabola
z = y? on the yz-plane and moves it up and down the x-axis. A parametrization for this parabolic cylinder
is the following:

T = u, Yy =, 2z =% ueR,veR.
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312 Example

Figure 5.9 shews the hyperbolic cylinder with Cartesian equation x? —y? = 1. One starts with the hyperbola

x? — 3% on the xy-plane and moves it up and down the z-axis. A parametrization for this parabolic cylinder
is the following:

x = *coshwv, y = sinh v, z = u, ue R veR.

We need a choice of sign for each of the portions. We have used the fact that cosh? v — sinh?® v = 1.

313 | Definition

Givena point ) € R3 (called the apex) and a curve + (called the generating curve), the surface S obtained
by drawing rays from €2 and passing through ~ is called a cone.

A B
In practice, if the Cartesian equation of a surface can be put into the form f(—,—) = 0,

where A, B, C, are planes secant at exactly one point, then the surface is a cone, and its
apexisgivenby A =0,B =0,C = 0.
314 Example
The surface in R? implicitly given by
22 — $2 4 y2

2 2
is a cone, as its equation can be put in the form <x) + (y> — 1 = 0. Considering the planes x = 0,y =

2z 2
0,z = 0, the apex is located at (0, 0, 0). The graph is shewn in figure 5.11.
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315 | Definition
A surface S obtained by making a curve ~ turn around a line A is called a surface of revolution. We

then say that A is the axis of revolution. The intersection of S with a half-plane bounded by A is called a

meridian.

If the Cartesian equation of S can be put in the form f(A,S) = 0, where A is a plane and
S'is a sphere, then the surface is of revolution. The axis of S'is the line passing through the

centre of S and perpendicular to the plane A.

Figure 5.10. The torus. 9 9
Y

Figure 5.9. The hyperbolic cylinder 22 — % = 1. 7

Figure 5.11. Cone :% + 2 =
a

2

c2
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316 Example
Find the equation of the surface of revolution generated by revolving the hyperbola

2 —4z2 =1
about the z-axis.

Solution: » Let(x,y, z) beapointon S. Ifthis point were on the 2 plane, it would be on the hyperbola,
and its distance to the axis of rotation would be |z| = v/1 + 4z2. Anywhere else, the distance of (z, y, z)
to the axis of rotation is the same as the distance of (x, y, z) to (0,0, z), that is /22 + y2. We must have

VI +y?2 =v1+4z22,

which is to say
4y — 42 =1.

This surface is called a hyperboloid of one sheet. See figure 5.15. Observe thatwhen z = 0, 2% + 3% = 1
is a circle on the zy plane. When z = 0, y> — 42° = 1is a hyperbola on the yz plane. When y = 0,
2? — 422 = lis a hyperbola on the 2z plane.

A parametrization for this hyperboloid is

=1+ 4u?cosv, y=V1+4u?sinv, z=u, u € R,v € [0;27].
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317 Example
The circle (y — a)* + z? = r?, on the yz plane (a,r are positive real numbers) is revolved around the z-axis,
forming a torus T'. Find the equation of this torus.

Solution: » Let (z,y, z) be a point on T'. If this point were on the yz plane, it would be on the circle,
and the of the distance to the axis of rotation would be y = a+sgn (y — a) V72 — 22, wheresgn (t) (with
sgn (t) = —1ift < 0,sgn (t) = 1ift > 0,and sgn (0) = 0) is the sign of t. Anywhere else, the distance
from (x, vy, 2) to the z-axis is the distance of this point to the point (x, vy, 2) : /22 + y2. We must have

22 +y* = (a+sgn(y —a) Vr2 — 22)? = a® + 2asgn (y — a) Vr2 — 22 +r* — 2%

Rearranging
2P+ 22 —a? —r? = 2asgn (y — a) Vr? — 22,

or
(2? + 1y + 22 — (a® +1?))? = 4a*r? — 4a*2?

since (sgn (y — a))? = 1, (it could not be 0, why?). Rearranging again,
(22 + oy + 252 —2(a® + r?)(2® + y?) +2(a® — r*)2* + (a®* — 1*)? = 0.

The equation of the torus thus, is of fourth degree, and its graph appears in figure 7.4.
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A parametrization for the torus generated by revolving the circle (y — a)? + z? = r? around the z-axis
is
x = acosf + rcosbcosa, y = asinf + rsinf cos a, z =rsina,
with (0, ) € [—m; 7]*.
<

2 3///
““:‘ // y
1\\ / N
-2\<< . »2\‘\
Figure 5.12. Paraboloid Figure 5.13. Hyperbolic paraboloid Figure 5.14. Two-sheet hyperbolo
s a2y 22 v
a? b2 T2, 2 2 e

318 Example
The surface = = 2 412 is called an elliptic paraboloid. The equation clearly requires that z > 0. For fixed
z2=o¢cc>0,22+y* = cisacircle. Wheny = 0, z = 22 is a parabola on the zz plane. When x = 0, z = />
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is a parabola on the yz plane. See figure 5.12. The following is a parametrization of this paraboloid:

r = +\/ucosv, y = \/usinv, zZ=u, u € [0;+oo[,v € [0; 27].

Example

The surface = = x* — y? is called a hyperbolic paraboloid or saddle. If = = 0, 2> — y? = 0is a pair of lines
in the xy plane. When y = 0, z = 2% is a parabola on the zz plane. When x = 0, = = —y? is a parabola on
the yz plane. See figure 5.13. The following is a parametrization of this hyperbolic paraboloid:

T =u, Yy =, 2z =u? — v, u€eRveR.

Example

The surface 2> = x® 4+ y? + 1is called an hyperboloid of two sheets. For 2> — 1 < 0, 2> +y?> < 01s
impossible, and hence there is no graph when —1 < z < 1. Wheny = 0, 2* — 22 = 1is a hyperbola on the
xz plane. When x = 0, 22 — y? = 1is a hyperbola on the yz plane. When = = c s a constant ¢ > 1, then
the 2 + y* = ¢ — 1 are circles. See figure 5.14. The following is a parametrization for the top sheet of this
hyperboloid of two sheets

T = UCosv, Yy = usinwv, z=u?+1, u € R,v € [0;27]
and the following parametrizes the bottom sheet,

T = UCoS, y = usinwv, z=—u?—1, u € R v e [0;2n],



5. Curves and Surfaces

321 Example
The surface z* = 2 4 y? — 1is called an hyperboloid of one sheet. For x> + 1> < 1, 2> < 0isimpossible,
and hence there is no graph when x> + y*> < 1. Wheny = 0, 2> — 22 = —1is a hyperbola on the zz
plane. When x = 0, 2> — y?> = —1is a hyperbola on the yz plane. When » = c is a constant, then the
2?2 + y? = ¢® + 1 are circles See figure 5.15. The following is a parametrization for this hyperboloid of one
sheet

x = Vu?+ 1lcosw, y = Vu?+ 1sinwv, z = u, u € R v € [0;27],

2 T

Figure 5.15. One-sheet hyperboloid 22 42 2
zj _ xj N yj T Figure 5.16. Ellipsoid o + 22 + 2= 1.
2 a? b2 '
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Example ) >
Let a, b, c be strictly positive real numbers. The surface x— + ‘%2 + — = liscalled an ellipsoid. For z = (,
$2 y2 x2 22
— + ﬁl is an ellipse on the xy plane.When y = 0 + — = lisanellipse on the xz plane. When x = (,
2
Z— + %2 = lisanellipse onthe yz plane. See f/gure 5.16. We may parametrize the ellipsoid using spherical
coord/nates:
x = acosfsin ¢, y = bsin#sin ¢, 2 = ccoso, 0 € [0;27], ¢ € [0; 7.
Exercises
Problem 325 Problem

Find the equation of the surface of revolution S gen- Describe the surface parametrized by p(u,v)
erated by revolving the ellipse 4x* + 2% = 1 about (v cosu,vsinu,au), (u,v) € (0,27) % (0,1),a >
the z-axis. 0.

Problem 326 Problem

Find the equation of the surface of revolution gen- Describe the surface parametrized by ¢(u,v) =
erated by revolving the line 3x + 4y = 1 about the (aucosv,businv,u?), (u,v) € (1,400) X
y-axis . (0,27), a,b > 0.
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Problem 330

Consider the spherical cap defined by
S={(z,y,2) eR®: 2?4y +22 =1, 2 > 1/V2}.

Parametrise S using Cartesian, Spherical, and Cylin-
drical coordinates.

Problem
Demonstrate that the surface in R?

331

S P (4 2)e ¥ =,
implicitly defined, is a cylinder.

Problem
Shew that the surface in R3 implicitly defined by

332

ot oyttt —dayz(e Fy+2) =1

is a surface of revolution, and find its axis of revolu-
tion.

Problem
Shew that the surface S in R? given implicitly by the
equation
1 1 1
+ + =1
r—y Yy—z zZz—x

is a cylinder and find the direction of its directrix.

Problem
Shew that the surface S in R implicitly defined as

xy+yz+ze+rx+y+z+1=0

is of revolution and find its axis.

Problem
Demonstrate that the surface in R3 given implicitly

by

22—y =2z—1

is a cone
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333 Problem (Putnam Exam 1970) 1. Find its equation.
Determine, with proof, the radius of the largest circle
which can lie on the ellipsoid

2, Y
2?2 2 22 z=2,x +Z:1
?+b7+c7:1’ a>b>c>0. z
334 Problem
The hyperboloid of one sheet in figure 5.17 has the . °y 0, 4a? +y* =1
property that if it is cut by planes at z = +2, its )
projection on the xy plane produces the ellipse x* + z=-2 22+ yz =1

2
yz = 1, andifitis cut by a plane at z = 0, its projec-

tion on the xy plane produces the ellipse 4% + y? = Figure 5.17. Problem 334.

5.4. ~ Manifolds

335 | Definition

We say M C R is a d-dimensional (differentiable) manifold if for every a € M there exists domains
U C R, V C R™and a differentiable function f : V' — U such that rank(D(f)) = d at every pointin V'
andUNM = f£(V).
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336 Remark
For d = 1 this is just a curve, and for d = 2 this is a surface.

337 Remark
If d = 1 and ~y is a connected, then there exists an interval U and an injective differentiable function -y :
U — R"suchthat Dy # 0on U and v(U) = ~. Ifd > 1 this is no longer true: even though near every
point the surface is a differentiable image of a rectangle, the entire surface need not be one.

As before d-dimensional manifolds can be obtained as level sets of functions f : R"*¢ — R" provided
we have rank(D(f)) = d on the entire level set.

338 Proposition
Let f : R"*® — R js differentiable, c € R™ and v = {x € R+ ’ flx) = c} be the level set of f. If at
every point in y, the matrix D(f) has rank d then ~ is a d-dimensional manifold.

The results from the previous section about tangent spaces of implicitly defined manifolds generalize
naturally in this context.

339 | Definition
LetU CR™ f: U — R be adifferentiable function, and M = {(:c, f(z)) € R+t ' T € U} be the graph
of f. (Note M is a d-dimensional manifold in R"*1.) Let (a, f(a)) € M.



5.5. Constrained optimization.

m The tangent “plane” at the point (a, f(a)) is defined by
{(z,y) eR™! |y = f(a) + Dfulz — )}

m The tangent space at the point (a, f(a)) (denoted by T'Mq f(a)) is the subspace defined by

TMa ey = {(z,y) € R™' |y = Dfo}.

340 Remark

k2

505.

When d = 2 the tangent plane is really a plane. For d = 1itis a line (the tangent line), and for other values
itis a d-dimensional hyper-plane.

Proposition

Suppose f : R"+? — R" js differentiable, and the level set v = {x ’ flz) = c} is a d-dimensional manifold.
Suppose further that D(f), has rank n for all a € ~. Then the tangent space at a is precisely the kernel of
D(f),, andthe vectors V f1, ...V f,, arenlinearly independent vectors that are normal to the tangent space.

Constrained optimization.

Consider an implicitly defined surface S = {g = c}, for some g : R® — R. Our aim is to maximise or
minimise a function f on this surface.
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342 | Definition
We say a function f attains alocal maximum at a on the surface S, ifthere existse > Osuchthatjx — a| < €
andx € Simply f(a) > f(z).

343 Remark
This is sometimes called constrained local maximum, or local maximum subject to the constraint g = c.

344 Proposition
If f attains a local maximum at a on the surface S, then 3\ € R such that V f(a) = AVg(a).

Proof. [Intuition] If V f(a) # 0,then S’ = {f = f(a)} is a surface. If f attains a constrained maximum
at a then S must be tangent to S at the point a. This forces V f(a) and Vg(a) to be parallel. n

345 Proposition (Multiple constraints)
Let f,qu, ..., gn : RY — R be: R? — R be differentiable. If f attains a local maximum at a subject to the
constraints g1 = ¢y, g2 = Ca, ...gn = ¢y then 3INq, ...\, € Rsuchthat Vf(a) = 7 \Vgi(a).

To explicitly find constrained local maxima in R™ with n constraints we do the following:



5.5. Constrained optimization.
m Simultaneously solve the system of equations
Vfi(x)=MVag(z)+- -\ Vgn(z)
gi(z) = a1,

gn(x) = ¢y

m The unknowns are the d-coordinates of x, and the Lagrange multipliers Ay, ..., \,,. Thisisn + d
variables.

m The first equation above is a vector equation where both sides have d coordinates. The remaining
are scalar equations. So the above system is a system of n + d equations with n + d variables.

m The typical situation will yield a finite number of solutions.

m There s a test involving the bordered Hessian for whether these points are constrained local min-
ima / maxima or neither. These are quite complicated, and are usually more trouble than they
are worth, so one usually uses some ad-hoc method to decide whether the solution you found is

a local maximum or not.
346 Example

Find necessary conditions for f(x,y) = y to attain a local maxima/minima of subject to the constraint
y = g(z).



347

5. Curves and Surfaces

Of course, from one variable calculus, we know that the local maxima / minima must occur at points
where ¢’ = 0. Let’s revisit it using the constrained optimization technique above. Proof. [Solution] Note
our constraint is of the form y — g(z) = 0. So at a local maximum we must have

—g'(2)

= V[ =AV(y—yg(z)) = and y = g().
1 1
This forces A = 1 and hence ¢’(x) = 0, as expected. ]
Example ) )
_ . Lty
Maximise xy subject to the constraint — + e 1.
a

Proof. [Solution] At a local maximum,
22 2 2z /a’
2 ?22) A
T a 2y /b%.
which forces y?> = x2b%/a?. Substituting this in the constraint gives z = +a/v/2 and y = 4b//2. This

gives four possibilities for 2 to attain a maximum. Directly checking shows that the points (a/v/2,b/v/2)
and (—a/+/2, —b/+/2) both correspond to a local maximum, and the maximum value is ab/2. .



5.5. Constrained optimization.

348 Proposition (Cauchy-Schwartz)
Ifx,y € R"then|x - y| <|z||y|.

Proof. Maximise x - y subject to the constraint|z| = a and|y| = b. .
349 Proposition (Inequality of the means)

Ifx; > 0, then

350 Proposition (Young’s inequality)
Ifp,g>1and1/p+ 1/q = 1then






Line Integrals

6.1. Line Integrals of Vector Fields

We start with some motivation. With this objective we remember the definition of the work:

351 | Definition
If a constant force f acting on a body produces an displacement Ax, then the work done by the force is
feAx.
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6. Line Integrals

We want to generalize this definition to the case in which the force is not constant. For this purpose
let v C R™ be a curve, with a given direction of traversal, and f : R" — R" be a vector function.

Here f represents the force that acts on a body and pushes it along the curve ~. The work done by the
force can be approximated by

N-1 N-1
W = f(z;)e(xi11 — Z f(z;)eAx;
=0 =0
where xg, X1, ..., Xy_1 are N points on v, chosen along the direction of traversal. The limit as the largest
distance between neighbors approaches 0 is the work done:
N-1
W = lim Z f(z;)eAx;

I1PI=0 ;=

This motivates the following definition:

Definition
Let~y C R™ be a curve with a given direction of traversal, and f : v — R™ be a (vector) function. The line
integral of f over  is defined to be

N-1
/ fodf= lim 3 £(<)e(Xip1 — %)
g

1P[-0
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N—

Z e AXx;.

= iP5 —~

if the above limit exists. Here P = {xq,x1,...,Xy_1}, the points x; are chosen along the direction of

traversal, and || P|| = max|x;11 — x;].

353
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Remark

/ff - (f17 ‘e
form notation as

, fn), where f; - v — Rare functions, then one often writes the line integral in the differential

/f.de—/f1 dzy + -+ fo da,
v Y

The following result provides a explicit way of calculating line integrals using a parametrization of the

curve.

Theorem
Ifvy : [a,b] — R™is a parametrization of ~ (in the direction of traversal), then

/ fodl = / “fo V(&) () dt (6.1)

Proof.
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Leta =ty <ty <--- <t, = bbeapartition of a,band let x; = v(¢;).
The line integral of f over v is defined to be

N-1
/f-dﬁ— lim foZ )eAX;
-

I1Pl—0 ;

= lim Z; zi:f](xl) . (Axi)j

1Pl =0

>3 i) (A, = 353 £ (25), A
n b
=3 [ 5@ at= [ reaw- a

In the differential form notation (when d = 2) say

f=1(f,g) and ~(t) = (96(?5)79(?5))’

where f, g : v — R are functions. Then Proposition 354 says

[ear= [ 1 desg dy= [ [Ha.00)20) + g ue) 0] a

Y v v
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355 Remark

Sometimes (6.1) is used as the definition of the line integral. In this case, one needs to verify that this defi-

nition is independent of the parametrization. Since this is a good exercise, we’ll do it anyway a little later.
356 Example

Take F(r) = (ze¥, 22, xy) and we want to find the line integral froma = (0,0,0) tob = (1,1, 1).

b
C:
2 o,

a

We first integrate along the curve C; : r(u) = (u,u? u®). Thenr'(u) = (1,2u,3u?), and F(r(u)) =

(ue®” , us, u?). So
/ Fedr
C1

I
=
I
®
S
[\
N
Y
_I_
w
N
ot
o,
N

+
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Now we try to integrate along another curve Cs : r(t) = (t,t,t). Sor'(t) = (1,1, 1).

/ Fedl =
Ca

Fer'(t)dt

1
tet + 2% dt

I
wol Ot S— S~

We see that the line integral depends on the curve C'in general, not just a, b.

Example
Suppose a body of mass M is placed at the origin. The force experienced by a body of mass m at the point
-GM
x € R3is given by f(z) = ng, where G is the gravitational constant. Compute the work done when
T

the body is moved from a to b along a straight line.

Solution: » Let~ bethestraightlinejoiningaandb. Clearlyy : [0, 1] — ydefinedby~(t) = a+t(b—a)
is a parametrization of 7. Now

GMm B GMm

= . = — m lﬂ./ =
W_Lfdé GM/O‘PY(t)‘Sy(t)dt b u

lal
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6.2.

359

360

6.2. Parametrization Invariance and Others Properties of Line Integrals
Remark
Ifthe line joining through a and b passes through the origin, then some care has to be taken when doing the
above computation. We will see later that gravity is a conservative force, and that the above line integral
only depends on the endpoints and not the actual path taken.

Parametrization Invariance and Others Properties of Line Integrals

Since line integrals can be defined in terms of ordinary integrals, they share many of the properties of
ordinary integrals.

Definition
The curve y is said to be the union of two curves v, and ~, if v is defined on an interval [a, b], and the curves
71 and ~y, are the restriction [, 4 and |, .

Proposition

m linearity property with respect to the integrand,

/(af+5G)-d€:a/f-d€+ﬁ/G-d€
y

Y Y
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m additive property with respect to the path of integration: where the union of the two curves ~; and

/f-dﬁz/ f-d€+/ fods
g m 72

The proofs of these properties follows immediately from the definition of the line integral.

o is the curve .

361 | Definition
Leth : I — I, be a C* real-valued function that is a one-to-one map of an interval I = [a, b] onto another

interval I = [ay,by]. Let~y : I} — R" be a piecewise C*! path. Then we call the composition
Yo=v0h:I—R"

a reparametrization of .

It is implicit in the definition that 4 must carry endpoints to endpoints; that is, either h(a) = a; and
h(b) = by, or h(a) = by and h(b) = a,. We distinguish these two types of reparametrizations.

m Inthe first case, the reparametrization is said to be orientation-preserving, and a particle tracing

the path ;0 moves in the same direction as a particle tracing ;.

m In the second case, the reparametrization is described as orientation-reversing, and a particle
tracing the path ~;0 moves in the opposite direction to that of a particle tracing v,
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362 Proposition (Parametrization invariance)
Ify1 : a1, b1] = yand s @ [az, be] — y are two parametrizations of  that traverse it in the same direction,
then

/ Fom(t)i(h) dt = / “fo(t)erd(t) dt.

al a2z

Proof. Let o : [ay,b1] — [as, bo] be defined by o = 45! o 1. Since 4, and , traverse the curve in the
same direction, ¢ must be increasing. One can also show (using the inverse function theorem) that ¢ is
continuous and piecewise C!'. Now

/ “for(t)r(t) di = / o (0 () (P(E) (1) dt.

a2z a

Making the substitution s = ((¢) finishes the proof. .

6.3. Line Integral of Scalar Fields
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363 | Definition
Ifv C R™ s a piecewise C curve, then

length(~y /f|d€| lim Z|xz+1

12l—

where as before P = {xg,...,xn_1}.

More generally:

364 | Definition
If f : v — Ris any scalar function, we define®

/ £1de % lim zf )l =
i

I1Pl—

9Unfortunately / f1d£] is also called the line integral. To avoid confusion, we will call this the line integral with respect

ol
to arc-length instead.
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The integral / f|d¢| is also denoted by
Y

lf®=AﬂM

365 | Theorem
Let v C R™ be a piecewise C* curve, v : [a,b] — R be any parametrization (in the given direction of
traversal), f : v — R be a scalar function. Then

lﬂwzlﬂmm
length(y) = /7 1]d¢] = / ’

Compute the circumference of a circle of radius r.

v()| dt,

and consequently

vY()| dt.

366 Example

367 Example
The trace of
r(t) =icost + jsint + kt
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is known as a cylindrical helix. To find the length of the helix as t traverses the interval [0; 27|, first observe
that
ldef| = |[(sint)? + (= cost)* + 1| dt = v2dt,

and thus the length is

27
/ V2dt = 27v/2.
0

6.3. Area above a Curve

If v is a curve in the zy-plane and f(z,y) is a nonnegative continuous function defined on the curve ~,

A f(a, y)lac]

can beinterpreted as the area A of the curtain that obtained by the union of all vertical line segment that

then the integral

extends upward from the point (x, y) to a height of f(z,y), i.e, the area bounded by the curve y and the

graph of f
This fact come from the approximation by rectangles:

N
area = i 1 — T
||Pl||r20 ; f(l’, y)|xz+1 Zil,
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368 Example
Use a line integral to show that the lateral surface area A of a right circular cylinder of radius r and height

his2xrh.

Solution: » We will use the right circular cylinder with base circle C given by 22 + y? = r? and with
height h in the positive z direction (see Figure 4.1.3). Parametrize C' as follows:

x = x(t) = rcost, y = y(t) = rsint, 0<t<2m
Let f(z,y) = hforall (x,y). Then
A:/fxde—/f ()2 +y'(t)? dt
= / h/(=rsint)? + (rcost)? dt

0
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Az

r C:ax?4y*=r

Figure 6.1. Right circular cylinder of radius r and
height h

27
=h rv/sin?t + cos?t dt
0

2T
= rh/ 1dt = 2nrh
0

<
369 Example
Find the area of the surface extending upward from the circle x> + y? = 1 in the xy-plane to the parabolic
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cylinder =1 — 42

Solution: » The circle circle C given by 2% + 3? = 1 can be parametrized as as follows:
r = z(t) = cost, y = y(t) = sint, 0<t<2rm

Let f(x,y) = 1 — y? forall (z, y). Above the circle he have f(f) = 1 — sin®¢ Then

A= /C f(x.y)ds = / F((t), () Va0 + g (02 dt

= /02 (1 —sin®t)\/(—sint)2 + (cost)? dt

27
= / 1—sintdt = =
0
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3Nn

372

6. Line Integrals
The First Fundamental Theorem

Definition
Suppose U C R" is a domain. A vector field F is a gradient field in U if exists an C* function o : U — R

such that
F=Ve.

The function ¢ is called the potential of the vector field F.

In

Definition
Suppose U C R"™ is a domain. Avector field f : U — R™ is a path-independent vector field if the integral
of fover a piecewise C'* curve is dependent only on end points, for all piecewise C* curve in U.

Theorem (First Fundamental theorem for line integrals)
Suppose U C R™is a domain, ¢ : U — Ris C* and v C R" is any differentiable curve that starts at a,
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ends at b and is completely contained in U. Then

/ Vindt = p(b) — o(a).

v

Proof. Let~ : [0, 1] — ~ be a parametrization of . Note

[ Vet = [ Vot de= [ Letre) dt= b))

The above theorem can be restated as: a gradient vector field is a path-independent vector field.
If v is a closed curve, then line integrals over - are denoted by

yﬁ fode.
ol
373 Corollary

Ifv C R"isaclosed curve,and ¢ : v — Ris C*, then

%V@-dﬁ =0.
Y
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Definition
LetU C R", andf : U — R" be a vector function. We say f is a conservative force (or conservative

vector field) if
315 fedl =0,

for all closed curves v which are completely contained inside U.

Clearly if f = —V¢ for some C* function V : U — R, then fis conservative. The converse is also true
provided U is simply connected, which we’ll return to later. For conservative vector field:

/F.dez/w.de

= [¢a
= ¢(b) — ¢(a)

We note that the result is independent of the path ~y joining a to b.




6.5. Testfor a Gradient Field

375 Example

6.5.

If o fails to be C' even at one point, the above can fail quite badly. Let p(x,y) = tan='(y/z), extended to
R? — {(:r;,y) ‘ r < O} in the usual way. Then

1 -y

Vo= —
¥ $2+y2

i

which is defined on R? — (0, 0). In particular, ify = {(m, Y) ’ 2+ 2 = 1}, then YV is defined on all of ~.
However, you can easily compute

%V@-df =21 # 0.
Y

The reason this doesn’t contradict the previous corollary is that Corollary 373 requires  itself to be defined
on all of v, and not just V¢! This example leads into something called the winding number which we will

return to later.

Test for a Gradient Field

If a vector field F is a gradient field, and the potential ¢ has continuous second derivatives, then the
second-order mixed partial derivatives must be equal:
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OF, OF,

o, (x) = oz, (x) foralli, j
Soif F = (Fy,..., F,)isagradientfield and the components of F have continuous partial derivatives,
then we must have
F; F;
g%’ (x) = ng (x)foralli, j

If these partial derivatives do not agree, then the vector field cannot be a gradient field.
This gives us an easy way to determine that a vector field is not a gradient field.

Example
The vector field (—y, z, —yzx) is not a gradient field because partialy f1 = —1is notequal to 0, fo = 1.

When F is defined on simple connected domain and has continuous partial derivatives, the check

works the other way as well. If F = (F},..., F,) is field and the components of F have continuous
partial derivatives, satisfying
OF; OF; .
= for all
o, (x) a1, (x) foralli, j

then F'is a gradient field (i.e., there is a potential function f such that F = V f). This gives us a very nice
way of checking if a vector field is a gradient field.
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377 Example

The vector field F = (x,z,y) is a gradient field because F is defined on all of R3, each component has
continuous partial derivatives, and M, = 0 = N,, M, = 0 = P,,and N, = 1 = P,. Notice that
f=2%/24+yzgivesVf = (x,z,y) =F.

6.5. Irrotational Vector Fields

In this section we restrict our attention to three dimensional space.

378 | Definition

Letf : U — R3 be a C! vector field defined in the open set U. Then the vector f is called irrotational if
and only ifits curlis O everywhere in U, i.e., if

V xf=0.

For any C? scalar field ¢ on U, we have
V x (Vy) =0.

so every C'! gradiente vector field on U is also an irrotational vector field on U.
Provided that U is simply connected, the converse of this is also true:
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379 |Theorem
Let U C R3 be a simply connected domain and let f be a C* vector field in U. Then are equivalents

m fisairrotational vector field;

m f isagradiente vector field on U

m f isaconservative vector field on U

The proof of this theorem is presented in the Section 7.7.1.
The above statement is not true in general if U is not simply connected as we have already seen in the
example 375.

6.5. Work and potential energy

380 | Definition (Work and potential energy)
IfF(r) is a force, then / F.d/ is the work done by the force along the curve C. Itis the limit of a sum of

c
terms F(r)«dr, ie. the force along the direction of or.

Consider a point particle moving under F(r) according to Newton’s second law: F(r) = mf.



6.5. Test for a Gradient Field
Since the kinetic energy is defined as
1
T(t) = imi‘Q,
the rate of change of energy is
d
aT(t) = mrst = Fer.

Suppose the path of particle is a curve C froma = r(a) tob = r(3), Then

B
7(6) = Tle) = [ G - /F¢&:/EM
c

So the work done on the particle is the change in kinetic energy.

381 | Definition (Potential energy)
Given a conservative force F = —VV, V(x) is the potential energy. Then

/ Fedl = V(a) — V(b).
C

Therefore, for a conservative force, we have F = V'V, where V (r) is the potential energy.

So the work done (gain in kinetic energy) is the loss in potential energy. So the total energy 7"+ V' is
conserved, ie. constant during motion.

We see that energy is conserved for conservative forces. In fact, the converse is true — the energy is
conserved only for conservative forces.
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6.6. The Second Fundamental Theorem

The gradient theorem states that if the vector field fis the gradient of some scalar-valued function, then
fis a path-independent vector field. This theorem has a powerful converse:

382 |Theorem

Suppose U C R" js a domain of R". If ¥ is a path-independent vector field in U, then F is the gradient of
some scalar-valued function.

It is straightforward to show that a vector field is path-independent if and only if the integral of the
vector field over every closed loop in its domain is zero. Thus the converse can alternatively be stated as
follows: If the integral of f over every closed loop in the domain of fis zero, then fis the gradient of some
scalar-valued function.

Proof.

Suppose U is an open, path-connected subset of R", and F : U — R" is a continuous and path-

independent vector field. Fix some point a of U, and define f : U — R by

F(x) = /[ }F(u)-dé

Here v|a, x| is any differentiable curve in U originating at a and terminating at x. We know that f is
well-defined because fis path-independent.
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Let v be any nonzero vector in R™. By the definition of the directional derivative,

of v _ . fx+tv) - f(x)
67V(X) = lim ; (6.2)
/ F(u)edl — / F(w)edl
T ~v[a,x+tv] ~v[a,x]
—%1_{% ; (6.3)
1
— lim - F(u)d (6.4)
=0 ¢ y[x,x+tv]

To calculate the integral within the final limit, we must parametrize v[x,x + ¢v]. Since f is path-
independent, U is open, and t is approaching zero, we may assume that this path is a straight line, and
parametrizeitasu(s) = x + svfor0 < s < t. Now, since u’(s) = v, the limit becomes

1 [ d [*
lim 7, F(u(s))su'(s) ds = i |, F(x + sv)sv ds . = F(x)v
Thus we have a formula for 0, f, where v is arbitrary.. Let x = (x1, x2, ..., z,)

Vf(x) = <8§:E:T)’ 8§§:),..., agi?) — F(x)

Thus we have found a scalar-valued function f whose gradient is the path-independent vector field f,

as desired.
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Constructing Potentials Functions

If fis a conservative field on an open connected set U, the line integral of fis independent of the path
in U. Therefore we can find a potential simply by integrating f from some fixed point a to an arbitrary
point x in U, using any piecewise smooth path lying in U. The scalar field so obtained depends on the
choice of the initial point a. If we start from another initial point, say b, we obtain a new potential. But,
because of the additive property of line integrals, and can differ only by a constant, this constant being
the integral of ffrom a to b.

Construction of a potential on an open rectangle. If fis a conservative vector field on an open rect-
angleinR", a potential f can be constructed by integrating from a fixed point to an arbitrary point along
a set of line segments parallel to the coordinate axes.

We will simplify the deduction, assuming that n = 2. In this case we can integrate first from (a, b) to
(x, b) along a horizontal segment, then from (x, b) to (x,y) along a vertical segment. Along the horizontal
segment we use the parametric representation

y(t) =ti+bj,a <,t <,x,
and along the vertical segment we use the parametrization

Y2(t) =zi+tj,b <t <y.
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_________________

(a,b) (x,b)

If F'(z,y) = Fi(z,y)i + Fa(x,y)j, the resulting formula for a potential f(z, y) is

flz,y) = /bFl(t, b) dt+/byF2(:v,t) dt.

We could also integrate first from (a, b) to (a, y) along a vertical segment and then from (a, y) to (z,y)
along a horizontal segment as indicated by the dotted lines in Figure. This gives us another formula for
f(x, y),

flz,y) = /by Fy(a,t) dt—l—/w Fy(t,y) dt.

Both formulas give the same value for f(z, y) because the line integral of a gradient is independent of
the path.
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Construction of a potential using anti-derivatives But there’s another way to find a potential of a
A%
conservative vector field: you use the fact that — = F, to conclude that V' (z, y) must be of the form
X
* ov Y
/ F.(u,y)du+ G(y),and similarly Fie F, implies that V' (z, y) must be of the form / Fy(z,v)du+
a Yy b

T Y
H(z). Soyou find functions G(y) and H (x) such that/ Fo(u,y)du+ G(y) = / Fy(z,v)du+ H(z)
a b

383 Example
Show that

F = (e"cosy+yz)i+ (zz — e"siny)j + (xy + 2)k
is conservative over its natural domain and find a potential function for it.

Solution: »
The natural domain of F is all of space, which is connected and simply connected. Let’s define the
following:

M = e®cosy + yz

N =zxz—e"siny

P=zy+=z
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and calculate

oP oM
oxr V7T 0z
oP 0N
a0
ON . oM
9 - ¢ smy:a—y

Because the partial derivatives are continuous, F is conservative. Now that we know there exists a func-
tion f where the gradient is equal to F, let’s find f.

of .,
— =e cosy +yz
Ox

af
oy

=xz —e"siny

of
@—nyrz

If we integrate the first of the three equations with respect to x, we find that

flx,y,2) = /(ex cosy + yz)dz = €* cosy + zyz + g(y, 2)

where g(y,z) is a constant dependant ony and z variables. We then calculate the partial derivative with
respect to y from this equation and match it with the equation of above.
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aay(f(x,y,z)) = —e"siny +xz + gg =uxz—e"siny

This means that the partial derivative of g with respect toy is 0, thus eliminating y from g entirely and
leaving at as a function of z alone.

f(z,y,2) = e"cosy + xyz + h(z)

We then repeat the process with the partial derivative with respect to z.

0 dh
5, (f(@y.2) =ay+ —=ay+z
which means that
an _,
dz
so we can find h(z) by integrating:
2
m@:%+c

Therefore,

2
z
f(z,y,2) :e””cosy—l—xyz—i-?—i-C’

We still have infinitely many potential functions for F, one at each value of C'. «
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6.8. Green’s Theorem in the Plane

384 |Definition

A positively oriented curve is a planar simple closed curve such that when travelling on it one always

has the curve interior to the left. If in the previous definition one interchanges left and right, one obtains
a negatively oriented curve.

4 T 71

(a) positively oriented curve (b) positively oriented curve (c) negatively oriented curve

Figure 6.2. Orientations of Curves

We will now see a way of evaluating the line integral of a smooth vector field around a simple closed
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curve. A vector field f(z,y) = P(z,y)i + Q(z,y)j is smooth if its component functions P(x,y) and
Q(z,y) are smooth. We will use Green’s Theorem (sometimes called Green’s Theorem in the plane) to
relate the line integral around a closed curve with a double integral over the region inside the curve:

385 |Theorem (Green’s Theorem - Simple Regions)

Let 2 be a region in R? whose boundary is a positively oriented curve v which is piecewise smooth. Let
f(x,y) = P(z,y)i+ Q(x,y)jbe asmooth vector field defined on both Q2 and ~. Then

ﬁf-dﬁ = g/ (gg - ?;) dA, (6.5)

where ~ is traversed so that () is always on the left side of .

Proof. We will prove the theorem in the case for a simple region €2, that is, where the boundary curve ~
can be written as C' = v, U 7, in two distinct ways:

v, = the curve y = y,(z) from the point X, to the point X, (6.6)
v, = the curve y = y,(x) from the point X, to the point X, (6.7)
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where X, and X, are the points on C farthest to the left and right, respectively; and

v, = the curve x = z,(y) from the point Y, to the point Y, (6.8)
v, = the curve z = x,(y) from the point Y, to the point Y, (6.9)

where Y, and Y, are the lowest and highest points, respectively, on . See Figure

Integrate P(z,y) around ~y using the representation v = ~, U+, Since y = 4, (x) along v, (as x goes from
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atob) and y = y,(z) along v, (as x goes from b to a), as we see from Figure, then we have

&éP(w,y)dm = AlP(x,y)dx + /72P(x,y)dx

— /:P(a:,yl(a:))da?—i- /baP(x,yz(x))dw
_ /abP(x,yl(:v))dx— /abP(:c,%(x))dﬂf

— - [ (Pn@) - Plu) do

_ / ’ <P(m,y) yw)) dx

y=y1(z)
b ry2(z) gp
= —/ / aéx’y)dydx (by the Fundamental Theorem of Calculus)
a y1(z) Y
oP
= — —dA.
/ dy
Q

Likewise, integrate (Q(x, y) around ~y using the representation v = =, U 7,. Since z = z,(y) along v, (as
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y goes from d to ¢) and z = x,(y) along v, (as y goes from c to d), as we see from Figure , then we have

éww@

Q(wyder/chy

/Qxl dy—l—/@ﬂfz
_[wmm@+lmwmm

/ (Qz2(y),y) — Q(z1(y),y)) dy

r=2(y)
)

/C d <Q(9€, Y) )

z2(y)
/ / 8Q§B,y) dx dy (by the Fundamental Theorem of Calculus)
T

//(ZfdA, and so
Q
ygf-dr = ygp(:c,y) dw+y§Q(:ﬁ,y) dy
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— //dAJr{/ngdA
)

386 Remark
Note, Green’s theorem requires that Q is bounded and f (or P and Q) is C* on all of ). If this fails at even

one point, Green’s theorem need not apply anymore!

387 Example
Evaluate yﬁ (2% + y*)dx + 2zy dy, where C is the boundary traversed counterclockwise of the region

C
R={(z,y):0<z<1,22* <y<2z}
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(1,2)

Solution: » R is the shaded region in Figure above. By Green’s Theorem, for P(x,y) = 22 + 32 and
Q(z,y) = 2zy, we have

}éj(a:Z%—yz)d:c—i-Q:L’y dy = //(gi?—gj> dA

- 7/(2y—2y)dA - //OdA ~0.

There is another way to see that the answer is zero. The vector field f(z,y) = (2% + y?)i + 2zyj has a

1
potential function F(z,y) = §x3 + 212, and soyg fedr = 0. <
c
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Example
Letf(z,y) = P(z,y)i+ Q(z,y) ], where

P(z,y) = 2+ and  Q(z,y) = 22

andlet R = { (z,y) : 0 < 2® + y* < 1 }. For the boundary curve C': x* + y* = 1, traversed counterclock-

wise, it was shown in Exercise 9(b) in Section 4.2 that&lg fedr = 27. But

222_(52;;) — //(m—MD)dA:g/OdA:O.

This would seem to contradict Green’s Theorem. However, note that R is not the entire region enclosed
by C, since the point (0, 0) is not contained in R. Thatis, R has a “hole” at the origin, so Green’s Theorem
does not apply.

Example
Calculate the work done by the force

f(z,y) = (sinz — y*) i+ (¢ +2%)j

to move a particle around the unit circle x> + y* = 1 in the counterclockwise direction.
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Solution: »

W = 515 fed? (6.10)
yg(smx— Ndr + (¥ + %) dy (6.11)
// (e¥ + 2°) 0 ——(sinz —¢®)| dA (6.12)
8:1: Oy '
Green’s Theorem
(6.13)

- 3//R(gy2 +y*)dA (6.14)
= 3/027r /1«2 rdrdf = 3; (6.15)

using polar coordinates

(6.16)

<
The Green Theorem can be generalized:
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390 | Theorem (Green’s Theorem - Regions with Holes)
Let ) C R? be a bounded domain whose exterior boundary is a piecewise C* curve . If Q2 has holes, let
", ..., 7N be the interior boundaries. Iff : Q) — R? is C1, then

N
// [O1F, — 0,F1] dA = §£f- de+> ¢ fd,
Q v

=1v7%

where all line integrals above are computed by traversing the exterior boundary counter clockwise, and

every interior boundary clockwise, i.e., such that the boundary is a positively oriented curve.

391 Remark
A common convention is to denote the boundary of <) by 0$2 and write

N
00 =~yU [U %-] .
i=1

// [61F2 - aQFl] dA = % f‘ dg,
Q 0N

where again the exterior boundary is oriented counter clockwise and the interior boundaries are all ori-

Then Theorem 390 becomes

ented clockwise.
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392 Remark
In the differential form notation, Green’s theorem is stated as

//Q[axcg—ayp] dA:/mP dr + Q dy,

P,Q : Q — RareC" functions. (We use the same assumptions as before on the domain ), and orientations
of the line integrals on the boundary.)

Proof. The full proofis a little cumbersome. But the main idea can be seen by first proving it when Q2 is
a square. Indeed, suppose first Q = (0, 1)%.

d

Then the fundamental theorem of calculus gives

[ -ariaa= [ (mow-row) a- [ [Fe)-Aeo) e

1
y=0
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The firstintegralis the line integral of f on the two vertical sides of the square, and the second one is line
integral of f on the two horizontal sides of the square. This proves Theorem 390 in the case when Q2 is a
square.

For line integrals, when adding two rectangles with a common edge the common edges are traversed
in opposite directions so the sum is just the line integral over the outside boundary.

——

— v A

—pp—

Similarly when adding a lot of rectangles: everything cancels except the outside boundary. This ex-
tends Green’s Theorem on a rectangle to Green’s Theorem on a sum of rectangles. Since any region can
be approximated as closely as we want by a sum of rectangles, Green’s Theorem must hold on arbitrary
regions.

393 Example
Evaluate () y>*dx — x>dy where ~ are the two circles of radius 2 and radius 1 centered at the origin with

- ¢ .
positive orientation.

Solution: »
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§I§y3dx —23dy = -3 / /D(:B2 +9?)dA (6.17)
=-3 / / r3drdd (6.18)

457r
= 1
- (6.19)

y4

6.9. Application of Green’s Theorem: Area

Green’s theorem can be used to compute area by line integral. Let C' be a positively oriented, piecewise
smooth, simple closed curve in a plane, and let U be the region bounded by C The area of domain U is
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givenby A = // dA.
v 200 oP

Then if we choose P and M such that Fry T 1,the areais given by
Z Y

A:yi(P de+Q dy).

Possible formulas for the area of U include:
1
A:ygar dy:—ygy dxzyé(—y dz + 2z dy).
c c 2 Je
394 Corollary

Let Q) C R? be bounded set with a C'* boundary 05), then

1
area(Q)ZQ/ [~y dz+x dy]:/ —y dx:/ xr dy
20 00 00

395 Example
Use Green’s Theorem to calculate the area of the disk D of radius r.

Solution: » The boundary of D is the circle of radius :

C(t) = (rcost,rsint), 0<t<2m.
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Then

C'(t) = (—rsint,rcost),

and, by Corollary 394,

areaofD—//dA
/:L‘dy—ydx
c

[(rcost)(rcost) — (rsint)(—rsint)|dt

(
2 2
r?(sin®t + cos® t)dt = % / dt = nr?.
0
D |
396 Example
Use the Green’s theorem for computing the area of the region bounded by the x -axis and the arch of the
cycloid:
x=t—sin(t), y=1—-cos(t), 0<t<2m

Area(D) = Z/dA = 21{ —ydz.

Solution: »
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Along the x-axis, you have y = 0, so you only need to compute the integral over the arch of the cycloid.
Note that your parametrization of the arch is a clockwise parametrization, so in the following calculation,
the answer will be the minus of the area:

/OQN(cos(t) — 1)(1 — cos(t))dt = — /027T 1 — 2cos(t) + cos?(t)dt = —3.

<

397 Corollary (Surveyor’s Formula)
Let P C R? be a (not necessarily convex) polygon whose vertices, ordered counter clockwise, are (z1,y1),

ceey (.’L'N, yN) Then

area (P) = (2192 — 2ay1) + (223 — 1‘3292) + -+ (Tny — $1?JN)_

Proof. Let P be the set of points belonging to the polygon. We have that

A—// dx dy.

P
//dxdy:/ Ldy_@
, op 2 2

Using the Corollary 394 we have



6.10. Vector forms of Green’s Theorem

We can write 0P = U, L(i), where L(i) is the line segment from (z;, ;) to (241, yi+1). With this nota-
tion, we may write

op 2

d d 1 &
xy_yzv Z/ :22/ rdy —ydx.
—1J AG)
Parameterizing the line segment, we can write the integrals as
5 Z (Tig1 — o)) (Wi — ¥i) — Wi + Wirr — vi)t) (Tip1 — ) dt.

Integrating we get

5 Z (@i + i) Wir1 — Yi) — Wi + Yir1) (@ig1 — 33)]-

l\J

simplifying yields the result

n

area (P) = B Z(%%H — Tip1Vi)-
i=1

6.10. Vector forms of Green’s Theorem
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398 |Theorem (Stokes’ Theorem in the Plane)

LetF = Li+ Mj. Then
%F-dﬁz//Vx F-dS
o Q

Proof. oM o
L\ -

F=|———
V X <8x 8y>k

Over the region R we can write dz dy = dS and dS = k d.S. Thus using Green’s Theorem:

%F-déz//l%-VdeS
o' Q
://Vx F .dS
Q
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399 |Theorem (Divergence Theorem in the Plane)

.LetF = Mi— LjThen
/V-Fd:vdy— %F-ﬁds
R vy

Proof.

oM  OL
. F = — — —
v or Oy

and so Green’s theorem can be rewritten as

//V-Fdxdyz%Fldy—ngx
Q Y

nds = (dyi — dxj)

Now it can be shown that

here sis arclength along C, and 7 is the unit normal to C'. Therefore we can rewrite Green’s theorem as

/VoFdxdyz%F-ﬁds
R Y
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Theorem (Green’s identities in the Plane)
Let ¢(x,y) and ) (x, y) be two scalar functions C?, defined in the open set Q) C R2.

Pogeas= [ o7+ 00)- 0w dray

7§ 950~ ) 9= [ v - vvro)azay

and

Proof. If we use the divergence theorem:

/V-Fdxdy:y{F-ﬁds
S v

then we can calculate down the corresponding Green identities. These are

Pognas= [ o5+ o) @uaray

?§ {qﬁg:f B wgﬂ ds = //Q (V) — V?¢) da dy

and



Surface Integrals

In this chapter we restrict our study to the case of surfaces in three-dimensional space. Similar results
for manifolds in the n-dimensional space are presented in the chapter 13.

7.1. The Fundamental Vector Product

401 | Definition
A parametrized surface is given by a one-to-one transformationr : {2 — R", where ) is a domain in the
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plane R This amounts to being given three scalar functions, x = z(u,v), y = y(u,v) and z = z(u,v) of
two variables, wand v, say. The transformation is then given by

r(u,v) = (z(u,v),y(u,v), z(u,v)).

and is called the parametrization of the surface.

v R?
z
S
~~ .\ 4
Q x = z(u,v)
y =y(u,v
(ufv) z = z(u,v) r(u,v)
)
0
u x

Figure7.1. Parametrization of a surface S in R?
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402 | Definition

m A parametrization is said regular at the point (ug, vy) in S if

O (g, vg) X Oyr(ug, vo) # 0.

m The parametrization is reqular if its regular for all points in ).

m Asurface that admits a reqular parametrization is said regular parametrized surface.

Henceforth, we will assume that all surfaces are regular parametrized surface.
Now we consider two curves in S. The first one C is given by the vector function

r1(u) = r(u,vo),u € (a,b)
obtained keeping the variable v fixed at vy. The second curve C; is given by the vector function
ro(u) = r(ug,v),v € (¢,d)

this time we are keeping the variable u fixed at u).
Both curves pass through the point r(ug, vg) :
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m The curve C; has tangent vector 7 (ug) = 0,r(ug, vo)
m The curve C, has tangent vector ) (vg) = 9,r(ug, vp).

The cross product n(ug, vg) = 9,r(ug, vo) X 9’ (ug, vg), which we have assumed to be different from
zero, is thus perpendicular to both curves at the point r(ug, vo) and can be taken as a normal vector to
the surface at that point.

We record the result as follows:

403 | Definition
If S'is a regular surface given by a differentiable function r = r(u, v), then the cross product

n(u,v) = 0,r X O,r

is called the fundamental vector product of the surface.

404 Example
For the plane r(u,v) = ua + vb + c we have
Oyr(u,v) = a, d,r(u,v) = band therefore n(u,v) = a x b. The vector a x b is normal to the plane.
405 Example
We parametrized the sphere 22 + y? + z? = a? by setting

r(u,v) = acos usin vi+ asin usin vj + a cos vk,
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RQ
v ﬂ r(u,v) S
Q [AU N
®
(ufv)
r(u,v)

u

Figure7.2. Parametrization of asurface Sin R?

with0 < u < 27,0 < v < 7. Inthis case
Oyr(u,v) = —asinusin vi + a cos u sin vj

and

Oyr(u,v) = acos ucos vi+ asinucosvj — asinvk.
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Thus
i j k

H(U,U): —asSinucosv @ Cos U CosSv 0

@ COS UCOS U asSinucosv —asinuv
= —asinwv (acos usin vi+ asin usin vj + acos vk, )

= —asin vr(u,v).

As was to be expected, the fundamental vector product of a sphere is parallel to the radius vector r(u, v).

406 | Definition (Boundary)
Asurface S can have a boundary 0S. We are interested in the case where the boundary consist of a piece-

wise smooth curve or in a union of piecewise smooth curves.
Asurface is bounded if it can be contained in a solid sphere of radius R, and is called unbounded oth-

erwise. A bounded surface with no boundary is called closed.

407 Example
The boundary of a hemisphere is a circle (drawn in red).




7.2. The Area of a Parametrized Surface

408 Example

7-2.

The sphere and the torus are examples of closed surfaces. Both are bounded and without boundaries.

The Area of a Parametrized Surface

We will now learn how to perform integration over a surface in R3.

Similar to how we used a parametrization of a curve to define the line integral along the curve, we
will use a parametrization of a surface to define a surface integral. We will use two variables, u and v, to
parametrize a surface SinR3: x = z(u,v),y = y(u,v), 2 = z(u,v), for (u,v) in some region N in R? (see
Figure 7.3).

In this case, the position vector of a point on the surface S'is given by the vector-valued function

r(u,v) = z(u,v)i + y(u,v)j + z(u,v)k for (u,v)in Q.

The parametrization of .S can be thought of as “transforming” a region in R? (in the uv-plane) into a
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RQ
v A r(u,v) S
~ ér“AV Al
Q ‘[AU ‘/\
@
(ufv)
r(u,v)

Figure7.3. Parametrization of a surface Sin R3

2-dimensional surface in R3. This parametrization of the surface is sometimes called a patch, based on
the idea of “patching” the region (2 onto S'in the grid-like manner shown in Figure 7.3.

In fact, those gridlines in 2 lead us to how we will define a surface integral over S. Along the vertical
gridlines in €2, the variable u is constant. So those lines get mapped to curves on S, and the variable u
is constant along the position vector r(u, v). Thus, the tangent vector to those curves at a point (u, v) is
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gr. Similarly, the horizontal gridlines in €2 get mapped to curves on S whose tangent vectors are gr
( u
(u,v + Av) (u+ Au,v + Av)
r(u, v+ Av)
' r(u+ Au,v))

(u,v) (u+ Au,v) r(u,v)

Now take a point (u, v) in €2 as, say, the lower left corner of one of the rectangular grid sections in €2, as
shown in Figure 7.3. Suppose that this rectangle has a small width and height of Au and Awv, respectively.
The corner points of that rectangle are (u, v), (u+ Au, v), (u+ Au, v+ Av) and (u, v + Av). So the area
of that rectangle is A = Au Av.

Then that rectangle gets mapped by the parametrization onto some section of the surface S which,
for Au and Av small enough, will have a surface area (call it dS) that is very close to the area of the
parallelogram which has adjacent sides r(u + Au, v) — r(u, v) (corresponding to the line segment from
(u,v) to (u+ Au,v)in Q) and r(u,v + Av) — r(u,v) (corresponding to the line segment from (u, v) to
(u, v+ Av)in Q). But by combining our usual notion of a partial derivative with that of the derivative of
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a vector-valued function applied to a function of two variables, we have

or r(u+ Au,v) — r(u,v)

Em ~ Aul , and
or _ r(u,v+Av) —r(u,v)
ov Av ’
and so the surface area element dS is approximately
H (r(u+ Au,v) —r(u,v))x(r(u,v + Av) — r(u,v)) H H (Au— Av— H = H e H Au Av
Thus, the total surface area S of S is approximately the sum of all the quantities H a—xa— ” Au Av,
u v

summed over the rectangles in €.
Taking the limit of that sum as the diagonal of the largest rectangle goes to 0 gives

S = //H@u 50 ’dudv (7.1)

We will write the double integral on the right using the special notation
//dS _ // or 81‘
S Q

8u 9 dudv . (7.2)
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This is a special case of a surface integral over the surface S, where the surface area element dS can be
thought of as 1dS. Replacing 1 by a general real-valued function f(z,y, z) defined in R3, we have the

following:

409

Definition

Let S be a surface in R? parametrized by

for (u,v) in some region Q in R% Let r(u,v) = z(u,v)i + y(u,v)j + z(u,v)k be the position vector for

r=z(u,v), y=yu,v), z=z(u,v),

any pointon S. The surface area S of S is defined as

S-//ldS-//H

%X%” du dv (7.3)

410 Example

Solution: »

Atorus T is a surface obtained by revolving a circle of radius a in the yz-plane around the z-axis, where the
circle’s center is at a distance b from the z-axis (0 < a < b), as in Figure 7.4. Find the surface area of T.

For any point on the circle, the line segment from the center of the circle to that point makes an angle
u with the y-axis in the positive y direction (see Figure 7.4(a)). And as the circle revolves around the z-



7. Surface Integrals

\_/

b l

(b) Torus T’

(a) Circle in the yz-plane

Figure 7.4.

axis, the line segment from the origin to the center of that circle sweeps out an angle v with the positive
x-axis (see Figure 7.4(b)). Thus, the torus can be parametrized as:

r=(b+acosu)cosv, y=(b+acosu)sinv, z=asinu, 0<u<2r, 0<v<2rm
So for the position vector

r(u,v) = z(u,v)i + y(u,v)j + z(u,v)k



7.2. The Area of a Parametrized Surface

= (b+acosu)cosvi + (b+acosu)sinvj + asinuk

we see that
or . . . o
5, = —@sinucosvi — asinusinv] + acosuk
or L .
90— — (b+acosu)sinvi + (b+acosu)cosvj + 0k,
v

and so computing the cross product gives

or 0
8—Zxa—z = —a(b+acosu)cosv cosui — a(b+ acosu)sinv cosuj — a(b+ acosu)sinuk,
which has magnitude
H(‘?u (%H = a(b+acosu).

Thus, the surface area of T'is

S = //1dS
S
2 27 ar 81‘
—/0 /0 %x% du dv
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= ab+acosu)dudv

o Jo
u=2m
= / abu + a%sinu ) dv
0 u=0
= 27Tab dv
= 47r ab

411 Example
[The surface area of a sphere] The function

r(u,v) = acos usin vi+ asin usin vj + acos vk,
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) . T ) ) .
with (u,v) ranging over the set 0 < u < 27,0 < v < 5 parametrizes a sphere of radius a. For this

parametrization
n(u,v) = asin vr(u,v) and Hn(u, U)H = a?|sin v| = a?sin v.

So,
area of the sphere = // a’sin v du dv
0

2 ™ ™
= / (/ a’sin v dv) du = 27?@2/ sin v dv = 4ma?,
0 0 0

which is known to be correct.

412 Example (The area of a region of the plane)
If S'is a plane region (), then S can be parametrized by setting

r(u,v) = ui + vy, (u,v) € Q.

Here n(u,v) = Oyr(u,v) X dyr(u,v) =1 x j = kand Hn(u, U)H = 1. In this case we reobtain the familiar

A:// du dw.
Q

formula
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413 Example (The area of a surface of revolution)
Let S be the surface generated by revolving the graph of a function

ny(ZE),$€ [avb]

about the x-axis. We will assume that f is positive and continuously differentiable.

We can parametrize S by setting
r(u,v) =vi+ f(v)cos uj+ f(v)sin u k
with (u,v) ranging over the set ) : 0 < u < 2w, a < v < b. In this case
i j k
n(u,v) = Oyr(u,v) X dpr(u,v) = | 0 —f(v)sinu f(v)cos u
1 f'(v)cosu f'(v)sinu
= —f(v)f'(v)i+ f(v)cos uj+ f(v)sin u k.
Therefore Hn(u, U)H = f(v) [f’(vﬂ2 + 1land

area ( //f 11 du dv
/2ﬂ</ f(v ‘41 dv)du:/abznf(v) [f/(v)]%rldu
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414 Example ( Spiral ramp)
One turn of the spiral ramp of Example 5 is the surface

S :r(u,v) =wucoswv i+ usin wv j+ bv k

with (u,v) ranging over the set Q) :0 < u < [,0 < v < 27 /w. In this case

Oyr(u,v) = coswv i+ sin wo j, 9,r'(u,v) = —wusin wo i+ wu cos wv j + bk.
Therefore
i j K
n(u,v) = COS WU sinwv 0 | =bsin wvi—bcoswrv j+ wuk
—wusin wv wucos wv b
and
Hn(u, U)H = Vb2 + w?u?.
Thus

area of S = // b? + w?u? du dv
Q

27w l 2 l
:/ (/mdu>dv:5/¢mdu.
0 0 0

The integral can be evaluated by setting uw = (b/w) tan z.



7. Surface Integrals

The Area of a Graph of a Function

Let S be the surface of a function f(z,y) :

= f(l’,y),(l’,y) € Q.

We are to show that if f is continuously differentiable, then

area(S) = //Q \/[ﬂ(x,y)]2 + [f?j(:v,y)}2 +1 dx dy.

We can parametrize S by setting

r(u,v) =ui+vj+ f(u,v)k, (u,v) € Q.
We may just as well use x and y and write

r(v,y) = 2i+yj+ f(z,9)k, (z,y) € Q.

Clearly
ra:($a y) =i+ fx(x7y)kand ry(x,y) :j + fy(Ia y)k
Thus
i 7k

01 fylz,y)
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Therefore Hn(a:, y)H = \/[f;(:z:, y)]2 + [f) (=, y)]2 + 1 and the formula is verified.

415 Example
Find the surface area of that part of the parabolic cylinder = = y? that lies over the triangle with vertices
(0,0),(0,1),(1,1) in the xy-plane.

Solution: »
Here f(z,y) = y? so that

fo(z,y) =0, fy(2,y) = 2y.

The base triangle can be expressed by writing

:0<y<1,0<z<y.

area—//\/f’ xy f’(x y)] +1 dz dy
://mdxdy
/ mdy—5\/5_1.

The surface has area
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416 Example

Find the surface area of that part of the hyperbolic paraboloid = = xy that lies inside the cylinder x> +1y? =

a?.

Solution: » Let f(x,y) = xyso that

fx(xvy) = ?J’fy(ﬂﬁ,y) = .

The formula gives
A:// vVt +y?+1 dx dy.
Q

In polar coordinates the base region takes the form
0<r<a,0<6<2nm.

Thus we have

27 a
A://\/T2+1rdrd0:/ / Vr2 + 1rdrdf
Q o Jo

= zﬂ'[(QQ +1)¥2 —1].

Thereis an elegant version of this last area formula that is geometrically vivid. We know that the vector

I'm(ZL’,y) X ry(x,y) = —fm(l’,y)l - fy<x7y).] +k
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is normal to the surface at the point (z, y, f(z,y)). The unit vector in that direction, the vector
2 2 ’
VI )] + [z y)] +1

is called the upper unit normal (It is the unit normal with a nonnegative k-component.)
Now let v(x, y) be the angle between n(z, y) and k. Since n(x, y) and k are both unit vectors,

n(zr,y) =

1
)+ [ y)] + 1

cos[y(z,y)] = n(z,y)k =
\/

Taking reciprocals we have

sec[y(z, y)] = \/[f!c(% D]+ [z, y)] 1.

The area formula can therefore be written

A= //Q sec[y(z,y)] dz dy.

7.2. Pappus Theorem
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417 | Theorem

Lety be a curve in the plane. The area of the surface obtained when -y is revolved around an external axis
is equal to the product of the arc length of - and the distance traveled by the centroid of

Proof. If (2(t),z(t)),a < t < b, parametrizes a smooth plane curve C'in the half-plane z > 0, the

surface S obtained by revolving C' about the z-axis may be parametrized by

v(s,t) = (q:(t) cos s, z(t) sin s, z(t))7

The partial derivatives are

Their cross product is
vy
— X
0s
the fundamental vector is
Dy
-4 x
H 0s

a<t<b,

o .

e = (—z(t)sin s, z(t) cos s,0),

87 / / ; /

5 = (x (t)coss,z'(t)sin s, 2 (t));

07 / / ; !

5= —x(t)<z (t)coss,2'(t)sin s, x (t))§
g;y dsdt = x(t)\/2'(t)? + x'(t)? ds dt.

0<s<2m.
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The surface area of S'is

/ab /O%x(t) ()2 4 2/ (t)?ds dt = 2w /bx(t) 2(t)2 + o/ (t)2 dt.

a

(= / b\/z’(t)Q ()2 dt

denotes the arc length of C, the area of S becomes

27 /ab:c(t) 2Z(t)2+ 2 (t)2dt =21/ (i /abx(t) 2'(t)? + x'(t)? dt) =027 x),

the length of C' times the circumference of the circle swept by the centroid of C.

7.3. Surface Integrals of Scalar Functions
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418 | Definition
Let S be a surface in R? parametrized by

z=z(u,v), y=yluv), z=z(u,v),

for (u,v) in some region 2 in R% Let r(u,v) = z(u,v)i + y(u,v)j + z(u,v)k be the position vector for
any pointon S. And let f : S — R be a continuous function.
The integral of f over S is defined as as

S = //ldS = //f(u,v)Hgngz;Hdudv (7.4)
Q

S

419 Remark
Other common notation for the surface integral is

//Sde://Sde://Qde://QfdA
420 Remark

If the surface cannot be parametrized by a unique function, the integral can be computed by breaking up

S into finitely many pieces which can be parametrized.
The formula above will yield an answer that is independent of the chosen parametrization and how you

break up the surface (if necessary).
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Example
Evaluate

//S 2ds

where S is the upper half of a sphere of radius 2.

Solution: » As we already computed n = «

Example
Integrate the function g(x,y,z) = yz over the surface of the wedge in the first octant bounded by the

coordinate planes and the planes x = 2and y + z = 1.

Solution: » If a surface consists of many different pieces, then a surface integral over such a surface is
the sum of the integrals over each of the surfaces.

The portionsare S;: x =0for0 <y < 1,0 <2< 1—y; Spix =2for0 <y <1,<z<1-—y;S55:
y=0for0 <z <20<2<1;Su:2=0for0<2x<2,0<y<L;jandSs:z=1—yfor0 <z <2,
0 <y < 1. Hence, to find // ¢dS, we must evaluate all 5 integrals. We compute dS; = /1 + 0 + 0dzdy,

S

dSy = V14 0+ 0dzdy, dS3 = v/0 + 1 + 0dzdz, dS; = /0 + 0 + 1ldydx, dSs = /0 + (—1)? + ldydz,
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and so

//gdS +//52gds +//S3gdS +//S4gd8 //gdS
= / / yzdzdy +/01/01—y yzdzdy —i—/j /Ol(O)zdzdx +/02 /01 y(0)dydzx —|—/ / (1 — y)V2dy
- / / yedzdy + /O 1 /0 ey 10 +0 /0 /0 y(1 = y)v2dyc

= 1/24 +1/24 +0 +0 +v2/3

423 Example
The temperature at each point in space on the surface of a sphere of radius 3 is given by T(x,y,z) =
sin(zy + z). Calculate the average temperature.

Solution: »
The average temperature on the sphere is given by the surface integral

1
AV = — d
V S/st

A parametrization of the surface is

r(0, ¢) = (3cosfsin ¢, 3sin O sin ¢, 3 cos ¢)
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for0 <0 <2mand0 < ¢ < 7. We have
T(0, ¢) = sin((3 cosfsin ¢)(3sin O sin ¢) + 3 cos @),
and the surface area differential is dS = |ry X ry| = 9sin ¢.

2 ™
o= / / 9 sin pdodd
0 0

and the average temperature on the surface is

The surface areais

2m 0
AV = ! / / sin((3 cos fsin ¢)(3 sin @ sin ¢) + 3 cos ¢)9 sin pdpdo.
gJo Jo

<

424 Example
Consider the surface which is the upper hemisphere of radius 3 with density §(z,y, z) = z°. Calculate its
surface, the mass and the center of mass

Solution: »
A parametrization of the surface is

r(0,¢) = (3 cosfsin ¢, 3sin b sin ¢, 3 cos ¢)
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for0 <6 <2mand0 < ¢ < 7/2. The surface area differential is

dS = |rp X ry|dfdp = 9sin pdhde.

2n  pw/2
S :/ / 9 sin pdopdh.
0 0

If the density is §(z, y, z) = 22, then we have

2 pm/2
// yodS / / (3sin @ sin ¢)(3 cos ¢)*(9sin ¢)dpdl
s _Jo_Jo

a //Séds /0% /OW/Q(BCOS @) (95in 9)dgdo

The surface area is

7.4. Surface Integrals of Vector Functions

7.4. Orientation

Like curves, we can parametrize a surface in two different orientations. The orientation of a curveis given
by the unit tangent vector n; the orientation of a surface is given by the unit normal vector n. Unless we
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are dealing with an unusual surface, a surface has two sides. We can pick the normal vector to point out
one side of the surface, or we can pick the normal vector to point out the other side of the surface. Our
choice of normal vector specifies the orientation of the surface. We call the side of the surface with the
normal vector the positive side of the surface.

425 | Definition
We say (S, ) is an oriented surface if S C R3 is a C" surface, i : S — R is a continuous function such

that for every x € S, the vector i(x) is normal to the surface S at the point z, and Hn(m) H =1

426 Example
Let S = {z € R*| ||| = 1}, and choose fi(x) = z/| x|

427 Remark
At any point x € S there are exactly two possible choices of n(x). An oriented surface simply provides a
consistent choice of one of these in a continuous way on the entire surface. Surprisingly this isn’t always
possible! If S is the surface of a Mébius strip, for instance, cannot be oriented.

428 Example
If S'is the graph of a function, we orient S by chosing 1 to always be the unit normal vector with a positive
z coordinate.

429 Example
IfS'is a closed surface, then we will typically orient S by letting 1 to be the outward pointing normal vector.
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Recall that normal vectors to a plane can pointin two opposite directions. By an outward unit normal

vector to a surface S, we will mean the unit vector that is normal to S and points to the “outer” part of
the surface.

430 Example
If S is the surface of a Mébius strip, for instance, cannot be oriented.

7.4. Flux

If S'is some oriented surface with unit normal n, then the amount of fluid flowing through S per unit

time is exactly
// fen ds.
S
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Figure 7.5. The Moebius Strip is an example of a
surface that is not orientable

Note, both fand n above are vector functions, and fen : S — Ris ascalar function. The surface integral
of this was defined in the previous section.

431 | Definition
Let (S,n) be an oriented surface, and f : S — R? be a C"* vector field. The surface integral of f over S is
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Figure 7.6. Mobius Strip Il - M.C. Escher

// fen ds.
S

defined to be

432 Remark
Other common notation for the surface integral is

//Sf-ﬁdS: //Sf-dS = //Sf-dA
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433 Example
Evaluate the surface integral // fedS, where f(x,y, z) = yzi + xzj + xyk and S is the part of the plane
5

r+y+z=1withz > 0,y > 0,and z > 0, with the outward unit normal n pointing in the positive z

direction.

Solution: »

Since the vectorv = (1,1, 1) isnormal to the plane x + y + z = 1 (why?), then dividing v by its length

ields the outward unit normal vectorn = Lt We now need to parametrize S. As we can
n=\|—,—,—+| .

see from Figure projecting S onto the xy-plane yields a triangular region R = { (z,y) : 0 <2 < 1,0 <
y < 1—xz}. Thus, using (u,v) instead of (x, y), we see that

r=u,y=v,z=1—(u+v), for0<u<1,0<v<1—-u
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is a parametrization of S over 2 (sincez =1 — (z +y) on S). Soon S,

1 1 1 1
fon = (yz, 22, 1y)e <\/§’\/§’\/§> = %(yz—i-xz—i-xy)

= etz tan) = Jlu+ 0= () +w)
1 2
= ﬁ((uﬂw)—(wv) +uv)
for (u,v) in 2, and forr(u,v) = z(u,v)i + y(u,v)j + z(u, v)k = ui + vj + (1 — (u + v))k we have
gzxgz = (1,0,—1)x(0,1,—1) = (1,1,1) Hau (%H =

Thus, integrating over 2 using vertical slices (e.g. as indicated by the dashed line in Figure 4.4.5) gives

//f-dS = //f-ndS

S S

= //(f(a:(u v),y(u,v), z(u,v))n H%X%Hdvdu

1-u 1
:// ((u+v) — (u+v)? +uv)V3dvdu
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v=1—u
1 2
_ (u —i— v)?  (utv)?  w? du
0 3 2
v=0
1 3
1 U 5u
= -+ = — | d
0 6 2T TG ) B
1
_u u? uj Sut 1
6 4 2 24| 8
0
L |
434 Proposition
Letr : Q) — S be a parametrization of the oriented surface (S, n). Then either
. O, X O,r (7.5)
nor = —— .
|0yt X Oyr||
onallof S, or
R O, X Opr (7.6)
nor—-———— .
|Our X Dyr||

on all of S. Consequently, in the case (7.5) holds, we have

//S FeindS — //Q (F o1)+(Aur x dyr) dudv. (7.7



435

1.5.

7. Surface Integrals

Proof. The vector d,r x 0,r is normal to S and hence parallel to n. Thus
. Oy X Oyr
ne —————
|0ur X Dyr||
must be a function that only takes on the values £1. Since s is also continuous, it must either be identi-

cally 1 oridentically —1, finishing the proof. .

Example
Gauss’s law sates that the total charge enclosed by a surface S is given by

Q= 60//SE-dS,

where €, the permittivity of free space, and E is the electric field. By convention, the normal vector is chosen
to be pointing outward.
If E(x) = e3, compute the charge enclosed by the top half of the hemisphere bounded by ||z|| = 1 and

1'320.

Kelvin-Stokes Theorem

Given a surface S C R?® with boundary 95 you are free to chose the orientation of .S, i.e., the direction
of the normal, but you have to orient S and 05 coherently. This means that if you are an “observer”
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walking along the boundary of the surface with the normal as your upright direction; you are moving in
the positive direction if onto the surface the boundary the interior of S is on to the left of 0S.

Example
Consider the annulus

A= A{(z,y,0) |a* < 2® +y* <%}

in the (z,y)-plane, and from the two possible normal unit vectors (0,0, +1) choose n := (0,0, 1). If you
are an “observer” walking along the boundary of the surface with the normal as n means that the outer
boundary circle of A should be oriented counterclockwise. Staring at the figure you can convince yourself
that the inner boundary circle has to be oriented clockwise to make the interior of A lie to the left of O A.
One might write

dA = D, — D,

where D,. is the disk of radius r centered at the origin, and its boundary circle 0D, is oriented counterclock-
wise.
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0D, \ 0Dy

437 |Theorem (Kelvin-Stokes Theorem)
Let U C R3 be a domain, (S,n) C U be a bounded, oriented, piecewise C*, surface whose boundary is
the (piecewise C*) curve ~. Iff : U — R3 is a C* vector field, then

/V x fonn dS = ygf-dﬁ.
S ol

Here ~ is traversed in the counter clockwise direction when viewed by an observer standing with his feet

on the surface and head in the direction of the normal vector.
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Proof. Letf= fii+ foj + f3k. Consider
i
Vx(fii) =10, 9, 0. =5, By
fi 0 0

//S[Vx(fli)]-dS://(ﬁ-Vx(fli)dS
//af1 f 8f1( ‘7)dS

k
0

Of | 0h

Then we have
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We prove the theorem in the case S'is a graph of a function, i.e., S is parametrized as
r=axi+yj+glz,yk

where g(z,y) : 2 — R. In this case the boundary «y of S'is given by the image of the curve C boundary
of ()

Let the equation of S be z = g(x,y). Then we have
—0g/0xi — dg/dyj + k

"7 (0g/00) + (9g/0y)? + 1)1
Therefore on 2: 5 5
L _79 AN _i .



7.5. Kelvin-Stokes Theorem

)(k-ﬁ)dS

fi(z,y,2)(k-n)dS

Thus
0z

y?x ay

o
0z

J[1v <fli>1'ds://s<—%§m

Using the chain rule for partial derivatives

_ 55 fulx,y, fx,y))

with the last line following by using Green’s theorem. However on v we have z = g and

% fl(xayvg) do = %fl(l‘,y,Z) dz
C Y

//S(VX £i) - df:§éf1dx

We have therefore established that
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In a similar way we can show that

//S(v x Agj)-df:yg/lgdy
//S(v x Azk) - df:ygAgdz

and so the theorem is proved by adding all three results together. u

and

438 Example
Verify Stokes’ Theorem for f(x,y, 2) = zi+ x j + y k when S is the paraboloid » = x* + y? such that z < 1



7.5. Kelvin-Stokes Theorem

z _ C
B 1 one
Solution: » The positive unit normal vector to the surface p )
z:z(x,y):x2+y2is 1 y
0
x
Figure 7.7. 2 =22+ 4?2

0z . 0z, K
J+ —2ri—2yj+k

)2 1+ 42?2 +4y*

andVx f=(1-0i+(1-0)j+(1-0k=i+j+k,so

(Vx flen = (22— 2y +1)/y/1+ 42?2 + 492

Since S can be parametrized as r(x,y) = i+ yj + (2% + y?) k for (z,y) in the region D = { (z,vy)
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2?4+ y* < 1},then

//(VX f)endS = //VX -nH—x—dedy

S
it TR WY v e
= 14 422 + 492 dad
//\/1+4x2—|—4y2 ety Ayt dudy

/(—2x — 2y + 1)dzdy , so switching to polar coordinates gives

/ —2rcosf — 2rsinf + 1)rdrdf
0

2m 1
/( 2r? cos ) — 2r*sin @ + ) dr df
0

r r=1
do
3 2 r=0 )

cos O — —sm@+ 2> do

Il
c\%c\c\U\U

27 3 3 2
2
( s 08(9—%Sln(9+*

2
3
2

2
= —§SII19+§COSQ+ 9

= 7.

The boundary curve C is the unit circle 22 + y* = 1 laying in the plane z = 1 (see Figure), which can
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be parametrized as x = cost,y = sint,z = 1for0 <t < 27. So

&éf-dr = /0 7r((1)(— sint) + (cost)(cost) + (sint)(0)) dt

2
1 2t 1 2t
= / <— sint + jL;OS> dt (here we used cos® t = JFZOS>
0

2
= T.
0

- t . sin 2t
= COoS —
2 4

So we see thatyg fedr = //(V x f)endS, as predicted by Stokes’ Theorem. «
c
S

The line integral in the preceding example was far simpler to calculate than the surface integral, but
this will not always be the case.

439 Example
Let S be the section of a sphere of radius a with 0 < 6 < «. In spherical coordinates,

dS = a*sinfe, df dp.
LetF = (0,22,0). ThenV x F = (—x,0, z). Then

// V x F«dS = 7a® cos asin? av.
s
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Our boundary 0C'is

r(¢) = a(sin a cos @, sin asin @, cos ).

The right hand side of Stokes’ is

27
/F-d@z asin o cos Y a cos o a sin o cos ¢ dg
c 0 Ty~

dy

2w
= a3 SiIl2 . COS (v / COS2 (2 d(p
0

= 7a® sin? o cos .

So they agree.

Remark

The rule determining the direction of traversal of y is often called the right hand rule. Namely, if you put
your right hand on the surface with thumb aligned with 1, then  is traversed in the pointed to by your index
finger.

Remark

If the surface S has holes in it, then (as we did with Greens theorem) we orient each of the holes clockwise,
and the exterior boundary counter clockwise following the right hand rule. Now Kelvin-Stokes theorem

/V x fenn dS :/ f.de,
S as

becomes
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where the line integral over OS is defined to be the sum of the line integrals over each component of the
boundary.

Remark
If S is contained in the x,y plane and is oriented by choosing n = e, then Kelvin-Stokes theorem reduces
to Greens theorem.

Kelvin-Stokes theorem allows us to quickly see how the curl of a vector field measures the infinitesimal
circulation.

Proposition

Suppose asmall, rigid paddle wheel of radius a is placed in a fluid with center at xo and rotation axis parallel
ton. Letv : R3 — R3 be the vector field describing the velocity of the ambient fluid. If w the angular speed
of rotation of the paddle wheel about the axis n, then

i o — ¥ X o) D

a—0 2
Proof. Let S be the surface of a disk with center x, radius a, and face perpendicular ton, and v = 95.
(Here S represents the face of the paddle wheel, and v the boundary.) The angular speed w will be such
that
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where 7 is a unit vector tangent to , pointing in the direction of traversal. Consequently

1 1 .
w = ng-dé = // V x oo dg 220, VX 0m0)n g
2ma? [f, 2ra? J) g 2

444 Example ) )
T )

Let S be the elliptic paraboloid z = 7 + 5 for = < 1, and let C be its boundary curve. Calculate 55 fedr
c
forf(z,y, z) = (9zz + 2y)i + (2 + y*)j + (—2y* + 22)k, where C'is traversed counterclockwise.

Solution: » The surface is similar to the one in Example 438, except now the boundary curve C'is
2 2

the ellipse % + v laying in the plane z = 1. In this case, using Stokes’ Theorem is easier than

computing the line integral directly. As in Example 438, at each point (z,y, z(x, y)) on the surface z =

2
z2(x,y) = % + % the vector
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is a positive unit normal vector to S. And calculating the curl of f gives

Vxf=(-4y—-0i+ 92-0)j+ 2-2k = —4yi + 92j + 0k,
o) )
Z Y
(V X f)-n = — = = = =0,
i 1+
4 9 4 9
and so by Stokes’ Theorem
§£f.dr _ //(VX £)endS — //OdS ~ 0.
c
S S

7.6. Gauss Theorem

445 |Theorem (Divergence Theorem or Gauss Theorem)
Let U C R3 be a bounded domain whose boundary is a (piecewise) C'* surface denoted by OU. Iff : U —

R3 is a C* vector field, then
/// (Vef) dV = # £ dS,
U oU




446

447

448

7. Surface Integrals

‘ where 1 is the outward pointing unit normal vector.

Remark
Similar to our convention with line integrals, we denote surface integrals over closed surfaces with the

symbol #

Remark
Let Br = B(xo, R) and observe

1 1
I feindS = li S£dV = Veof
RS0 volume (0BR) /E)BR nds B30 volume (0Bg) BRV V = Vef(xo),

which justifies our intuition that V «f measures the outward flux of a vector field.

Remark
IfV CR%4 U =V X [a,b]is acylinder, and f : R® — R3is a vector field that doesn’t depend on x3, then
the divergence theorem reduces to Greens theorem.

Proof. [Proof of the Divergence Theorem] Suppose first that the domain U is the unit cube (0, 1) C R3.

// VefdV = /// ((911]1 + (921]2 + 831)3) dv.
U U

In this case
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Taking the first term on the right, the fundamental theorem of calculus gives

1 1
// 81’01 dV = / / (U1<1,I2,I3> —’U1<O,CL’2,$3)) dZ‘Q dl‘g
U x3=0 J x9=0

_/U.ﬁdS—{—/U'fldS,
L R

where L and B are the left and right faces of the cube respectively. The d,v, and J;v5 terms give the sur-
face integrals over the other four faces. This proves the divergence theorem in the case that the domain
is the unit cube.

449 Example
Evaluate // fodS, where f(z,y, 2) = xi + yj + zk and S is the unit sphere x* + 3> + 2* = 1.
S

Solution: » Weseethatdivf=1+1+1=3,s0

//f-dS = /S/ divfdV = /S//BdV

S - 3///1dv = 3vol(S) = 3- 47Tél)3 = 4r.

S
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450 Example
Consider a hemisphere.

V' is a solid hemisphere
2+t 422 <ad?, 2>0,

and 0V = S; + S5, the hemisphere and the disc at the bottom.
Take F = (0,0,z + a) and V+F = 1. Then

// V.F dV = gmﬁ,
v 3

On S, the outward pointing fundamental vector is

the volume of the hemisphere.

n(u,v) = asin vr(u,v) = asin v (x,y, 2).

Then

3

Fen(u,v) = az(z + a) sin v = a° cos p(cos p + 1) sin v



Then

27 w/2
// F.dS = a3/ dcp/ sin ¢(cos? ¢ 4 cos @) dy
S1 0 0

-1 1 /2
= 271a® { cos® p — = cos? 4
3 2 0
3
= §7TCL3.

0n S, dS =ndS = —(0,0,1) dS. Then F+dS = —a dS. So

// FedS = —7a®.
Sa

So

// FedS + // F.dS = (5 — 1) ma® = ~7a
s Sy 3 3

in accordance with Gauss’ theorem.

7.6. Gauss Theorem
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Gauss’s Law For Inverse-Square Fields
Proposition (Gauss’s gravitational law)

Let g : R® — R3 be the gravitational field of a mass distribution (i.e. g(x) is the force experienced by a
point mass located at x). If S is any closed C* surface, then

%g-ﬁdS = —4ArGM,
S

where M is the mass enclosed by the region S. Here G is the gravitational constant, and n is the outward
pointing unit normal vector.

Proof. The core of the proof is the following calculation. Given a fixed y € R3, define the vector field f

by
X—-Yy

T —
Ix =l
The vector field —Gmf(x) represents the gravitational field of a mass located at y Then

47 ifyisinthe region enclosed by S,
%f-ﬁ dS =
S 0  otherwise.

For simplicity, we subsequently assume y = 0.
To prove (7.8), observe
Vef =0,
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when x # 0. Let U be the region enclosed by S. If 0 ¢ U, then the divergence theorem will apply to in

§£g-ﬁds = /// VegdV = 0.
S U

On the other hand, if 0 € U, the divergence theorem will not directly apply, since f ¢ C*(U). To
circumvent this, lete > 0and U’ = U — B(0,¢), and S’ be the boundary of U’. Since 0 & U’, fis C' on
all of U’ and the divergence theorem gives

0:/// V-de:/ foir dS,
! aU/

1
ygf-ﬁdS:—yg f-ﬁdS:yg —QdS:—47r,
s 8B(0,¢) dB(0,e) €

as claimed. (Above the normal vector on 0B(0, ¢) points outward with respect to the domain U’, and
inward with respect to the ball B(0,¢).)
Now, in the general case, suppose the mass distribution has density p. Then the gravitational field

the region U and we have

and hence

g(z) will be the super-position of the gravitational fields at = due to a point mass of size p(y) dV placed
at y. Namely, this means

o) =G [ PO ave)

3
lz =yl
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Now using Fubini’s theorem,

JLowa@as = [ o) [ = Esnmaswave

= —4nG / ply) AV (y) = —4nGM,
yeU

where the second last equality followed from (7.8). .

452 Example
Asystem of electric charges has a charge density p(x, y, z) and produces an electrostatic field E(z, y, z) at
points (z,y, z) in space. Gauss’ Law states that

l/E-dS = 47r/s//pdV

for any closed surface S which encloses the charges, with S being the solid region enclosed by S. Show
that V-E = 4mp. This is one of Maxwell’s Equations.’

'In Gaussian (or CGS) units.
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Solution: » By the Divergence Theorem, we have

/S/ V.EdV = //E-dS

S

= 4r ///pdv by Gauss’ Law, so combining the integrals gives
S

///(VoE—47Tp) dV =0 ,so

VE —4mp = 0 since S and hence S was arbitrary, so
VE = 47mp.

7.7. Applications of Surface Integrals

7.7. Conservative and Potential Forces

We’ve seen before that any potential force must be conservative. We demonstrate the converse here.



7. Surface Integrals

453 [Theorem
Let U C R3 be a simply connected domain, and f : U — R3 be a C! vector field. Then fis a conservative

force, if and only if fis a potential force, if and only if V x £ = 0.

Proof. Clearly, if fis a potential force, equality of mixed partials shows V x f = 0. Suppose now
V x f = 0. By Kelvin-Stokes theorem

%f-déz/VXf-ﬂdSzO,
0% S

andso fis conservative. Thusto finish the proof of the theorem, we only need to show that a conservative
force is a potential force. We do this next.
Suppose fis a conservative force. Fix g € U and define

Vi) = — / fudl,

where v is any path joining zy and x that is completely contained in U. Since fis conservative, we seen
before that the line integral above will not depend on the path itself but only on the endpoints.
Now let h > 0, and let y be a path that joins x to a, and is a straight line between a and a + he;. Then

ai1+h
—81‘/(&) = lim — Fl(a+t€1) dt:Fl(a)

h—0 a
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The other partials can be computed similarly to obtain f = —VV concluding the proof. "

7.7. Conservation laws

454 |Definition (Conservation equation)
Suppose we are interested in a quantity Q). Let p(r,t) be the amount of stuff per unit volume and j(r, t)
be the flow rate of the quantity (eq if Q) is charge, j is the current density).

The conservation equation is

op
E—FV“]—O

This is stronger than the claim that the total amount of @ in the universe is fixed. It says that ) cannot
just disappear here and appear elsewhere. It must continuously flow out.
In particular, let V' be a fixed time-independent volume with boundary S = V. Then

:///Vp(rtdv

Then the rate of change of amount of Q in V' is

///apdv // Vej dV = — // jdS.
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7. Surface Integrals

by divergence theorem. So this states that the rate of change of the quantity @ in V' is the flux of the stuff
flowing out of the surface. ie @ cannot just disappear but must smoothly flow out.

In particular, if V is the whole universe (ie R%), and j — 0 sufficiently rapidly as |r| — oo, then we
calculate the total amount of ) in the universe by taking V' to be a solid sphere of radius €2, and take the
limitas R — oo. Then the surface integral — 0, and the equation states that

d@
—= =0
ar

Example

If p(r, t) is the charge density (ie. pdV is the amount of charge in a small volume 6V'), then Q(t) is the total
chargeinV. j(r,t) is the electric current density. So j«dS is the charge flowing through §S per unit time.
Example

Let j = pu with u being the velocity field. Then (pu §t)«dS is equal to the mass of fluid crossing 0.5 in time

ot. So 10

does indeed imply the conservation of mass. The conservation equation in this case is

dp B
E + V'(ﬂll) =0

For the case where p is constant and uniform (ie. independent of r and t), we get that V.u = 0. We say that
the fluid is incompressible.
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7.8. Helmholtz Decomposition
Helmholtz Decomposition

The Helmholtz theorem, also known as the Fundamental Theorem of Vector Calculus, states that a
vector field F which vanishes at the boundaries can be written as the sum of two terms, one of which is

irrotational and the other, solenoidal.
Roughly:
“A vector field is uniquely defined (within an additive constant) by specifying its divergence

and its curl”.

Theorem (Helmholtz Decomposition for R3)
IfF is a C? vector function on R? and F vanishes faster than 1/r as r — oo. Then F can be decomposed

into a curl-free component and a divergence-free component:

F=-V®+VxA,

Proof. We will demonstrate first the case when F satisfies

F=-V?Z (7.9)

for some vector field Z
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Now, consider the following identity for an arbitrary vector field Z(r) :

—sz:—V(V-Z)nLVxVxZ (7.10)
then it follows that
F=-VU+VxW (7.11)
with
U=V.Z (7.12)
and
W=Vx1Z (7.13)

Eqg.(7.11) is Helmholtz’s theorem, as VU is irrotational and V x W is solenoidal.
Now we will generalize for all vector field: if V vanishes at infinity fast enough, for, then, the equation

VZ=-V, (7.14)

which is Poisson’s equation, has always the solution

Z(r) ! /d3r' Vi) : (7.15)

T 4r lr —r/|
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7.8. Helmholtz Decomposition

It is now a simple matter to prove, from Eq.(7.11), that V is determined from its div and curl. Taking, in
fact, the divergence of Eq.(7.11), we have:

div(V) = —V*U (7.16)
which is, again, Poisson’s equation, and, so, determines U as
1 V' V()
— d3 / 1
Ul(r) 47r/ r7|r—r’] (7.17)

Take now the curl of Eq.(7.11). We have
VXxV=VxVxW
=V(V.W) - V*W (7.18)

Now, V.W = 0,as W = V X Z, so another Poisson equation determines W. Using U and W so deter-
mined in Eq.(7.11) proves the decomposition .

Theorem (Helmholtz Decomposition for Bounded Domains)
If F is a C? vector function on a bounded domain V. C R? and let S be the surface that encloses the
domain V'then Then F can be decomposed into a curl-free component and a divergence-free component:

F=-V&+VxA,
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where

V'+F (r 1 _, F(r)
il ds’
47r// |r—r’| r n v —r/| o

/ /
A= [[ZE Oy L o B g
T 4r lr —r/| A JJg lr —r/|

and V' is the gradient with respect to r’ not r.

7.9. Green’s Identities

459 | Theorem
Let ¢ and 1) be two scalar fields with continuous second derivatives. Then

C // {gbg;ﬂ dS = // [V + (V) - (V1p)] AV Green’s first identity

// {Qﬁ_waﬂ dsS = // (V) — pV2¢) dV Green’s second identity.

Proof.



7.9. Green’s Identities

Consider the quantity
F=o¢Vy

It follows that

divF = ¢V2¢ + (Vo) - (Vi)
A F = ¢ov/on

Applying the divergence theorem we obtain

//s :d)gi}: 15 = ///UW% + (Vo) - (V)] dV

which is known as Green’s first identity. Interchanging ¢ and i) we have

//S :wgi: 5= ///U[W%H(W) (V) dvV

Subtracting (2) from (1) we obtain

//s {(bgi - wgﬂ s = ///U (V2 — pV2¢) dV

which is known as Green’s second identity.
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Curvilinear Coordinates

8.1. Curvilinear Coordinates

The location of a point P in space can be represented in many different ways. Three systems commonly
used in applications are the rectangular cartesian system of Coordinates (x,y, z), the cylindrical polar
system of Coordinates (r, ¢, z) and the spherical system of Coordinates (r, ¢, ¢). The last two are the best
examples of orthogonal curvilinear systems of coordinates (u, us, us) .



8. Curvilinear Coordinates

460 | Definition
Afunctionu : U — V is called a (differentiable) coordinate change if

m u s bijective
m u /s differentiable

m Duisinvertible at every point.

Figure 8.1. Coordinate System

In the tridimensional case, suppose that (z,y, ) are expressible as single-valued functions u of the
variables (uy, us, ug). Supposealsothat (u;, us, u3) can be expressed as single-valued functions of (z, y, 2).
Through each point P : (a, b, ¢) of the space we have three surfaces: u; = ¢, us = ¢ and uz = ¢,

where the constants ¢; are given by ¢; = u;(a, b, ¢)



8.1. Curvilinear Coordinates

If say us and ug are held fixed and u; is made to vary, a path results. Such path is called au; curve. usy
and ug curves can be constructed in analogous manner.

Uus

ug = const
Uz

U

The system (uq, ug, u3) is said to be a curvilinear coordinate system.



8. Curvilinear Coordinates
461 Example
The parabolic cylindrical coordinates are defined in terms of the Cartesian coordinates by:

r =0T
1 2 2
y=5 (-0
Zz =z
The constant surfaces are the plane
=2z
and the parabolic cylinders
2
z 2
2y = 2
and
x2
y=——+ 72
T
Coordinates |

The surfaces uy = us(P) and uz = ug(P) intersect in a curve, along which only u; varies.



8.1. Curvilinear Coordinates

u; curve e P

Let €; be the unit vector tangential to the curve at P. Let €,, €3 be unit vectors tangential to curves
along which only us, ugz vary.
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Clearly
5 _ Or for
e 8u1 8ul .
And if we define h; = |0r/0u;| then
or
ou; & h

The quantities h; are often known as the length scales for the coordinate system.

462 Example (Versors in Spherical Coordinates)
In spherical coordinates r = (r cos(0) sin(¢), r sin(f) sin(¢), r cos(¢)) so:

or
o _ (cos() sin(¢), sin(0) sin(¢), cos(¢))
or
ar
e, = (cos(0) sin(¢), sin(8) sin(¢), cos(9))
or
ey = 00 _ (—rsin() sin(¢), r cos(#) sin(¢), 0)
’ 7 sin(¢)

eT:‘

Jor
o0
ey = (—sin(d), cos(#),0)




8.1. Curvilinear Coordinates

or
B 3725 _ (rcos(f) cos(¢), rsin(6) cos(¢), —rsin(e))
C = Tor|] ~ r
5

e, = (cos(f) cos(¢), sin(f) cos(¢), —sin(¢))

Coordinates Il

Let (€', e?,e®) be unit vectors at P in the directions normal to u; = uy(P), uy = us(P),u3 = uz(P)
respectively, such that u, us, us increase in the directions €', €2, a;. Clearly we must have

463 | Definition
If (€', €% e3) are mutually orthogonal, the coordinate system is said to be an orthogonal curvilinear co-

ordinate system.

464 | Theorem
The following affirmations are equivalent:
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1. (€', e?,@€%) are mutually orthogonal;

2. (ey,eq,€e3) are mutually orthogonal;

~ . Or/0y; .
3. eiz@:M:vui/yvuﬂ fori=1,2,3

So we associate to a general curvilinear coordinate system two sets of basis vectors for every point:
{/e\la 627 63}
is the covariant basis, and
{e', ¢ ¢}
is the contravariant basis.
Note the following important equality:

@

e =4
465 Example
Cylindrical coordinates (1,0, z):

x =1rcosf r =%+ y?

y =rsinf 6 =tan~! (—)

zZ =2z zZ =2z
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ok
> (

[~

: e A<

Figure 8.2. Covariant and Contravariant Basis

where 0 <O <m if y>0 and "< 6 <2r if y<0

For cylindrical coordinates (r, 0, z), and constants r,, 0, and z,, we see from Figure 8.3 that the surface
r = 1o isacylinder of radius r, centered along the z-axis, the surface 0 = 0, is a half-plane emanating from
the z-axis, and the surface z = z, is a plane parallel to the xy-plane.

The unit vectors 7,0, k at any point P are perpendicular to the surfaces r = constant, § = constant, z =
constant through P in the directions of increasing r, 8, z. Note that the direction of the unit vectors 7, 0 vary
from point to point, unlike the corresponding Cartesian unit vectors.
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8. Curvilinear Coordinates

(a)r =r, (b) 0 =6,

Figure 8.3. Cylindrical coordinate surfaces

20

(c) z = 2z,

Line and Volume Elements in Orthogonal Coordinate Systems

Definition (Line Element)
Sincer = r(uy, ug, us), the line element dr is given by
or or or
dr=—d —d —d
r ouy vt Ous ua ¥ Ous s

= hldu1€1 + thUQ/éz + h3dU3€3




8.2. Line and Volume Elements in Orthogonal Coordinate Systems

If the system is orthogonal, then it follows that
(ds)? = (dr) - (dr) = h2(duy)* + h2(dug)? + h2(dus)?

In what follows we will assume we have an orthogonal system so that

~

g Or/Ou;

€; Or o] =Vu;/|Vu;| fori=1,23

In particular, line elements along curves of intersection of u; surfaces have lengths hidu,, hodus, hgydus
respectively.

467 | Definition (Volume Element)
InR3, the volume element is given by
dV = dx dy dz.

In a coordinate systems x = x(uy, ug, ug),y = y(uy, ug, us), 2 = z(uy, us, us), the volume element is:

oz, vy, 2)

duy dug dus.
a(u17u27u3> i G

av —|
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468 Proposition
In an orthogonal system we have

dV = (hldul)(hgdU2)<h3dU3)
= h1h2h3 duldugdu3

In this section we find the expression of the line and volume elements in some classics orthogonal
coordinate systems.
(i) Cartesian Coordinates (z, y, 2)

dV = dadydz
dr = dzi + dyj + dzk
(ds)? = (dr) - (dr) = (dz)* + (dy)* + (dz)?

(i) Cylindrical polar coordinates (r, 0, =) The coordinates are related to Cartesian by
x=rcosf,y=rsinf, z ==z
We have that (ds)? = (dz)? + (dy)? + (dz)?, but we can write
ox or or

= (cos®@)dr — (rsind) do



8.2. Line and Volume Elements in Orthogonal Coordinate Systems

B B )
dy = ((;{) dr + (53) a9 + (ai) dz

= (sin®) dr + (r cos 6)dd

and

Therefore we have

(ds)® = (dz)* + (dy)* + (d2)?
= ... = (dr)2 +T2(d9)2 + (dz)2

Thus we see that for this coordinate system, the length scales are
hlzl,h2:T7h3:1

and the element of volumeiis
dV = rdrdfdz

(iii) Spherical Polar coordinates (r, ¢, f) In this case the relationship between the coordinates is

xr=rsingcosf; y=rsingsinf; z =rcos ¢
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Again, we have that (ds)? = (dz)? + (dy)* + (dz)? and we know that

ox ox
dz ad +—d8+—¢ )

= (sin ¢ cos B)dr + (—rsin ¢ sin 0)dé + r cos ¢ cos Odo

and
_ Oy 9y
dy = —=dr d9 —d
=5 T 5590+ 55 b
= sin ¢ sin 8dr + r sin ¢ cos df + r cos ¢ sin d¢
together with
0z 0z 0z
dz Edr + fdﬁ + degb

= (cos @)dr — (rsin ¢)de

Therefore in this case, we have (after some work)

(ds)? = (dz)* + (dy)® + (dz)?
= oo = (dr)? 4+ r3(de)? 4 r? sin® ¢(d6)?
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Thus the length scales are
hy =1, ho=r, hg =rsin¢

and the volume element is
dV = r?sin ¢ drdepd6

469 Example
Find the volume and surface area of a sphere of radius a, and also find the surface area of a cap of the
sphere that subtends on angle « at the centre of the sphere.

dV = r?sin ¢ drdedd
and an element of surface of a sphere of radius a is (by removing hydu, = dr):

dS = a*sinpde dd

27 T a
/dV:/ / / 2 sin ¢ drd¢dé
1% 6=0 J ¢p=0 J r=0

:27T[—cos¢]§/ r?dr
0

= 4na® /3

. total volume is
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Surface area is

2m ™
/dS:/ / a’®sin ¢ dep df
S 0=0 J ¢=0

= 27a*[— cos @7

= 47a®

Surface area of cap is
2 [
/ / a® sin ¢ dp df = 2ma*[— cos @5
0=0 J $=0

= 2ma*(1 — cos a)

8.3. Gradient in Orthogonal Curvilinear Coordinates

Let
Vo = )\1/6\1 + )\262 + )\363
in a general coordinate system, where \;, A, A3 are to be found. Recall that the element of length is
given by
dr = hldulé\l + thUQ/e\Q + h3du3€3



8.3. Gradient in Orthogonal Curvilinear Coordinates

Now

=(V®)-dr
But, using our expressions for V& and dr above:
(VCI)) -dr = Alhldul + AQthUg + )\3h3dU3

and so we see that
od

hiXi (i=1,23)

Thus we have the result that
470 Proposition (Gradient in Orthogonal Curvilinear Coordinates)

€00 € dd e300
Vb= —— 42— 4 2
hl 6U1 + hg 8u2 + hg 8u3

This proposition allows us to write down V easily for other coordinate systems.
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(i) Cylindrical polars (7, 6, z) Recall that hy = 1, hy = r, hg = 1. Thus

S D™

0z

.0
V—TE—F P)

NS

(ii) Spherical Polars (7, ¢, 0) We have hy = 1, hy = r, hy = rsin ¢, and so

9 90 0 9
V7TE+;87¢+rsin¢@

471 Example
Calculate the gradient of the function expressed in cylindrical coordinate as

f(r,0,z) =rsinf + z.

Solution: »
_of bof of
=" Tra0 7 as
:fsin9+é0059+2

Vf
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8.4. Divergence in Orthogonal Curvilinear Coordinates

Expressions for Unit Vectors

From the expression for V we have just derived, it is easy to see that

Alternatively, since the unit vectors are orthogonal, if we know two unit vectors we can find the third
from the relation

61 = 62 X /8\3 = h2h3(VU2 X VU3)

and similarly for the other components, by permuting in a cyclic fashion.

Divergence in Orthogonal Curvilinear Coordinates

Suppose we have a vector field
A — A{él —|— Ag/ég + Ag/ég

Then consider

V- (Alél) =V. [Alhghg(VUQ X VU3)]

~

€1

haohs

= AhohsV - (Vg x Vug) + V(A hohs) -
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using the results established just above. Also we know that
V.- BxC)=C-curlB—-B:curlC
and so it follows that
V - (Vuy x Vuz) = (Vuz) - curl(Vug) — (Vug) - curl(Vug) = 0

since the curl of a gradient is always zero. Thus we are left with

€ 1 0

vV - (Alé\l) = V(AthhS) h2h3 = h1h2h3 8'&1

(A1hohs)

We can proceed in a similar fashion for the other components, and establish that

472 Proposition (Divergence in Orthogonal Curvilinear Coordinates)

1 [0 B B
= = (hohsAy) + — (hghy A
e | gar (s + 5= (hafu Az) +

<A
v 8u2

8’&3 (hl h2A3)

Using the above proposition is now easy to write down the divergence in other coordinate systems.
(i) Cylindrical polars (7,6, 2)



8.4. Divergence in Orthogonal Curvilinear Coordinates

Since hy = 1, hy = 1, h3 = 1 using the above formula we have:

170 0 0
VoA =T A+ gl 51 (rds)
_0A A1 10A, 0A;
o T T T e
(ii) Spherical polars (7, ¢, )
We have hy = 1, ho = r, h3 = rsin ¢. So
V-A—; a( 1n¢A)+f( ingpAy) + a(A)
~ r2sing ar" ° 0¢ s 2) T g

473 Example

D>

Calculate the divergence of the vector field expressed in spherical coordinates (r, ¢,0) asf = 7 + J) +

Solution: »

1 0 0 0
V= s [ar““ sing) + g5 (rsing) + 55 ] (8:3)
= % [27 sin ¢ + 1 cos @] (8.4)
< S1n
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8.5. Curlin Orthogonal Curvilinear Coordinates
We will calculate the curl of the first component of A:
V x (Aje1) =V x (A1hiVu,)
= A1hsV X (Vuy) + V(Ar1hy) x Vg
=0+ V(Ai1hy) X Vuy

e 0 e 0 e; 0 e

€1

= | ——(A1h Arh —(A1h —

hl aul( ! 1) hQaUQ( ! 1) hg@Ug( ! 1) . hl
e 0 e; 0

h ———(hA
h1h38U3( ! 1) hlhz 8u2( ! 1)
(Since/él X 61 = 0, /8\2 X /él = —63, 53 X 61 = 62)

We can obviously find curl(Ases) and curl(Ase;) in a similar way. These can be shown to be

. e; 0 e 0
V X (Agez): ©s 7(]12/42)— il 7(112142)

hghl 8u1 h2h3 auS
~ e 0 e 0
V X (A3€3) hg;Lz 8u2 (hJAd) F:Llaiul(hdA‘ﬁ

Adding these three contributions together, we find we can write this in the form of a determinant as
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474 Proposition (Curlin Orthogonal Curvilinear Coordinates)

h{él hg/ég h363
Ouwy,  Ouy  Ouy
hl Al h2A2 h3A3

1

1A =
cur Ihalts

It’s then straightforward to write down the expressions of the curl in various orthogonal coordinate
systems.

(i) Cylindrical polars

Al T‘AQ Ag

(ii) Spherical polars
7 rqAS 7 sin qﬁé
1
curl A = m 87“ a¢ 89

A1 TAQ rsin ¢A3
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8.6. The Laplacian in Orthogonal Curvilinear Coordinates

From the formulae already established for the gradient and the divergent, we can see that

475 Proposition (The Laplacian in Orthogonal Curvilinear Coordinates)

V2 = V- (V)

1 0 1 0P 5, 1 0P B 1 od
B h1h2h3 {aul (h2h3 h1 aul) 8U2 (h3h1 h1h2 >:|

hg aUQ) 6u3 ( h3 8u3
(i) Cylindrical polars (7,6, z)

vo - L[2(,28). 2 (108) 0 (00)
“rlar\Uar ) Tae\rae) T o\ a2
o 10 10w e
T or2 ' ror | r2op2 022
(ii) Spherical polars (7, ¢, )

1 0 0P 0 o0 (1 09
VQ(I):r?sm(b[ <T s ) 8¢<Sn¢ <;5> (snub@&)

_827®+28<I>+cot¢6@+l82¢)+ 1 0%
or2  ror r2 0¢  r20¢*  r?sin®¢ 062
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476 Example
In Example 72 we showed that V||r||> = 2rand A||r||> = 6, where r(z,y, z) = xi + yj + zkin Cartesian
coordinates. Verify that we get the same answers if we switch to spherical coordinates.
Solution: Since ||r||> = 22 +y® + 2> = p%in spherical coordinates, let F(p, 6, ¢) = p? (so that F(p, 6, ¢) =
||r||?). The gradient of F in spherical coordinates is
dp " psing 00 p 0¢ ¢
= 2pe, + pSllngZ5 (0)ep + ; (0) ey
r
el

VI =

= 2pe, = 2p as we showed earlier, so

= 2r, asexpected. And the Laplacian is

2 ai + 1 aQF + 1 i sin (b aj
P dp p?sin® ¢ 062 p2sin ¢ 0¢

I
DO
s
T~

AF =

9 (sin ) (0))

) + p?sing 0¢

(0) +

—
S
[ V]
DO
S

p?sin ¢
(20*) + 0+ 0

SIEASIIERS

—~
(=

p?) = 6, asexpected.

vl =] = | = |
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€ 0P € 0P e 00

b =
v hl aul o, hg 811,2 s hg 8U3a 8
A = hohs Ay —(hsh A ——(h1ho A
\% Il al(23 >+8u2(3 1 2)+au3( 1he 3)}
hie;  hye, hses
1
curl A = I halts O, Ouy Ous
h1A1 hQAQ h3A3
1 0 1 00 0 1 00
2 = hah hsh —
V hlhghg {81“( 2 3h1 (9u1) (9u2< 5 1h2 8u2) + aU3(

Table 8.1. Vector operators in orthogonal curvi-

linear coordinates uy, us, us.

8.7. Examples of Orthogonal Coordinates

Spherical Polar Coordinates (r,¢,60) € [0,00) x [0, 7] x
x = rsin¢cosf
y = rsin¢sinf

Z =1Cos ¢
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The scale factors for the Spherical Polar Coordinates are:

hy =1
hQ—T
hs = rsin¢

Cylindrical Polar Coordinates (7,0,z) € [0,00) x [0,27) X (—00,0)

T =1rcosf
y =rsinf
z =2z

The scale factors for the Cylindrical Polar Coordinates are:

hi=hs=1

hgz’f’

(8.11)
(8.12)
(8.13)
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Parabolic Cylindrical Coordinates (u, v, z) € (—00,00) x [0,00) X (—00, 0)

= —(u? —v?) (8.16)
Y = uv (8.17)
z2=2z (8.18)

The scale factors for the Parabolic Cylindrical Coordinates are:

h1 = hg =V u? + v? (819)
hy = 1 (8.20)

Paraboloidal Coordinates (u,v,0) € [0,00) X [0,00) x [0, 27)

T = uv cosf (8.21)
y =uvsinf (8.22)
z = ;(u2 —?) (8.23)

The scale factors for the Paraboloidal Coordinates are:

hl = hg =V u? + v2 (824)

hs = uwv (8.25)
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Elliptic Cylindrical Coordinates (u, v, z) € [0,00) x [0,27) X (—00, 00)

x = acoshucosv
y = asinhusinv

zZ =2z

The scale factors for the Elliptic Cylindrical Coordinates are:

hi = hy = a\/sinh2 u + sin®v
hy =1
Prolate Spheroidal Coordinates (£,7,6) € [0,00) x [0, 7] x [0, 27)

x = asinh sinn cos 6
y = asinh sinnsin g

2z = acosh& cosn

The scale factors for the Prolate Spheroidal Coordinates are:

hi = hy = a\/sinh? & + sin®n

hs = asinh &sinn

(8.26)
(8.27)
(8.28)

(8.31)
(8.32)
(8.33)
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Oblate Spheroidal Coordinates (¢, 7,0) € [0,00) x [—Z,Z] x [0, 2n)

x = acosh & cosmncosf (8.36)
y = acosh & cosnsind (8.37)
z = asinh {sinn (8.38)

The scale factors for the Oblate Spheroidal Coordinates are:

hi = hy = a\/sinh2 £ +sin’p (8.39)
hs = acosh§ cosn (8.40)
Ellipsoidal Coordinates
(A, 1, v) (8.41)
A< <b?<ad? (8.42)
A< pu<b?® <ad (8.43)
A< <v<ad (8.44)
a2x_2qi + b2y_2qi + 823_2% = 1 where (qlv q2, q3> = ()‘7N7 V)

(g5—ai)(qx—a:)
a?—q;) (b2 —q:)(?—q:)

The scale factors for the Ellipsoidal Coordinates are: h; = %\/(
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Bipolar Coordinates (u,v,z) € [0,27) X (—00,00) X (—00, 00)

asinh v
:L‘ = -
coshv — cosu

asinu

y_—
coshv — coswu

zZ=Zz

The scale factors for the Bipolar Coordinates are:

a
coshv — cosu

Toroidal Coordinates (u,v,0) € (—m, 7| x [0,00) X [0, 27)

asinh v cos 8

l’:—
coshv — cosu
asinhvsin @

y:—
coshv — cosu

asinu

5 —

coshv — cosu

The scale factors for the Toroidal Coordinates are:

(8.45)

(8.46)

(8.47)

(8.48)

(8.49)

(8.50)
(8.51)

(8.52)
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a

coshv — cosu
asinh v

coshv — cosu

Conical Coordinates

(A s v)
V< b < p? <a?
A € [0,00)
o= M
ab
_A W — ) — )
y= a a? — b?
B /\\/(M2 — ) (12 — b?)
T a — b2
The scale factors for the Conical Coordinates are:
hy =1
hg _ >\2(M2 _ VQ)

(8.53)

(8.54)

(8.55)
(8.56)
(8.57)
(8.58)

(8.59)

(8.60)

(8.61)

(8.62)
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hy = (VQA_Q(ZLL;) (_V QVQ_) ) (8.63)
Exercises
A
For Exercises 1-6, find the Laplacian of the function f(z, y, z) in Cartesian coordinates.
L f(zy,z)=r+y+2 2. f(z,y,2) =2° 3. f(z,y,2) = (&% + 37 + 22)*
4. f(x,y,z) = "= 5. f(z,y,2) =2 +9°+ 23 6. f(x,y,2)=e " V%

7. Find the Laplacian of the function in Exercise 3 in spherical coordinates.

8. Find the Laplacian of the function in Exercise 6 in spherical coordinates.

9. Let f(x,y,2) = x2—zky2 in Cartesian coordinates. Find V f in cylindrical coordinates.
10. Forf(r,0,2) =re, + z sinf ey + rz e, in cylindrical coordinates, find div f and curl f.

1. Forf(p,0,¢) =e,+ p cos ey + pe,inspherical coordinates, find div f and curl f.
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For Exercises 12-23, prove the given formula (r = ||r|| is the length of the position vector field r(z, y, z) =
ri+yj+ zk).

12. V(1/r)=—-r/r* 13. A(1/r)=0 14. V.(r/r3) =0 15. V(Inr) = r/r?
16. div(F+ G) = divF + divG 17. curl (F+G) = curl F + curlG

18. div(fF) = fdivF + F.Vf 19. div(FxG) = Gecurl F — Fecurl G

20. div(VfxVyg) = 0 21. curl (fF) = fcurlF + (Vf)xF

22. curl (curlF) = V(divF) — AF 23. A(fg) = fAg+ gAf + 2(VfVyg)



Tensors

In this chapter we define a tensor as a multilinear map.

9.1. Linear Functional

477

Definition

Afunction f : R™ — Rs a linear functional if satisfies the

linearity condition:  f(au+ bv) = af(u) +bf(v),
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)

orin words: “the value on a linear combination is the the linear combination of the values.’

A linear functional is also called linear function, 1-form, or covector.
This easily extends to linear combinations with any number of terms; for example

f) = f (z) = Y v (e

where the coefficients f; = f(e;) are the “components” of a covector with respect to the basis {e;}, or
in our shorthand notation

f(v) = f(v'e;) (express in terms of basis)
=v'f(e;) (linearity)
=v'f;. (definition of components)

A covector f is entirely determined by its values f; on the basis vectors, namely its components with
respect to that basis.

Our linearity condition is usually presented separately as a pair of separate conditions on the two op-
erations which define a vector space:

m sum rule: the value of the function on a sum of vectors is the sum of the values, f(u+v) = f(u)+

fv),
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m scalar multiple rule: the value of the function on a scalar multiple of a vector is the scalar times
the value on the vector, f(cu) = cf(u).

478 Example
In the usual notation on R3, with Cartesian coordinates (z*, 2, 23) = (x,y, 2), linear functions are of the

form f(z,y,z) = ax + by + cz,

479 Example
If we fixed a vector n we have a function n* : R" — R defined by

is a linear function.

9.2. Dual Spaces

480 | Definition
We define the dual space of R", denoted as (R")*, as the set of all real-valued linear functions on R";

(R™)* = {f: f:R" = Risalinear function }
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The dual space (R")" is itself an n-dimensional vector space, with linear combinations of covectors
defined in the usual way that one can takes linear combinations of any functions, i.e., in terms of values

covector addition: (af + bg)(v) = af(v) + bg(v), f, g covectors, v a vector .

481 | Theorem
Suppose that vectors in R™ represented as column vectors

x

Tn

For each row vector
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there is a linear functional f defined by

xy

Tn

f(x) = a1, + - - + anp,

and each linear functional in R™ can be expressed in this form

482 Remark
As consequence of the previous theorem we can see vectors as column and covectors as row matrix. And
the action of covectors in vectors as the matrix product of the row vector and the column vector.

T

R" = L,z eR (9.1)
Tn

R = {[ar...a,), a; € R} (9.2)

483 Remark
closure of the dual space
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Show that the dual space is closed under this linear combination operation. In other words, show that if
f,garelinear functions, satisfying our linearity condition, then a f +b g also satisfies the linearity condition
for linear functions:

(af+bg)cu+cv) =ci(af+bg)(u)+calaf+bg)(v).

Duas Basis

Let us produce a basis for (R™)", called the dual basis {e'} or “the basis dual to {e;},” by defining n
covectors which satisfy the following “duality relations”

1 ifi=j,
0 ifi#jy,
where the symbol 5;'- is called the “Kronecker delta,” nothing more than a symbol for the components of
the n x nidentity matrix I = (5;). We then extend them to any other vector by linearity. Then by linearity

e'(v) =e'(ve;) expand in basis)

(
=v’e'(e;) (linearity)
= /4 (duality)
=97 (Kronecker delta definition)



484

9.2. Dual Spaces

where the last equality follows since for each i, only the term with j = 7 in the sum over j contributes to

the sum. Alternatively matrix multiplication of a vector on the left by the identity matrix §jv7 = v* does

not change the vector. Thus the calculation shows that the i-th dual basis covector e’ picks out the i-th

component v' of a vector v.

Theorem

The n covectors {e'} form a basis of (R")".

Proof.

1. spanning condition:

Using linearity and the definition f; = f(e;), this calculation shows that every linear function f

can be written as a linear combination of these covectors

fv) = f(v'e;)
= Uif(ei)
=v'f;
= Ui5jifj
=v'e’(e)f;

— (') (v'e)

expand in basis)

linearity)

definition of components)
Kronecker delta definition)
dual basis definition)

(
(
(
(
(
(

linearity)
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= (fie’)(v). (expansion in basis, in reverse)

Thus f and f;e’ have the same value on every v € R" so they are the same function: f = fiel,
where f; = f(e;) are the “components” of f with respect to the basis {e’} of (R")" also said to be
the “components” of f with respect to the basis {e;} of R™ already introduced above. The index i
on f; labels the components of f, while the index i on e’ labels the dual basis covectors.

2. linear independence:
Suppose f;e' = 0 is the zero covector. Then evaluating each side of this equation on e; and using

linearity
0=0(ej) (zero scalar = value of zero linear function)
= (fie')(e;) (expand zero vector in basis)
= fiei(ej) (definition of linear combination function value)
= i} (duality)
= f; (Knonecker delta definition)

forces all the coefficients of e’ to vanish, i.e., no nontrivial linear combination of these covectors
exists which equals the zero covector so these covectors are linearly independent. Thus (R™)" is
also an n-dimensional vector space.
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9.3. Bilinear Forms

A bilinear form is a function that is linear in each argument separately:
1. B(u+v,w) = B(u,w)+ B(v,w) and B(Au,v) = \B(u,v)

2. B(u,v+w) = B(u,v)+ B(u,w) and B(u,\v) = AB(u,v)

Let f(v,w) beabilinearformand lete, ..., e, beabasisin this space. The numbers B;; determined
by formula
Bij = f(ei, e)) (9.3)
are called the coordinates or the components of the form B in the basis ey, ..., e,. The numbers 9.3
are written in form of a matrix ) )
Bii ... Bi,
B = , (9.4)
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which is called the matrix of the bilinear form Binthe basis e, ..., e,. Forthe element B;; in the matrix
9.4 the first index i specifies the row number, the second index j specifies the column number.

The matrix of a symmetric bilinear form Bisalso symmetric: B;; = B;;. Letv!, ..., v"andw?, ..., w"
be coordinates of two vectors vand win the basisey, ..., e,. Then thevalues f(v, w) of a bilinear form
are calculated by the following formulas:

n

B(V,W) = ZZBW ’Ui wj, (95)

i=1j=1

Tensor
Let V = R™and let V* = R™" denote its dual space. We let

VE=V x. ... xV.
—————
k times

Definition
A k-multilinear map on'V is a function T : V¥ — R which is linear in each variable.

T(Vi, oo s AV W, Vi, Vi) = AT(V, ooV Vi, oo, Vi) F T(V, oy W, Vi, o, V)
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In other words, given (k — 1) vectors vy, v, ..., v;_1,Vis1, ..., Uk, themap T; : V. — R defined by

Ti(v) =T(vi,va,...,V,Vit1,..., Vi) is linear.

486 | Definition

m Atensor of type (r,s) onV is a multilinear map T: V" x (V*)* — R.
m Acovariant k-tensoronV is a multilinearmap T: V¥ — R

m Acontravariant k-tensor onV is a multilinear map T: (V*)* — R.

In other words, a covariant k-tensor is a tensor of type (k,0) and a contravariant k-tensor is a tensor
of type (0, k).

487 Example

m Vectors can be seem as functions V* — R, so vectors are contravariant tensor.
m Linear functionals are covariant tensors.

m /nner product are functions fromV x V' — R so covariant tensor.
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m The determinant of a matrix is an multilinear function of the columns (or rows) of a square matrix, so
is a covariant tensor.

The above terminology seems backwards, Michael Spivak explains:

”Nowadays such situations are always distinguished by calling the things which go in the
samedirection “covariant” and the things which go in the opposite direction “contravariant.”
Classical terminology used these same words, and it just happens to have reversed this...
And no one had the gall or authority to reverse terminology sanctified by years of usage. So
it’s very easy to remember which kind of tensor is covariant, and which is contravariant —
it’s just the opposite of what it logically ought to be.”

488 | Definition
We denote the space of tensors of type (r, s) by T.(V).

So, in particular,

(V) = {covariant k-tensors}
0
k

(V') = {contravariant k-tensors}.
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Two important special cases are:

TY(V) = {covariant 1-tensors} = V*

T1(V') = {contravariant 1-tensors} = V** = V.

This last line means that we can regard vectors v € V' as contravariant 1-tensors. That is, every vector

v € V can beregarded as a linear functional V'* — R via
v(w) = w(v),

wherew € V*.
The rank of an (r, s)-tensor is defined to be r + s.
In particular, vectors (contravariant 1-tensors) and dual vectors (covariant 1-tensors) have rank 1.

489 | Definition
IfS € T;1(V)isan (1, s1)-tensor,and T € T2(V') is an (13, s2)-tensor, we can define their tensor product

ST e TR (V) by

(SOT) (V1 « + - 5 Upyrgy Wy -« + s Weytsy) = S(U1,+ ooy Upy, W1y v oy Wey ) T(Up 11y v oy Upydirgs Weg 415 - -« Wsg s )-
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490 Example
Letu,v € V. Again, since V = T(V'), we can regard u,v € T1(V') as (0, 1)-tensors. Their tensor product
u®v e To(V)isa(0,2)-tensor defined by

(w@v)(w,n) = u(w) -v(n)

491 Example
LetV = R®. Writeu = (1,2,3)" € V in the standard basis, andn = (4,5,6) € V* in the dual basis. For
the inputs, let’s also write w = (z,y,2) € V*andv = (p,q,7)" € V. Then

(@ n)(w,v) = uw) - n(v)
1 p
= 2| [,y,2]-[4,5,6] |¢
3 r
= (x4 2y + 3z)(4p + 5q + 67)
= 4px + Hqx + 6rx

8py + 10qy + 12py
12pz + 15qz + 18rz



9.4. Tensor

4 5 6] |p
=[z,y,2] |8 10 12| |¢
12 15 18] |r

4 5 6
=w |8 10 12|wv.
12 15 18

492 Example
IfS has components o7}, and T has components 37 then S @ T has components a7 ;,37%, because

S @ T(us, w?, up, u”, u®) = S(ug, v, ug) T(u”, u®).
Tensors satisfy algebraic laws such as:
() R®(S+T)=R®S+R®T,
(i) (AR)®S=AR®S)=R® (AS),

(i) R®S)OT=R®(S®T).
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But
SRT#T®S
in general. To prove those we look at components wrt a basis, and note that
aijk(ﬁrs + 7Ts) - Oéijkﬁrs + Oéijk/yrsa
for example, but
o'f # ol
in general.

Some authors take the definition of an (7, s)-tensor to mean a multilinear map V* x (V*)" — R (note
that the r and s are reversed).

9.4. Basis of Tensor

493 | Theorem

Let T%(V') be the space of tensors of type (r, s). Let {e1, . ..,e,} be a basis for V, and {e', ... e"} be the
dual basis for V*

Then

{®.. 0" ®e;,, ®...Q0e,+s 1<ji<r+s}
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‘ is a base for T2 (V). ‘

So any tensor T € T.(V') can be written as combination of this basis. Let T € T,(V') be a (r, s) tensor

and let {e,...,e,} be a basis for V/, and {e!, ..., e"} be the dual basis for V* then we can define a
i jT‘ ]7‘ s
collection of scalars A" " by
T(ej,, ... e, e/ .. en) = AL ires

Then the scalars Ajr+ "7+

1 < j; <r+ s} completely determine the multilinear function T

494 | Theorem

GivenT € T5(V) a (r, s) tensor. Then we can define a collection of scalars A 17"+ by

jr+1"'jr+s _ i . .7 +1 -7
AT =T(ej,...,ej,e" . ..e")

The tensor T can be expressed as:

n n
— . Jr1Jrts i1 J o .
= Z Z Ajl“‘jr e’ ®e"® €1 ® Cirts
ji=1

Jn=1

As consequence of the previous theorem we have the following expression for the value of a tensor:
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495 |Theorem
GivenT € T.(V') bea (r, s) tensor. And
= Z /Uzjieji
Ji=1
forl < i < rnand
vi=)"ule
Ji=1

forr +1 <1 <r+ sthen

n n
T(vi, V) = 3o D0 A

J1=1 Jn=1

496 Example
Let’s take a trilinear function

f:R*xR?* x R? = R.
Abasis for R? is {e1, e} = {(1,0),(0,1)}. Let
f(ei,ej,ex) = Ay,

wherei, j, k € {1,2}. Inother words, the constant A; ;. is a function value at one of the eight possible triples
of basis vectors (since there are two choices for each of the three V;), namely:
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{e17 €1, el}7 {eb €1, 82}7 {eb €2, e1}7 {e17 €2, e?}a {32, €1, e1}7 {627 €1, e2}7 {827 €2, el}7 {627 €2, e2}'

Each vector v; € V; = R? can be expressed as a linear combination of the basis vectors

2
v, =) vle; =v} x e +v] x ey =v; x (1,0) +v; x (0,1).
=1

The function value at an arbitrary collection of three vectors v; € R? can be expressed as

2 2 2
f(Vl, Va, V3) = Z Z Z Aijkvﬁvév:’)f.

i=1 j=1k=1
Or, in expanded form as
f((a,b),(c,d), (e, f)) = ace x f(er,e1,e1)+acf x f(er, e, es) (9.6)
+ ade x f(e1,eqs,e1) +adf X f(er,es,e2) + bce X f(ey,e1,e1) +bef X f(es, e, es)
(9.7)
+ bde x f(eg,ez,€1) + bdf x f(eq, eq,es). (9.8)

9.4. Contraction

The simplest case of contraction is the pairing of V' with its dual vector space V*.
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C: V'V =R (9.9)
Clfev)=[f(v) (9.10)

where fisinV*andvisin V.

The above operation can be generalized to a tensor of type (7, s) (withr > 1,5 > 1)

Crs : To(V) = Ti23(V) (9.11)
(9.12)
9.5. Change of Coordinates
9.5. Vectors and Covectors
Suppose that V isavectorspaceand £ = {vy,--- ,v,}and F' = {wy, - - - ,w, } are two ordered basis for

V. E and F giverise to the dual basis E* = {v!,--- ,v"}and F* = {w!, .- ,w"} for V* respectively.

If [T]% = [\] is the matrix representation of coordinate transformation from E to I, i.e.
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w1 )\% )\% . /\? U1
Wy, A2 Ay,

What is the matrix of coordinate transformation from E* to F'*?
We can write w’/ € F* as a linear combination of basis elements in E*:

w = ot 4o pdo”

We get a matrix representation [S]%. = [;:/] as the following:

pro pt
{wl wn} — |:U1 Un}
[y e

We know that w; = A\ vy + - - - + A'v,,. Evaluating this functional at w; € V we get:

w(w;) = vt (wi) + - + pho™ (w;) = 6]

w (w;) = ot Aoy + 4+ XNtvg) 4 - o™ (Ao + -+ Aoy) = 6
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w(w) = g + -+ A =3 A = 6]

k=1

But Z 1, )\"“' is the (7, 7) entry of the matrix product TS. Therefore TS = I, and S = T~

Ifwe Wa nt to write down the transformation from E* to F™* as column vectors instead of row vector and
name the new matrix that represents this transformation as U, we observe that U = S* and therefore
U= (T

Therefore if T represents the transformation from E to F’ by the equation w = Tv, then w* = Uv*.

Bilinear Forms

Letey, ..., e, and ey, ..., e, be two basis in a linear vector space V. Let’s denote by S the transition
matrix for passing from the first basis to the second one. Denote T = S~!. From 9.3 we easily derive
the formula relating the components of a bilinear form f(v, w) these two basis. For this purpose it is
sufficient to substitute the expression for a change of basis into the formula 9.3 and use the bilinearity
of the form f(v, w):

fi; = f(e;, e)) ZZ quek,eq ZZ qukq
k=1q=1 k=1q=1

The reverse formula expressing fkq through f;; is derived similarly:
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Fi = SN TR franfrog = D0 S5 S0 £ (9.13)

k=1q=1 i=1 j=1

In matrix form these relationships are written as follows:
F=T'FTF=S8"FS. (9.14)

Here ST and T7 are two matrices obtained from S and T by transposition.

9.6. Symmetry properties of tensors

Symmetry properties involve the behavior of a tensor under the interchange of two or more arguments.
Of course to even consider the value of a tensor after the permutation of some of its arguments, the
arguments must be of the same type, i.e., covectors have to go in covector arguments and vectors in
vectors arguments and no other combinations are allowed.

The simplest case to consider are tensors with only 2 arguments of the same type. For vector argu-
ments we have (0, 2)-tensors. For such a tensor T introduce the following terminology:

TY,X)=T(X,Y), Tis symmetricin X and Y,
TY, X)=-T(X,Y), T is antisymmetric or “ alternating” in X and Y.
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Letting (X,Y') = (e;, ;) and using the definition of components, we get a corresponding condition on
the components

T; =T, T is symmetric in the index pair (7, j),
Tji =

—Ti; T is antisymmetric (alternating) in the index pair (4, 7).

For an antisymmetric tensor, the last condition immediately implies that no index can be repeated with-
out the corresponding component being zero

Ty =Ty — T =0.
Any (0, 2)-tensor can be decomposed into symmetric and antisymmetric parts by defining

[SYM(T)](X,Y) = ;[T(X, Y)+T(Y, X)], (“the symmetric part of T”),
[ALT(T](X,Y) = ;[T(X, Y)-T(Y, X)), (“the antisymmetric part of T”),

T = SYM(T) + ALT(T).

The last equality holds since evaluating it on the pair (X, Y’) immediately leads to an identity. [Check.]
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Again letting (X,Y) = (e;, ;) leads to corresponding component formulas

1
SYM(T)];; = 5(Tij +Tj) = Ty (n(n + 1)/2 independent components),
1
[ALT(T)];; = i(Ti- —T;) = Ty (n(n — 1)/2 independent components),
Tij = Tiaj) + Tiig) » (n? = n(n+1)/2 4+ n(n — 1)/2 independent components).

Round brackets around a pair of indices denote the symmetrization operation, while square brack-
ets denote antisymmetrization. This is a very convenient shorthand. All of this can be repeated for (3)-
tensors and just reflects what we already know about the symmetric and antisymmetric parts of matri-
ces.

9.7. Forms

9.7. Motivation
Oriented area and Volume We define the oriented area function A(a, b) by
A(a,b) = +|a]| - |b| - sina,

where the sign is chosen positive when the angle « is measured from the vector a to the vector b in the
counterclockwise direction, and negative otherwise.
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Statement: The oriented area A(a, b) of a parallelogram spanned by the vectors a and b in the two-
dimensional Euclidean space is an antisymmetric and bilinear function of the vectors a and b:

A(a,b) = —A(b,a),
A(Ma,b) = A A(a,b),
A(a,b+c) = A(a,b) + A(a,c). (the sum law)

The ordinary (unoriented) area is then obtained as the absolute value of the oriented area, Ar(a,b) =
‘A(a, b) ’ It turns out that the oriented area, due to its strict linearity properties, is a much more conve-
nient and powerful construction than the unoriented area.

497 [Theorem
Let a, b, c, be linearly independent vectors in R3. The signed volume of the parallelepiped spanned by
themis (a X b)«c.

Statement: The oriented volume V'(a, b, ¢) of a parallelepiped spanned by the vectors a, b and c in
the three-dimensional Euclidean space is an antisymmetric and trilinear function of the vectors a, b and
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PSfrag replacements

b+ aa

Figure 9.1. The area of the parallelogram 0ACB
spanned by a and b is equal to the area of the par-
allelogram 0ADFE spanned by a and b + aa due
to the equality of areas AC'D and 0BE.
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C:
V(a,b,c) = =V (b,a,c),
V(Aa,b,c) = AV(a,b,c),
V(a,b+d,c)=V(a,b)+ V(a,d,c). (the sum law)

9.7. Exterior product

In three dimensions, an oriented area is represented by the cross product a x b, which is indeed an
antisymmetric and bilinear product. So we expect that the oriented area in higher dimensions can be
represented by some kind of new antisymmetric product of a and b; let us denote this product (to be
defined below) by a A b, pronounced “a wedge b.” The value of a A b will be a vector in a new vector
space. We will also construct this new space explicitly.

Definition of exterior product We will construct an antisymmetric product using the tensor product
space.

498 | Definition
Given a vector space V, we define a new vector space VAV called the exterior product (or antisymmetric
tensor product, or alternating product, or wedge product) of two copies of V. The space V' A V is the
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subspace in V' ® V consisting of all antisymmetric tensors, i.e. tensors of the form
ViQVa—Va®vVvy, Vig€lV,

and all linear combinations of such tensors. The exterior product of two vectors v, and v, is the expression
shown above; it is obviously an antisymmetric and bilinear function of vi and vs.

For example, here is one particular element from V' A V, which we write in two different ways using
the properties of the tensor product:

(u+v)@(v+w)—(V+w)®(u+v)=u®v—-vQRu
FURQW—-—WRUF+FVIW—WwWRVEVAV. (9.15)

Remark: Atensorv; ® vo € V ® V is not equal to the tensor vy ® vy if v # v

It is quite cumbersome to perform calculations in the tensor product notation as we did in Eq. (9.15).
So let us write the exterior product as u A v instead of u ® v — v ® u. Itis then straightforward to see
that the “wedge” symbol A indeed works like an anti-commutative multiplication, as we intended. The
rules of computation are summarized in the following statement.
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Statement 1: One maysavetimeandwritteu®@ v—-—v®u =uAv € V AV, and the result of any
calculation will be correct, as long as one follows the rules:

uAv=—-vAu, (9.16)
Au)Av=A(uAv), (9.17)
(U+V)AX=uAxX+VAX. (9.18)

It follows also that u A (Av) = A(uAv)andthatv A v = 0. (These identities hold for any vectors
u,v € V and any scalars A € K.)

Proof: These properties are direct consequences of the properties of the tensor product when ap-
plied to antisymmetric tensors. For example, the calculation (9.15) now requires a simple expansion of
brackets,

(W+V)A(V+W)=UuAV+UAWF+VAW.

Here we removed the term v A v which vanishes due to the antisymmetry of A. Details left as exercise.ll
Elements of the space V AV, suchasaAb-+cAd, are sometimes called bivectors.' We will also want
to define the exterior product of more than two vectors. To define the exterior product of three vectors,

'Itisimportant to note that a bivector is not necessarily expressible as a single-term product of two vectors; see the Exercise
at the end of Sec. ?2.
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we consider the subspace of V' ® V' ® V that consists of antisymmetric tensors of the form

ab®c—bRa®kc+crkalkb—-—clkb®a
+bcRRa—a®c®b (9.19)

and linear combinations of such tensors. These tensors are called totally antisymmetric because they
can be viewed as (tensor-valued) functions of the vectors a, b, c that change sign under exchange of any
two vectors. The expression in Eq. (9.19) will be denoted for brevity by a A b A ¢, similarly to the exterior
product of two vectors,a ® b — b ® a, which is denoted for brevity by a A b. Here is a general definition.

Definition 2: The exterior product of £ copies of V' (also called the k-th exterior power of V) is de-
noted by AFV and is defined as the subspace of totally antisymmetric tensors within V @ ... ® V. In the
concise notation, this is the space spanned by expressions of the form

ViAVe AL AVE VeV,

assuming that the properties of the wedge product (linearity and antisymmetry) hold as given by State-
ment 1. For instance,
UAVIA L AVE= (=D ViA L AVviAU (9.20)

(“pulling a vector through k other vectors changes sign k times”). |
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The previously defined space of bivectors is in this notation V' A V = A2V. A natural extension of this
notation is AV = Kand A'V = V. I will also use the following “wedge product” notation,

n
/\ Ve =V AVa A LAV,
k=1

Tensors from the space A"V are also called n-vectors or antisymmetric tensors of rank n.
Question: How to compute expressions containing multiple products suchasa A b A ¢?

Answer: Apply the rules shown in Statement 1. For example, one can permute adjacent vectors and
change sign,
aAbAc=—-bAaAc=DbAcAa,

one can expand brackets,
aN(x+4y)Ab=aAxAb+4aAyAb,

and so on. If the vectors a, b, c are given as linear combinations of some basis vectors {ej}, we can thus
reduce a A b A c to a linear combination of exterior products of basis vectors, such ase; A e; A e,
e1 N\ ey A\ ey, etc.
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1 1
5, —2),b = (2, —2, O),C = (—2, 5, _3)
Let us compute various exterior products. Calculations are easier if we introduce the basis {e, e;, e3}

Example1: Suppose we workin R? and have vectorsa = <O,

explicitly:
1
a—= 5(62_83), b:2<e1_e2)7 C = _2el+562_363.

We compute the 2-vector a A b by using the properties of the exterior product, such asx A x = 0 and
x Ay = —y A X, and simply expanding the brackets as usual in algebra:

1
a/\b:§(eg—e3)/\2(e1—e2)
= (82—63)/\(61—82)
:egAel—egAel—eg/\e2+eg/\e2

=—e;  Ney+ e Neg—ey Aes.

The last expression is the result; note that now there is nothing more to compute or to simplify. The
expressions such as e; A e, are the basic expressions out of which the space R? A R? is built.
Let us also compute the 3-vectora A b A c,

aAbAc=(aAb)Ac
= (—el/\92+el/\93—82/\63>/\<—2€1+582 —363>.
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When we expand the brackets here, terms such as e; A e; A e; will vanish because
el/\eg/\el = —82/\61/\81 :0,
so only terms containing all different vectors need to be kept, and we find

aAbAc=3e; ANes Aes+bHe; Aes Aey+ 2e; Aes Aep
:(3—5+2)e1/\eg/\e3:0.

We note that all the terms are proportional to the 3-vector e; A e; A es, so only the coefficient in front of
e; A ey A e3 was needed; then, by coincidence, that coefficient turned out to be zero. So the result is the
zero 3-vector. [ |

Remark: Origin of the name “exterior.” The construction of the exterior product is a modern formu-
lation of the ideas dating back to H. Grassmann (1844). A 2-vector a A b is interpreted geometrically as
the oriented area of the parallelogram spanned by the vectors a and b. Similarly, a 3-vectora A b A c
represents the oriented 3-volume of a parallelepiped spanned by {a, b, c}. Due to the antisymmetry of
the exterior product, we have (aAb) A(aAc) =0,(aAbAc)A(bAd)=0,etc. We can interpret
this geometrically by saying that the “product” of two volumes is zero if these volumes have a vector in
common. This motivated Grassmann to call his antisymmetric product “exterior.” In his reasoning, the
product of two “extensive quantities” (such as lines, areas, or volumes) is nonzero only when each of the
two quantities is geometrically “to the exterior” (outside) of the other.
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Exercise 2: Show that in a two-dimensional space V, any 3-vector such asa A b A ¢ can be simplified
to the zero 3-vector. Prove the same for n-vectors in N-dimensional spaces whenn > . [ |

One can also consider the exterior powers of the dual space V*. Tensors from A"V* are usually (for
historical reasons) called n-forms (rather than “n-covectors”).

Definition 3: The action of a k-form f; A ... A £} on a k-vector vi A ... A vy is defined by

S (=D (Vo)) £ (Vo).

g

where the summation is performed over all permutations o of the ordered set (1, ..., k).

Example 2: With k£ = 3 we have

(P"ANq"Ar*)(aAbAc)
p*(a)q’(b)r*(c) — p*(b)a"(a)r’(c)
p*(b)q*(c)r’(a) — p*(c
p*(c)q"(a)r’(b) — p*(c

Exercise3: a)ShowthataAbAw = wAaAbwherewisanyantisymmetrictensor (e.g.w = xAyAz).
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b) Show that
wiANaAws AbAws=—wi AbAws Aa A ws,

where wy, ws, w3 are arbitrary antisymmetric tensors and a, b are vectors.
c) Due to antisymmetry,a A a = 0 for any vectora € V. Isit also true that w A w = 0 for any bivector
wE N V?

9.7. Forms

We will now consider integration in several variables. In order to smooth our discussion, we need to
consider the concept of differential forms.

499 | Definition
Consider n variables

T1,T2y...,Tp



in n-dimensional space (used as the names of the axes), and let

Cblj

azj

anj

be k < n vectors in R". Moreover, let {j1, ja, . . .

elementary k-differential form (k > 1) acting on the vectors a;, 1 < j < k is defined and denoted by

dl‘jl /\dZI}j2 VANCIRIVAY dxjk(al,ag, 000

In other words, dzj, A dxzj, A -+ Adzj (ar,as, ...

eR", 1<j<k,

,Jkt € {1,2,...,n} be acollection of k sub-indices. An

,ag) = det

volume of a k-parallelotope in R™ spanned by a, a,, . . . , a;.

ajy1

aj21

jp1

,ay) is the z;,z;, . .

Q5,2

Clj22

j.2

.z, component of the signed k-

9.7. Forms

Qj1k

Qjok

sk

By virtue of being a determinant, the wedge product A of differential forms has the following
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properties
O anti-commutativity: da A db = —db A da.
® linearity: d(a + b) = da + db.
©® scalar homogeneity: if A € R, then d\a = \da.
o

associativity: (da A db) Adc = da A (db A dc).?

Anti-commutativity yields

da A da = 0.
500 Example
Consider
1
a=|0| eR>
-1
Then

dz(a) = det(1) =1,

2Notice that associativity does not hold for the wedge product of vectors.
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dy(a) = det(0) = 0,
dz(a) = det(—1) = —1,
are the (signed) 1-volumes (that is, the length) of the projections of a onto the coordinate axes.

501 Example

In R? we have dz A dy A dx = 0, since we have a repeated variable.

502 Example
In R? we have

dx ANdz +5dz Adx +4dx Ady — dy Adz + 12dx A dx = —4dx A dz + bdx A dy.

In order to avoid redundancy we will make the convention that if a sum of two or more terms
have the same differential form up to permutation of the variables, we will simplify the sum-
mands and express the other differential forms in terms of the one differential form whose
indices appear in increasing order.

9.7. Hodge star operator






Tensors in Coordinates

”The introduction of numbers as coordinates is an act of violence.”
Hermann Weyl.

10.1. Index notation for tensors

So far we have used a coordinate-free formalism to define and describe tensors. However, in many cal-
culations a basis in V' is fixed, and one needs to compute the components of tensors in that basis. In this
cases the index notation makes such calculations easier.
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Suppose a basis {ey, ..., e, } in V is fixed; then the dual basis {ek} is also fixed. Any vectorv € V'is

decomposed asv = > v*e;, and any covector as f* = Y fi.e".
k k

Any tensor from V' ® V' is decomposed as

A:ZAjkej@)ekGV@V

Jk

and so on. The action of a covector on a vector is f* (v) = Z fruk, and the action of an operator on a
k
vector is Z Ajrvre;. However, it is cumbersome to keep writing these sums. In the index notation, one
J.k
writes only the components v, or A;;, of vectors and tensors.

503 | Definition
GivenT € T(V):
T=3% - 3 Tre ge ge,., - 8,
Ji=1 Jr4+s=1

The index notation of this tensor is

jr+1 "'jr+s
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10.1. Definition of index notation

The rules for expressing tensors in the index notations are as follows:

[d Basis vectors e and basis tensors (e.g. e, ® €]) are never written explicitly. (Itis assumed that the
basis is fixed and known.)

O Instead of a vector v € V, one writes its array of components v* with the superscript index. Cov-
ectors f* € V* are written f; with the subscript index. The index k runs over integers from 1 to V.
Components of vectors and tensors may be thought of as numbers.

[d Tensors are written as multidimensional arrays of components with superscript or subscript in-
dices as necessary, for example Aj; € V* @ V*orBi™ € V @ V ® V*. Thus e.g. the Kronecker
delta symbol is written as 5i when it represents the identity operator 1y .

(d Tensorswith subscriptindices, like A;;, are called covariant, while tensors with superscript indices,
like A¥, are called contravariant. Tensors with both types of indices, like Al"", are called mixed

type.

(A Subscript indices, rather than subscripted tensors, are also dubbed “covariant” and superscript
indices are dubbed “contravariant”.



10. Tensors in Coordinates

[d For tensor invariance, a pair of dummy indices should in general be complementary in their vari-
ance type, i.e. one covariant and the other contravariant.

[ Asindicated earlier, tensor order is equal to the number of its indices while tensor rank is equal to
the number of its free indices; hence vectors (terms, expressions and equalities) are represented
by a single free index and rank-2 tensors are represented by two free indices. The dimension of a
tensor is determined by the range taken by its indices.

[ The choice of indices must be consistent; each index corresponds to a particular copy of V or V*.
Thus itis wrong to write v; = uy, or v; +u' = 0. Correct equations are v; = u;j and v’ +u’ = 0. This
disallows meaningless expressions such as v* + u (one cannot add vectors from different spaces).

(1 Sums over indices such as Z arby are not written explicitly, the Z symbol is omitted, and the
k=1
Einstein summation convention is used instead: Summation over all values of an index is always

implied when that index letter appears once as a subscript and once as a superscript. In this case

the letter is called a dummy (or mute) index. Thus one writes f,v" instead of > fiv;, and Alvk
k
instead of >~ Ajjvy.
k

( Summation is allowed only over one subscript and one superscript but never over two subscripts
or two superscripts and never over three or more coincident indices. This corresponds to requiring
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that we are only allowed to compute the canonical pairing of VV and V* but no other pairing. The
expression v*v* is not allowed because there is no canonical pairing of V and V/, so, for instance,

n
the sum Z v*v* depends on the choice of the basis. For the same reason (dependence on the
k=1
basis), expressions such as u'v"w" or A;B" are not allowed. Correct expressions are u;v'wy and

A;.B.

One needs to pay close attention to the choice and the position of the letters such as j, k, [,... used
asindices. Indices that are not repeated are free indices. The rank of a tensor expression is equal
to the number of free subscript and superscript indices. Thus Aiv’“ isarank 1 tensor (i.e. a vector)
because the expression Aiv’c has a single free index, j, and a summation over k is implied.

The tensor product symbol ® is never written. For example, if v @ £ = Y v;fre; ® €*, one
ik
writes v f; to represent the tensor v ® f*. The index letters in the expression v]’“fj are intentionally
chosen to be different (in this case, k& and j) so that no summation would be implied. In other
words, a tensor product is written simply as a product of components, and the index letters are
chosen appropriately. Then one can interpret v* f; as simply the product of numbers. In particular,
it makes no difference whether one writes f;0* or v* f;. The position of the indices (rather than the
ordering of vectors) shows in every case how the tensor product is formed. Note that it is not

possible to distinguish V' ® V* from VV* ® V in the index notation.
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Example

It follows from the definition of 6% that §;v/ = v*. This is the index representation of the identity transfor-
mation 1v = v.

Example

Suppose w, x, y, and z are vectors from V whose components are w', z', ', z*. What are the components
ofthetensorw @ x +2y @z €V V?

Solution: » wiz"* + 2y'2*. (We need to choose another letter for the second free index, &k, which corre-
sponds to the second copyof VinV @ V.) «

Example
The operator A = 1y, + A\v®@u* € V @ V* acts on a vectorx € V. Calculate the resulting vectory = Ax.
In the index-free notation, the calculation is

y = Ax = (iv—l—)\V@u*)X:x—i—)\u* (x) v.
In the index notation, the calculation looks like this:
Yk = ((5f + )\vkuj) =2k 4 )\'Ukujxj.

In this formula, j is a dummy index and k is a free index. We could have also written Axv*u; instead of
MvPu;ad since the ordering of components makes no difference in the index notation.
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507 Example
In a physics book you find the following formula,

1
H;jl/ = 5 (hﬁuu + h/BVM - hM”ﬁ) gaﬁ

To what spaces do the tensors H, g, h belong (assuming these quantities represent tensors)? Rewrite this
formula in the coordinate-free notation.

Solution: » He V@ V'V heV*@V*®@V* geV ®V.Assuming the simplest case,
h:hi®h;®h§7 g:g1®g27

the coordinate-free formula is
1

H = 581 ® (hik (g2) h5 ® hi + hj (g2) h; ® h; — h;(g:) h ® hz) :

10.1. Advantages and disadvantages of index notation

Index notation is conceptually easier than the index-free notation because one can imagine manipulat-
ing “merely” some tables of numbers, rather than “abstract vectors.” In other words, we are working with
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less abstract objects. The price is that we obscure the geometric interpretation of what we are doing, and
proofs of general theorems become more difficult to understand.

The main advantage of the index notation is that it makes computations with complicated tensors
quicker.

Some disadvantages of the index notation are:

[ If the basis is changed, all components need to be recomputed. In textbooks that use the index
notation, quite some time is spent studying the transformation laws of tensor components under
a change of basis. If different basis are used simultaneously, confusion may result.

1 The geometrical meaning of many calculations appears hidden behind a mass of indices. It is
sometimes unclear whether a long expression with indices can be simplified and how to proceed
with calculations.

Despite these disadvantages, the index notation enables one to perform practical calculations with
high-rank tensor spaces, such as those required in field theory and in general relativity. For this reason,
and also for historical reasons (Einstein used the index notation when developing the theory of relativity),
most physics textbooks use the index notation. In some cases, calculations can be performed equally
quickly usingindex and index-free notations. In other cases, especially when deriving general properties
of tensors, the index-free notation is superior.
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10.2. Tensor Revisited: Change of Coordinate

Vectors, covectors, linear operators, and bilinear forms are examples of tensors. They are multilinear
maps that are represented numerically when some basis in the space is chosen.

This numeric representation is specific to each of them: vectors and covectors are represented by
one-dimensional arrays, linear operators and quadratic forms are represented by two-dimensional ar-
rays. Apart from the number of indices, their position does matter. The coordinates of a vector are nu-
merated by one upper index, which is called the contravariant index. The coordinates of a covector are
numerated by one lower index, which is called the covariant index. In a matrix of bilinear form we use
two lower indices; therefore bilinear forms are called twice-covariant tensors. Linear operators are ten-
sors of mixed type; their components are numerated by one upper and one lower index. The number
of indices and their positions determine the transformation rules, i ethe way the components of each
particular tensor behave under a change of basis. In the general case, any tensor is represented by a
multidimensional array with a definite number of upper indices and a definite number of lower indices.
Let’s denote these numbers by r and s. Then we have a tensor of the type (7, s), or sometimes the term
valency is used. A tensor of type (r, s), or of valency (r, s) is called an r-times contravariant and an
s-times covariant tensor. This is terminology; now let’s proceed to the exact definition. It is based on
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the following general transformation formulas:

Xit

J1-- ]s

X

J1-- .7,5

i Tk1 ks yh1
= Z ZS S T T30 Xy
hi,....,h
klv"~7ks
n n
— 11 i kl k‘s hl
Z. . Z Ty oo TS5 Sjs Xk,
h17~--7hr
k17~~~7ks

e (10.1)
e (10.2)

transformation rules

ety
Xj1--- j

)"ii; ol

A (r + s)-dimensional array X

ir Tk1 ks whi...
= Z ZS Sy Ty T30 Xy
h17
kl: ks
n n
J— il ’ir k?l ks hl...
= ) T TS SEX
h17~~-7hr
kl?"'vks

Definition (Tensor Definition in Coordinate)

3?5 of real numbers and such that the components of this array obey the

- (10.3)
o (10.4)

under a change of basis is called tensor of type (r, s), or of valency (r, s).

Formula 10.4 is derived from 10.3, so it is sufficient to remember only one of them. Let it be the formula

10.3. Though huge, formula 10.3 is easy to remember.
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Indices iy, ..., i, and ji, ..., js are free indices. In right hand side of the equality 10.3 they are dis-
tributedin S-sandT-s, each havingonly one entry and each keepingits position, ieupperindicesi, ..., i,
remain upper and lower indices ji, ..., j, remain lower in right hand side of the equality 10.3.

Otherindices hy, ..., h.and kq, ..., ks are summation indices; they enter the right hand side of 10.3
pairwise: once as an upper index and once as a lower index, once in S-s or T'-s and once in components
of array X1 /.

When expressing X" through )?Zi;;;,i‘; each upper index is served by direct transition matrix S and

J1---Js
produces one summation in 10.3:

Xl =3 S e (10.5)

In a similar way, each lower index is served by inverse transition matrix 7" and also produces one sum-
mation in formula 10.3:

X = ZZZZI L TR X (10.6)
Formulas 10.5 and 10.6 are the same as 10.3 and used to highlight how 10.3 is written. So tensors are
defined. Further we shall consider more examples showing that many well-known objects undergo the
definition 12.1.

509 Example

Verify that formulas for change of basis of vectors, covectors, linear transformation and bilinear forms are
special cases of formula 10.3. What are the valencies of vectors, covectors, linear operators, and bilinear
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forms when they are considered as tensors.

Example
The &/ is a tensor.

Solution: »
5 = A(A7iof = AATF = 4]

<

Example
The €;;1, is a pseudo-tensor.

Example

Let a;; be the matrix of some bilinear form a. Let’s denote by b*) components of inverse matrix for a;;. Prove
that matrix b under a change of basis transforms like matrix of twice-contravariant tensor. Hence it de-
termines tensor b of valency (2,0). Tensor b is called a dual bilinear form for a.

Rank

The order of a tensor is identified by the number of its indices (e.g. A§k is a tensor of order 3) which
normally identifies the tensor rank as well. However, when contraction (see S 10.3.4) takes place once or
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more, the order of the tensor is not affected butits rank is reduced by two for each contraction operation.’

m “Zero tensor” is a tensor whose all components are zero.

m “Unit tensor” or “unity tensor”, which is usually defined for rank-2 tensors, is a tensor whose all
elements are zero except the ones with identical values of all indices which are assigned the value
1.

m While tensors of rank-0 are generally represented in a common form of light face non-indexed sym-
bols, tensors of rank > 1 are represented in several forms and notations, the main ones are the
index-free notation, which may also be called direct or symbolic or Gibbs notation, and the indicial
notation which is also called index or component or tensor notation. The first is a geometrically
oriented notation with no reference to a particular reference frame and hence it is intrinsically in-
variant to the choice of coordinate systems, whereas the second takes an algebraic form based on
components identified by indices and hence the notation is suggestive of an underlying coordinate
system, although being a tensor makes it form-invariant under certain coordinate transformations

'In the literature of tensor calculus, rank and order of tensors are generally used interchangeably; however some authors
differentiate between the two as they assign order to the total number of indices, including repetitive indices, while they
keep rank to the number of free indices. We think the latter is better and hence we follow this convention in the present
text.
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and therefore it possesses certain invariant properties. The index-free notation is usually identi-
fied by using bold face symbols, like a and B, while the indicial notation is identified by using light
face indexed symbols such as o’ and B;;.

10.2. Examples of Tensors of Different Ranks

d Examples of rank-0 tensors (scalars) are energy, mass, temperature, volume and density. These
are totally identified by a single number regardless of any coordinate system and hence they are
invariant under coordinate transformations.

(1 Examples of rank-1 tensors (vectors) are displacement, force, electric field, velocity and accelera-
tion. These need for their complete identification a number, representing their magnitude, and
a direction representing their geometric orientation within their space. Alternatively, they can
be uniquely identified by a set of numbers, equal to the number of dimensions of the underly-
ing space, in reference to a particular coordinate system and hence this identification is system-
dependent although they still have system-invariant properties such as length.

[ Examples of rank-2 tensors are Kronecker delta (see S 10.4.1), stress, strain, rate of strain and inertia
tensors. These require for their full identification a set of numbers each of which is associated with
two directions.
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[ Examples of rank-3 tensors are the Levi-Civita tensor (see S 10.4.2) and the tensor of piezoelectric
moduli.

1 Examples of rank-4 tensors are the elasticity or stiffness tensor, the compliance tensor and the
fourth-order moment of inertia tensor.

[d Tensors of high ranks are relatively rare in science.

10.3. Tensor Operations in Coordinates

There are many operations that can be performed on tensors to produce other tensors in general. Some
examples of these operations are addition/subtraction, multiplication by a scalar (rank-0 tensor), multi-
plication of tensors (each of rank > 0), contraction and permutation. Some of these operations, such as
addition and multiplication, involve more than one tensor while others are performed on a single tensor,
such as contraction and permutation.

In tensor algebra, division is allowed only for scalars, hence if the components of an indexed tensor

should appear in a denominator, the tensor should be redefined to avoid this, e.g. B, = —

)
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Addition and Subtraction

Tensors of the same rank and type can be added algebraically to produce a tensor of the same rank and

type, e.g.
a=>b+c (10.7)
A =B, —C (10.8)
A, =B+ C} (10.9)
Definition

XiAl"'i?” _I_Yzl’tr — Z’L1ZT

Given two tensors Yit ' and Zi " of the same type then we define their sum as

J1---Js J1---Js J1---Js"

Theorem
Given two tensors Yi: ' and Zi " of type (r, s) then their sum

Zi.l'”i?” — Xllzr +Y’L1ZT

is also a tensor of type (r, s).

J1-- Js J1--- Js JieJs®
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Proof.
i1 - i ir Tk ks SR h
11-ea U 21 r 1 s 1... Ny
X35 = Z : Z o Sy T K el
h17~~-7h'r
klv"'vk.s
n - k hi..h
01y i1 ir Tk1 ks yyhi... hr
Yilh = Z : 'Zshl Sy T T Y
h17~~-7h'r
klv"'vks
Then
n n
S T i1 ir Tk1 ks vhi... hy
Zpn = Sy ST TR X
h17~~7h7‘
klv-"vks
- - k hi..h
11 ir Thk1 ks yhi... hr
+Z...Z hl . .. ShTle . .. T]‘5 Ykl...ks
h17'~7hr
kl’“'uks
- - k hi..h hi..h
i1 0 51 ir Tk1 ks (yhi...hr vhi... hr
Z5 g =2 S STy Ty (Xkl...ks +Yk1...ks)
R, hor
ki, ks
| |
Addition of tensors is associative and commutative:
(A+B)+C=A+(B+C) (10.10)

A+B=B+A (10.11)
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10.3. Multiplication by Scalar

A tensor can be multiplied by a scalar, which generally should not be zero, to produce a tensor of the
same variance type and rank, e.g.
Al = aBl, (10.12)

where q is a non-zero scalar.

515 | Definition

Given X' r a tensor of type (r, s) and « a scalar we define the multiplication of X} by v as:

TR i1y
le...js = Oéle...js-

516 |Theorem

Given X" a tensor of type (r, s) and v a scalar then

I R
Yol =X

is also a tensor of type (r, s)

The proof of this Theorem is very similar to the proof of the Theorem 514 and the proof is left as an
exercise to the reader.
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As indicated above, multiplying a tensor by a scalar means multiplying each component of the tensor
by that scalar.
Multiplication by a scalar is commutative, and associative when more than two factors are involved.

Tensor Product

This may also be called outer or exterior or direct or dyadic multiplication, although some of these names
may be reserved for operations on vectors.
The tensor product is defined by a more tricky formula. Suppose we have tensor X of type (r, s) and

tensorY of type (p, ¢), then we can write:

Zil-nir-!—p _ Xi1...ir 7;7'+1-~~7;7’+p
JieJs+q T J1e-Js Js+1--Jstq”

Formula 10.3.3 produces new tensor Z of the type (r + p, s + q). It is called the tensor product of X and
Yand denotedZ = X®Y.

517 Example

A¥By, = CY, (10.14)
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Direct multiplication of tensors is not commutative.

518 Example (Outer Product of Vectors)

The outer product of two vectors is equivalent to a matrix multiplication uv?, provided that u is represented

as a column vector and v as a column vector. And so v' is a row vector.

Uy

T u2
uxxv=uv =

us

Uy

In index notation:

The outer product operation is distributive with respect to the algebraic sum of tensors:

AB+C)=AB+AC & (B+C)A=BA+CA

{Ul V2 Us} =

7.
(uv');; = uv;

U101

U2V

U3

U471

U1V9

U2V2

U3Vg

U4V2

U103

U2V3

U3vs

U4V3

(10.15)

(10.16)

Multiplication of a tensor by a scalar (refer to S 10.3.2) may be regarded as a special case of direct

multiplication.
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The rank-2 tensor constructed as a result of the direct multiplication of two vectors is commonly called
dyad.

Tensors may be expressed as an outer product of vectors where the rank of the resultant product is
equal to the number of the vectors involved (e.g. 2 for dyads and 3 for triads).

Not every tensor can be synthesized as a product of lower rank tensors.

Contraction

Contraction of a tensor of rank > 1 is to make two free indices identical, by unifying their symbols, and
perform summation over these repeated indices, e.g.

Al contraction ~ A; (10.17)
AJf contraction on ji ATk (10.18)

Contraction results in a reduction of the rank by 2 since it implies the annihilation of two free indices.
Therefore, the contraction of a rank-2 tensor is a scalar, the contraction of a rank-3 tensor is a vector, the
contraction of a rank-4 tensor is a rank-2 tensor, and so on.

For non-Cartesian coordinate systems, the pair of contracted indices should be different in their vari-
ance type, i.e. one upper and one lower. Hence, contraction of a mixed tensor of type (m, n) will, in
general, produce a tensor of type (m — 1,n — 1).
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A tensor of type (p, ¢) can have p x ¢ possible contractions, i.e. one contraction for each pair of lower
and upper indices.

Example (Trace)
In matrix algebra, taking the trace (summing the diagonal elements) can also be considered as contraction
of the matrix, which under certain conditions can represent a rank-2 tensor, and hence it yields the trace
which is a scalar.

Inner Product

On taking the outer product of two tensors of rank > 1 followed by a contraction on two indices of the
product, an inner product of the two tensors is formed. Hence if one of the original tensors is of rank-m
and the other is of rank-n, the inner product will be of rank-(m + n — 2).

The inner product operation is usually symbolized by a single dot between the two tensors, e.g. A - B,
to indicate contraction following outer multiplication.

In general, the inner product is not commutative. When one or both of the tensors involved in the
inner product are of rank > 1 the order of the multiplicands does matter.

The inner product operation is distributive with respect to the algebraic sum of tensors:

A-B£C)=A B+A - C & (B+C)-A=B-A+C-A (10.19)
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520 Example (Dot Product)

521

10-3.

Acommon example of contraction is the dot product operation on vectors which can be regarded as a direct
multiplication (refer to S 10.3.3) of the two vectors, which results in a rank-2 tensor, followed by a contrac-
tion.

Example (Matrix acting on vectors)
Another common example (from linear algebra) of inner product is the multiplication of a matrix (repre-
senting a rank-2 tensor) by a vector (rank-1 tensor) to produce a vector, e.g.

[Ab]i;C = A;bF  contraction on jk. [A-b], = Ayl (10.20)

The multiplication of two n x n matrices is another example of inner product (see Eq. 2?).

For tensors whose outer product produces a tensor of rank > 2, various contraction operations be-
tween different sets of indices can occur and hence more than one inner product, which are different in
general, can be defined. Moreover, when the outer product produces a tensor of rank > 3 more than one
contraction can take place simultaneously.

Permutation

A tensor may be obtained by exchanging the indices of another tensor, e.g. transposition of rank-2 ten-
sors.
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Obviously, tensor permutation applies only to tensors of rank > 2.
The collection of tensors obtained by permuting the indices of a basic tensor may be called isomers.

Kronecker and Levi-Civita Tensors

These tensors are of particular importance in tensor calculus due to their distinctive properties and
unique transformation attributes. They are numerical tensors with fixed components in all coordinate
systems. The first is called Kronecker delta or unit tensor, while the second is called Levi-Civita

The ¢ and € tensors are conserved under coordinate transformations and hence they are the same for
all systems of coordinate.?

Kronecker §

This is a rank-2 symmetric tensor in all dimensions, i.e.
0ij = Oji (4, =1,2,...,n) (10.21)

Similar identities apply to the contravariant and mixed types of this tensor.

2For the permutation tensor, the statement applies to proper coordinate transformations.
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Itis invariant in all coordinate systems, and hence it is an isotropic tensor.
Itis defined as:

5y = L (i=1) (10.22)

0 (i # 7)

and hence it can be considered as the identity matrix, e.g. for 3D

011 012 013 1 00
[50'] =021 022 O3 | =0 1 0 (10.23)
031 032 033 0 01

Covariant, contravariant and mixed type of this tensor are the same, that is

& =6] =67 =0 (10.24)

10.4. Permutation ¢

Thisis anisotropic tensor. It has a rank equal to the number of dimensions; hence, a rank-n permutation
tensor has n™ components.

3In fact it is more general than isotropic as it is invariant even under improper coordinate transformations.
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It is totally anti-symmetric in each pair of its indices, i.e. it changes sign on swapping any two of its
indices, that is

€itoipeipenin = TCi1ifeigin (10.25)

The reason is that any exchange of two indices requires an even/odd number of single-step shifts to the
right of the first index plus an odd/even number of single-step shifts to the left of the second index, so
the total number of shifts is odd and hence it is an odd permutation of the original arrangement.

It is a pseudo tensor since it acquires a minus sign under improper orthogonal transformation of co-
ordinates (inversion of axes with possible superposition of rotation).

Definition of rank-2 € (¢;;):

€12 = 1, €21 = -1 & €11 = €929 = 0 (1026)
Definition of rank-3 € (€;x):
1 (1, 7, k is even permutation of 1,2,3)
€ijk = 4 —1 (1, j, k is odd permutation of 1,2,3) (10.27)
0 (repeated index)

The definition of rank-n € (¢;,4,..;,) is similar to the definition of rank-3 € considering index repetition
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and even or odd permutations of its indices (i1, is, - - - ,7,) corresponding to (1,2, -- ,n), thatis
1 (i1, 42, . .., in) is even permutation of (1,2, ..., n)]
€irig.in = § —1 (i1, 42, ... ,i,) is odd permutation of (1,2, ..., n)] (10.28)
0 [repeated index]

€ may be considered a contravariant relative tensor of weight +1 or a covariant relative tensor of
weight —1. Hence, in 2, 3 and n dimensional spaces respectively we have:

€ = €7 (10.29)
€k = €7F (10.30)
€irig..i = €17 (10.31)

Useful Identities Involving § or/and ¢

Identities Involving ¢

When an index of the Kronecker delta is involved in a contraction operation by repeating an index in
another tensor in its own term, the effect of this is to replace the shared index in the other tensor by the
other index of the Kronecker delta, that is

0iiA; = A; (10.32)

(VA
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In such cases the Kronecker delta is described as the substitution orindex replacement operator. Hence,
5ij5jk - (51]{ (1033)

Similarly,
0ij0;10ki = 0ik0k; = 0si = 1 (10.34)

where n is the space dimension.
Because the coordinates are independent of each other:

61’1‘

Or. 0jw; = ;5 = 0y (10.35)
J

Hence, in an n dimensional space we have
For orthonormal Cartesian systems:

oxt O’ y
= =, =0V 10.37

oxi  0x' / ( )

For a set of orthonormal basis vectors in orthonormal Cartesian systems:

e e =0 (10.38)
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The double inner product of two dyads formed by orthonormal basis vectors of an orthonormal Carte-
sian system is given by:
e;e;: eye; = 0,0 (10.39)

Identities Involving ¢
For rank-3 e:
€ijk = €kij = €jpi = —€ikj = —€5ik = —€kji (sense of cyclic order) (10.40)

These equations demonstrate the fact that rank-3 ¢ is totally anti-symmetric in all of its indices since a
shift of any two indices reverses the sign. This also reflects the fact that the above tensor system has only
one independent component.

Forrank-2 e:
e; = (j —1) (10.41)

Forrank-3 e:
€ijh = ; (7 =) (b —1) (k=) (10.42)

Forrank-4 e:

o = 5 (=) U 0) (L= 1) (k=) (L= ) (1~ ) 1043
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Forrank-n e:
I Q. 1
€Caras—a, = E [Z' jyl (aj — ai)} = S 1) 1<i1<_£<n (aj — ai) (10.44)
where S(n — 1) is the super-factorial function of (n — 1) which is defined as
k
Sk)y=][i'=1-2t-... -k (10.45)
i=1

A simpler formula for rank-n € can be obtained from the previous one by ignoring the magnitude of the
multiplication factors and taking only their signs, that is

€aran-a, = H o (aj - ai) =0 ( H (aj — ai>> (10.46)

1<i<j<n 1<i<j<n
where
+1 (k
o(k) =q-1 (k <0) (10.47)
0 (k=0)
Forrank-n e:

Eiligmin 6i1i2-~~in = n‘ (10.48)
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because this is the sum of the squares of ¢;,,,...;, over all the permutations of n different indices which is
equal to n! where the value of ¢ of each one of these permutations is either +1 or —1 and hence in both
cases their squareis 1.

For a symmetric tensor Ay

EijkAjk =0 (1049)

because an exchange of the two indices of Aj;, does not affect its value due to the symmetry whereas a
similar exchange in these indices in ¢, results in a sign change; hence each term in the sum has its own

negative and therefore the total sum will vanish.
€ijkAR; = €ijiAAL = €1AAL = 0 (10.50)

because, due to the commutativity of multiplication, an exchange of the indices in A’s will not affect the
value but a similar exchange in the corresponding indices of ¢;;;, will cause a change in sign; hence each
term in the sum has its own negative and therefore the total sum will be zero.

For a set of orthonormal basis vectors in a 3D space with a right-handed orthonormal Cartesian coor-
dinate system:

€; X €; = €;k€x (10.51)

e; - (ej X ek) = €ijk (10.52)
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Identities Involving ) and ¢

€ijk01i02503; = €123 = 1 (10.53)
For rank-2 €:
dik Oit
€ij€rl = = Oik0jt — 0idjk (10.54)
jk Ojt
€il€kl = Oik (10.55)
€ij€i5 = 2 (1056)
Forrank-3 e:
0it Oim Oin

€ijk€imn = | 01 Ojm  Ojn | = 0510 jmOken +0im 0 jn Okt +0in010km — 010 jn.0km — 0im0510kn — 0in0jmO (10.57)
6kl 5km 5kn

€ijkCimk = = 0i10jm — Oim0ji (10.58)
Oji 0;
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The last identity is very useful in manipulating and simplifying tensor expressions and proving vector

and tensor identities.

€ijk€ljk = 204

€ijk€ijk = 205 = 6

since the rank and dimension of ¢ are the same, which is 3 in this case.

Forrank-n e:
5i1j1 5i1j2 U 5i1jn
[ Oigi Oiggy e Oigg,
€i1i2-~~in €j1j2"'jn =
Oingi Oinjs = Oijn

According to Egs. 10.27 and 10.32:

€ijk0ij = €ijkOik = €kl = 0

(10.59)

(10.60)

(10.61)

(10.62)
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10.4. * Generalized Kronecker delta

The generalized Kronecker delta is defined by:

1 [(j1 - - - jn) is even permutation of (i; .. .4,)]
O =11 [(ji - . ju) is odd permutation of (i, . .. i,,)] (10.63)
0 [repeated j’s|

It can also be defined by the following n x n determinant:

i1 i1 11

53'1 5j2 T 5jn

s g g
5;13:‘ — J1 J2 In (10.64)

1:',1, 1""/ . i’n/

5J1 6j2 o 6jn

where the 6;'- entries in the determinant are the normal Kronecker delta as defined by Eq. 10.22.
Accordingly, the relation between the rank-n e and the generalized Kronecker deltain ann dimensional
space is given by:
— G & e g (10.65)

67:17;2---7:n 1112...0n
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Hence, the permutation tensor e may be considered as a special case of the generalized Kronecker delta.
Consequently the permutation symbol can be written as an n x n determinant consisting of the normal
Kronecker deltas.
If we define
01 = Ot (10.66)
then Eq. 10.58 will take the following form:
67 =617 — 8¢ 8 (10.67)

Other identities involving § and € can also be formulated in terms of the generalized Kronecker delta.
On comparing Eq. 10.61 with Eq. 10.64 we conclude

11...0n I S * . .
5j1---jn =€ " 6]1---]n (10-68)

Types of Tensors Fields

In the following subsections we introduce a number of tensor types and categories and highlight their
main characteristics and differences. These types and categories are not mutually exclusive and hence
they overlap in general; moreover they may not be exhaustive in their classes as some tensors may not
instantiate any one of a complementary set of types such as being symmetric or anti-symmetric.
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Isotropic and Anisotropic Tensors

Isotropic tensors are characterized by the property that the values of their components are invariant
under coordinate transformation by proper rotation of axes. In contrast, the values of the components
of anisotropic tensors are dependent on the orientation of the coordinate axes. Notable examples of
isotropic tensors are scalars (rank-0), the vector 0 (rank-1), Kronecker delta ¢;; (rank-2) and Levi-Civita
tensor ¢;;;, (rank-3). Many tensors describing physical properties of materials, such as stress and mag-
netic susceptibility, are anisotropic.

Direct and inner products of isotropic tensors are isotropic tensors.

The zero tensor of any rank is isotropic; therefore if the components of a tensor vanish in a particular
coordinate system they will vanish in all properly and improperly rotated coordinate systems.* Conse-
quently, if the components of two tensors are identical in a particular coordinate system they are iden-
tical in all transformed coordinate systems.

As indicated, all rank-0 tensors (scalars) are isotropic. Also, the zero vector, 0, of any dimension is
isotropic; in fact it is the only rank-1 isotropic tensor.

4For improper rotation, this is more general than being isotropic.
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Theorem
Any isotropic second order tensor T;; we can be written as

Tij = Aoy

for some scalar \.

Proof. First we will prove that 7"is diagonal. Let R be the reflection in the hyperplane perpendicular to

the j-th vector in the standard ordered basis.

—1 ifk=101=j
Ry =
0x; otherwise

therefore
R=R'AR*=1I=R'R=RR" =1

Therefore:
Tij =Y RipRjTp = RiR;Tyji # j = Ty = =Ti; = T;; = 0
p,q

Now we will prove that Tj; = T1;. Let P be the permutation matrix that interchanges the 1st and j-th
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rows when acrting by left multiplication.

6jl |fk§ - 1
Py=16y ifk=j
0x; otherwise

(P"P)u = Z Pmlfzpmkpmz = Z P P+ Z PP = Z OmkOmi+0x051+01%01 *Z(Smkéml

m#1,j m=1,j m#1,j

Therefore:

TJJ = Z Pijqupq = Z Pququ = Z 5%qqu = Z 5quqq =T
P q q q

10.5. Symmetric and Anti-symmetric Tensors

These types of tensor apply to high ranks only (rank > 2). Moreover, these types are not exhaustive, even
for tensors of ranks > 2, as there are high-rank tensors which are neither symmetric nor anti-symmetric.
Arank-2 tensor A;; is symmetric iff forall ¢ and j

Aji = Aij (1069)
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and anti-symmetric or skew-symmetric iff
—Aj (10.70)

Similar conditions apply to contravariant type tensors (refer also to the following).
Arank-n tensor A, ;. is symmetricin its two indices i; and i, iff

Aiyigigein = Py gy i (10.71)
and anti-symmetric or skew-symmetric in its two indices i; and i, iff
A

i1 ipeigoin = Py iyin (10.72)

Any rank-2 tensor A;; can be synthesized from (or decomposed into) a symmetric part A(;;) (marked
with round brackets enclosing the indices) and an anti-symmetric part A;;; (marked with square brack-

ets) where
1 1
A=A + A Aa) =5 (At A & Ay = o (A = Ag) (10.73)
A rank-3 tensor A, j;, can be symmetrized by
1
Acijiy = o7 (A + Aij + Aji + Ay + Ajir + Arji) (10.74)

3!
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and anti-symmetrized by

1
Akl = 3 (Aijk + Anij + Ajri — Aikj — Ajir — Agji) (10.75)
Arank-n tensor A, ;. can be symmetrized by
1 . . .
Aliy.in) = — (sum of all even & odd permutations of indices i’s) (10.76)
n.

and anti-symmetrized by
A i) = ;' (sum of all even permutations minus sum of all odd permutations) (10.77)
For a symmetric tensor A;; and an anti-symmetric tensor B (or the other way around) we have
A;B7 =0 (10.78)

Theindices whose exchange defines the symmetry and anti-symmetry relations should be of the same
variance type, i.e. both upper or both lower.

The symmetry and anti-symmetry characteristic of a tensor is invariant under coordinate transforma-
tion.

A tensor of high rank (> 2) may be symmetrized or anti-symmetrized with respect to only some of its
indices instead of all of its indices, e.g.

1
2

1
A = 5 (A + Aju) & Aislk = 5 (Aije — Ajir) (10.79)
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A tensor is totally symmetric iff
Air.in = Aliy.in) (10.80)

and totally anti-symmetric iff
Ay in = Apiy.in] (10.81)

For a totally skew-symmetric tensor (i.e. anti-symmetricin all of its indices), nonzero entries can occur
only when all the indices are different.






Tensor Calculus

11.1. Tensor Fields

In many applications, especially in differential geometry and physics, it is natural to consider a tensor
with components that are functions of the point in a space. This was the setting of Ricci’s original work.
In modern mathematical terminology such an object is called a tensor field and often referred to simply
as a tensor.
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523 | Definition
A tensor field of type (r,s)isamap T : V — T (V).

The space of all tensor fields of type (, s) is denoted 7. (V). In this way, given T" € T/ (V), if we apply
this to a pointp € V,weobtain T'(p) € T7(V)
It’s usual to write the point p as an index:

Ty: (V1. wn) = Tp(vr,...,w,) €R

524 Example

m If f € TP(V) then f is a scalar function.
m IfT € T°(V) thenT is a vector field.

m IfT € T (V) then T is called differential form of rank 1.

525 Example
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Differential Now we will construct the one of the most important tensor field: the differential.
Given a differentiable scalar function f the directional derivative

Duf(p) = & f(p+ )

t=0

is a linear function of v.

Dyt f)(®) = Duf)(®) + Dwf)(p) (11.1)
(Dewf)(p) = (Do f)(p) (11.2)

As we already know the directional derivative is the Jacobian applied to the vector

va(p) = Dfp<v) = [81f7 oo anf“vh s 7UH]T

In other words D, f(p) € T4 (V)

526 | Definition
Let f : V' — R be a differentiable function. The differential of f, denoted by df, is the differential form
defined by

dfpv =Dy f(p).
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‘ Clearly, df € T&(V)

Let {u!,u?, ... u"} be a coordinate system. Since the coordinates {u', u?, ..., u"} are themselves
functions, we define the associated differential-forms {du', du?, ..., du"}.
527 Proposition 3
r
Let{u',u?, ..., u"} bea coordinate system and 3 (p) the corresponding basis of V. Then the differential-
U
forms {du', du?, ... du™} are the corresponding dual basis:

i [ Or _ 5
dup (auj(P)> =9;

Since (9u4 = 4%, it follows that
ou’ J

_N 9 4
df_;aui du'.

We also have the following product rule

d(fg) = (df)g + f(dg)

As consequence of Theorem 528 and Proposition 527 we have:
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528 |Theorem

GivenT € T (V) bea (r, s) tensor. Then T can be expressed in coordinates as:

. - TRy 3 Q ar a,r
=l ja=1 Wj, du,,

11.1. Change of Coordinates

Let {u',u?, ..., u"} and {u',u?, ... u"} two coordinates system and {gr(m} and {gr (p)} the basis
U; U;

of V with {dw’} and {da’ } are the corresponding dual basis:
By the chain rule we have that the vectors change of basis as:

Or (p) = Ju; , . Or )
So the matrix of change of basis is:
b 0y

And the covectors changes by the inverse:

,1]'_%
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529 [Theorem (Change of Basis For Tensor Fields)

Let {u',v? ... ,u"} and {u',u?, ..., u"} two coordinates system and T a tensor
i o . .
Ti/l...z';,(ﬂl ) = Qut  Qu'» duMt  Oul z’l...z‘p( 1 )
sy o U i i gt g e

530 Example (Contravariance)
The tangent vector to a curve is a contravariant vector.

Solution: » Let the curve be given by the parameterization z* = z%(¢). Then the tangent vector to the

curve is ,
dz'
dt
Under a change of coordinates, the curve is given by

T =

x/z’ — x/i(t) — :L’/i(l’l(t), . ,x”(t))
and the tangent vector in the new coordinate system is given by:

. dx"
T/Z
dt

By the chain rule, , o
da" 3x”@
dt — Oxd dt
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Therefore,

. Oz
T =T —
OxJ
which shows that the tangent vector transforms contravariantly and thus it is a contravariant vector. «
531 Example (Covariance)
The gradient of a scalar field is a covariant vector field.

Solution: » Let ¢(x) be a scalar field. Then let

G =96 = (gt " )
thus 96
“= o
In the primed coordinate system, the gradient is
where ¢/ = ¢'(x) = ¢(x(x’)) By the chain rule,
o' d¢ Ox’

oxt Ozl Oz’
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Thus
0’
!
Gi=Cign
which shows that the gradient is a covariant vector.

<

532 Example
A covariant tensor has components xy, 2%, 3yz — x in rectangular coordinates. Write its components in

spherical coordinates.

Solution: » Let A; denote its coordinates in rectangular coordinates (2!, 2%, 2%) = (z,y, 2).
Al =y Ay = 22, A3=3y—=x

Let A, denote its coordinates in spherical coordinates (z*, 22, z%) = (r, ¢, 0):
Then
~ O

The relation between the two coordinates systems are given by:

r=rsingcosf; y=rsingsinf; z =rcos¢



And so:

~ort z? oz?
A = 87141 5 1 Ag + or A3
= sin ¢ cos (zy) + sin ¢ sin O(2?) + cos ¢(3y — )
= sin ¢ cos O(r sin ¢ cos 6) (r sin ¢ sin #) + sin ¢ sin O(r cos ¢)?
+ cos @(3rsin ¢ sin @ — rsin ¢ cos 6)
= Ot Ox? ox?
A =gttt opd
= 7 cos ¢ cos O(zy) + 1 cos ¢sin O(z*) + —rsin ¢(3y — 1)

= 1 cos ¢ cos (7 sin ¢ cos ) (r sin ¢ sin §) + r cos ¢ sin O(r cos ¢)*

+ 7 sin ¢(3r sin ¢ sin § — rsin ¢ cos )

e A Ox? 03
As = 8x3A1 T ot o

= —rsin ¢sinO(xy) + rsin ¢ cos (z*) + 0)

= —rsin ¢ sin O(rsin ¢ cos 0)(rsin ¢ sin §) 4 7 sin ¢ cos O(r cos ¢)?

11.1. Tensor Fields

(11.3)

(11.4)
(11.5)
(11.6)

(11.7)
(11.8)

(11.9)
(11.10)

(11.11)

(11.12)
(11.13)
(11.14)
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Derivatives

In this section we consider two different types of derivatives of tensor fields: differentiation with re-
spect to spacial variables 2!, ..., 2™ and differentiation with respect to parameters other than the spa-
tial ones.

The second type of derivatives are simpler to define. Suppose we have tensor field 7" of type (7, s)
and depending on the additional parameter ¢ (for instance, this could be a time variable). Then, upon
choosing some Cartesian coordinate system, we can write

oXi X2t (t 4 b, X Lo
DXl _ i DO ) 2 0o 2) (1.15)

The left hand side of 11.15is a tensor since the fraction in right hand side is constructed by means of two
tensorial operations: difference and scalar multiplication. Taking the limit ~ — 0 preserves the tensorial
nature of this fraction since the matrices of change of coordinates are time-independent.

So the differentiation with respect to external parameters is a tensorial operation producing new ten-
sors from existing ones.

Now let’s consider the spacial derivative of tensor field T, e.g, the derivative with respect to 2. In this
case we want to write the derivative as

oT Tt by 2 = T (2L 2™

I ds ]s — llm J1i---Js J1-Js

P lim . , (11.16)
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butin numerator of the fraction in the right hand side of 11.16 we get the difference of two tensors bound
to different points of space: the point 2!, ..., 2" and the pointz! + h, ..., 2™

In general we can’t sum the coordinates of tensors defined in different points since these tensors are
written with respect to distinct basis of vector and covectors, as both basis varies with the point. In
Cartesian coordinate system we don’t have this dependence. And both tensors are written in the same
basis and everything is well defined.

We now claim:

Theorem
For any tensor field T of type (r, s) partial derivatives with respect to spacial variables u,, . .., u,
9 0 i
oue  dx, I
~————

in any Cartesian coordinate system represent another tensor field of the type (r, s + m).

Proof. Since T is a Tensor

out  Out out  Owh ..

—1 =N
out  Qu'r Owr  Ouda oy (e )

and so:
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0

o 0 out
T (L) = .
G Lnwdd (o) = 5 <auz1

B 0 out o
© oue \ duh

ou™  Oul dul

oult  Ou'r Jur

We are assuming that the matrices

O i i )
" Quia TE---J‘Z(“17 ") (11.17)
owa \ it i _

Sk & (RN
@t an) (11.19)

ou's ol
ou's oult
are constant matrices.
And so
0 ou 0 owt _
ou® Ou's ou® Quir
Hence

o [ oun du'r Hudt
ou®

ot 0u'» Qun
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And
0 itein 1 n OutOu'r ouh  dwa 0 Sl n (11.20)
Gua v (W ) = e i G e e iy ) '
_ Ouit ‘auip Oult maaa‘& ou, [ o Tig...i;,(al ) (11.21)
out  Ouh duhr Quwa Que |Qul idat T '
]
534 Remark

We note that in general the partial derivative is not a tensor. Given a vector field

then

2

out Oul

The term

535 Example
Calculate

v i 9T
O uw
ov @ Or j O
o owow " ouwiow

in general is not null if the coordinate system is not the Cartesian.

Oy Oxn (AU N ? + B2 \)
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Solution: »

DumOn (AINTI 4 Bigi ) = ABgmgim | B gimgin (11.22)
— Anm 4 gmn (11.23)

<

536 Example
Prove that if F}y is an antisymmetric tensor then

Tiji = OiFjx + 0 Fyi + O Fij

is a tensor.

Solution: »
The tensor Fj;, changes as:

oxd Oxk

ik = ox'e ax/b ab
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Then
oxd OxF —
aF’]k a <a 1a Hor /bFab> (11.24)
o0x? Ox (91:3 Oxk
<ax/a a$/b> a 1a ) bazFab (11.25)
ox? OxF (91;] oxF Ox'
D'a 9l T Hra G Hpra et ab (11.26)
The tensor

Tijr = 0iFji + 0;Fyi + O Fij
is totally antisymmetric under any index pair exchange. Now perform a coordinate change, T}, will
transform as

oxt 07 Ox*

T“bc = ox'e O’ Ox'c

ﬂjk + Iabc
where this [, is given by:

ox' _ Ox? OxF
Tope = ox'a 8i(axlb ax/c) Jk
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such I, will clearly be also totally antisymmetric under exchange of any pair of the indices a, b, c. Notice
now that we can rewrite:
0  0x) 0z* 0%z Ox* oz’ 0%xl
ave = 5 (g g Fie + o = oo Fi 5 g ek
ox'e " Jx'® Ox'c ox'ex’® Ox'c ox'® Ox'ex'e

and they all vanish because the object is antisymmetric in the indices a, b, ¢ while the mixed partial
derivatives are symmetric (remember that an object both symmetric and antisymmetric is zero), hence
T;jx 1s a tensor. <

Problem
Give a more detailed explanation of why the time derivative of a tensor of type (r, s) is tensor of type (r, s).

Integrals and the Tensor Divergence Theorem

It is also straightforward to do integrals. Since we can sum tensors and take limits, the definition of a
tensor-valued integral is straightforward.

For example, / T;;..,(x) dV is a tensor of the same rank as T;;...,, (think of the integral as the limit of
1%
asum).

It is easy to generalize the divergence theorem from vectors to tensors.
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11.3. Integrals and the Tensor Divergence Theorem

Theorem (Divergence Theorem for Tensors)
Let T} ;... be a continuously differentiable tensor defined on a domain V' with a piecewise-differentiable
boundary (i.e. for almost all points, we have a well-defined normal vector n!), then we have

0
Tiigen® dS = | = (T};..ke) AV,
/S jo kT /Vaxé( jokt)

with n being an outward pointing normal.

The regular divergence theorem is the case where 7" has one index and is a vector field.
Proof. The tensor form of the divergence theorem can be obtained applying the usual divergence the-

orem to the vector field v defined by v, = a't’ - - - ¢*T};..1o, where a, b, - - - | c are fixed constant vectors.
Then
8vg - 0 ..
Vv=— =a't...c-——T10
oxt oxt
and

n-v=nly=adb-.. ckTij...kme.

Sincea, b, --- , care arbitrary, therefore they can be eliminated, and the tensor divergence theorem fol-
lows. u
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Metric Tensor

This is a rank-2 tensor which may also be called the fundamental tensor.

The main purpose of the metric tensor is to generalize the concept of distance to general curvilinear
coordinate frames and maintain the invariance of distance in different coordinate systems.

In orthonormal Cartesian coordinate systems the distance element squared, (ds)*, between two in-
finitesimally neighboring points in space, one with coordinates 2 and the other with coordinates z*+dz?,
is given by

(ds)* = da'da’ = 6;;da’da? (11.27)
This definition of distance is the key to introducing a rank-2 tensor, g;;, called the metric tensor which,
for a general coordinate system, is defined by

(ds)? = gyjda‘da’ (11.28)

The metric tensor has also a contravariant form, i.e. g%.
The components of the metric tensor are given by:

9ij = /éz : €j & gij = @ . Ej (11.29)

where the indexed € are the covariant and contravariant basis vectors:
. or

e, = — & e = Vu' (11.30)
out
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where r is the position vector in Cartesian coordinates and u‘ is a generalized curvilinear coordinate.
The mixed type metric tensor is given by:

gy =4¢ -8 =40, & g/ =¢ ¢ =4/ (11.31)

)

and hence it is the same as the unity tensor.

For a coordinate system in which the metric tensor can be cast in a diagonal form where the diagonal
elements are £1 the metric is called flat.

For Cartesian coordinate systems, which are orthonormal flat-space systems, we have

g7 =69 = g;j = 0y (11.32)
The metric tensor is symmetric, that is
9ij = YGji & g7 =g”" (11.33)

The contravariant metric tensor is used for raising indices of covariant tensors and the covariant metric
tensor is used for lowering indices of contravariant tensors, e.g.

where the metric tensor acts, like a Kronecker delta, as anindex replacement operator. Hence, any tensor
can be cast into a covariant or a contravariant form, as well as a mixed form. However, the order of the
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indices should be respected in this process, e.g.
A= g A* £ A = g AP (11.35)

Some authors insert dots (e.g. A;’) to remove any ambiguity about the order of the indices.
The covariant and contravariant metric tensors are inverses of each other, that is

[gij] = {gij]il & {gi]} = [gz‘jrl (11.36)
Hence
g% g = (Sij & ging =0/ (11.37)
It is common to reserve the “metric tensor” to the covariant form and call the contravariant form,
which is its inverse, the “associate” or “conjugate” or “reciprocal” metric tensor.
As a tensor, the metric has a significance regardless of any coordinate system although it requires a
coordinate system to be represented in a specific form.

For orthogonal coordinate systems the metric tensor is diagonal, i.e. g;; = ¢“ = 0fori # j.
For flat-space orthonormal Cartesian coordinate systems in a 3D space, the metric tensor is given by:

1 00
93] = [05] =] 0 1 0| =1[6"]=[g"] (11.38)
0 01
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For cylindrical coordinate systems with coordinates (p, ¢, z), the metric tensor is given by:

1 0 O
lg5) =10 p2 0
0 0 1

& [g7] =

1
0

0

o J|~ o

0
0 (11.39)

1

For spherical coordinate systems with coordinates (r, 0, ¢), the metric tensor is given by:

1 0 0
[gij] =10 r? 0
0 0 r2sin%6

11.5. Covariant Differentiation

Let {z!,... 2"} be a coordinate system. And

or
ozt

the associated basis

l97] =

:ie{l,...,n}}

p

1
0

o %~ o

0

e}

(11.40)

r2sin?6 |
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The metric tensor ¢g;; = <0r : or >
95 =\ ow 0w |-
Given a vector field
o0
- O
then ‘
ov O or - O%r

J

Jxt  Ox' Oxl Oxt OxJ
The last term but can be expressed as a linear combination of the tangent space base vectors using the

Christoffel symbols

O*r p Or

oxioxd Y oxk

539 | Definition
The covariant derivative V,v, also written V,v, is defined as:

ov ovF , or
'V = 2 = - g Fkl i = Lo
VeV ot < ox’ Ty ) oxk

The Christoffel symbols can be calculated using the inner product:
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o’r Or or Or
<8:L’Z OxJ’ 8xl> / <8:L’k’ 8xl> 79K

0gab Pr  Or N o O
oxc  \ Oxcdx’ dxb Oxe’ Oxc Ox?

using the symmetry of the scalar product and swapping the order of partial differentiations we have

6’ng X 391% 0gw . 2< 821' or >

ori | 0z Oxk T\ Oxioxi Ozk

On the other hand,

and so we have expressed the Christoffel symbols for the Levi-Civita connection in terms of the metric:

1 (agjl 991 _ 391']')
5 .

Ik = : .
Gk~ ij oxrt Oz O

540 | Definition
Christoffel symbol of the second kind is defined by:

kl . . g
i =L (ag’l 1 it _ ag”) (11.47)

2 \Ox7  Oxt ozt
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where the indexed g is the metric tensor in its contravariant and covariant forms with implied summation
over l. It is noteworthy that Christoffel symbols are not tensors.

The Christoffel symbols of the second kind are symmetric in their two lower indices:
k _ pk
Il =Tk (11.42)

541 Example
For Cartesian coordinate systems, the Christoffel symbols are zero for all the values of indices.

542 Example
For cylindrical coordinate systems (p, ¢, z), the Christoffel symbols are zero for all the values of indices ex-
cept:

It =—p (11.43)

where (1,2, 3) stand for (p, ¢, z).

543 Example
For spherical coordinate systems (r, 0, ¢), the Christoffel symbols can be computed from

ds* = dr® + r’d6? + r? sin® §dp?
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We can easily then see that the metric tensor and the inverse metric tensor are:

1 0 0
g=10 r? 0

0 0 r2sin’6

Using the formula:

m 1 m
Iy = 59 l(ajgu + 0igi; — 9195i)

Where upper indices indicate the inverse matrix. And so:
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1
0 - 0
r
2= 1 0 0
-
0 0 —sinfcost
1
0 0 -
T
=10 0 coth
1
— cotfd O
-
544 | Theorem
Under a change of variable from (y', ..., y") to (2!, ..., a™), the Christoffel symbol transform as

ok _ OxP dz¢ . Oy~ Oyt O%*am
Yoyt oyd T P oxr T Oxm Oyioyd

where the overline denotes the Christoffel symbols in the y coordinate system.
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545 |Definition (Derivatives of Tensors in Coordinates)

m For a differentiable scalar f the covariant derivative is the same as the normal partial derivative,
thatis:

fa=Ffi=0f (11.44)

This is justified by the fact that the covariant derivative is different from the normal partial deriva-
tive because the basis vectors in general coordinate systems are dependent on their spatial posi-
tion, and since a scalar is independent of the basis vectors the covariant and partial derivatives are
identical.

m For a differentiable vector A the covariant derivative is:

Aji = O — T5A (covariant) 1)
‘ Y 11.45
N, = B8;A7 + I A" (contravariant)
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m For a differentiable rank-2 tensor A the covariant derivative is:

Ajr = OPjr — FéiAlk — Fﬁﬂ.Ajl (covariant)
A% = 0, A7F + T] A% 4 Tk A7 (contravariant) (11.46)
A;?;i - a’Af + FZA;?l—Fé'iAz (mixed)

m For a differentiable rank-n tensor A the covariant derivative is:

ij..k ij..k i aaj...k1j pda.k k pij..a
Alm..-P;q - 8‘1Alm...p + quAlm...pFéqA;?n,"p G eoo o Fanlm...p (11.47)
—Félquz]m...p — Fg@qua...p e — F;qum...a

Since the Christoffel symbols areidentically zero in Cartesian coordinate systems, the covariant deriva-
tive is the same as the normal partial derivative for all tensor ranks.

The covariant derivative of the metric tensor is zero in all coordinate systems.

Several rules of normal differentiation similarly apply to covariant differentiation. For example, co-
variant differentiation is a linear operation with respect to algebraic sums of tensor terms:

0. (aA £bB) = a0d,;A £ 00,B (11.48)

where a and b are scalar constants and A and B are differentiable tensor fields. The product rule of
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normal differentiation also applies to covariant differentiation of tensor multiplication:

This rule is also valid for the inner product of tensors because the inner product is an outer product
operation followed by a contraction of indices, and covariant differentiation and contraction of indices
commute.

The covariant derivative operator can bypass the raising/lowering index operator:
A = gz’jAj - a;mAi = gija;mAj (11.50)

and hence the metric behaves like a constant with respect to the covariant operator.

A principal difference between normal partial differentiation and covariant differentiation is that for
successive differential operations the partial derivative operators do commute with each other (assum-
ing certain continuity conditions) but the covariant operators do not commute, that is

dﬁj = @81 but 8;1-(% ?é 8;]-6’;1- (11.51)

Higher order covariant derivatives are similarly defined as derivatives of derivatives; however the or-
der of differentiation should be respected (refer to the previous point).
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Geodesics and The Euler-Lagrange Equations

Given the metric tensor g in some domain U C R", the length of a continuously differentiable curve
v @ [a,b] — R™is defined by

L0) = [ VoGO @)

In coordinates if v(t) = (z',...2") then:

y ——————
dz# dxv
L(y) = —gup———— dt
The distance d(p, ¢) between two points p and ¢ is defined as the infimum of the length taken over
all continuous, piecewise continuously differentiable curves v : [a,b] — R™ such that v(a) = p and
v(b) = ¢. The geodesics are then defined as the locally distance-minimizing paths.
So the geodesics are the curve y(x) such that the functional

b
L0) = [ VoG5 @)

is minimized over all smooth (or piecewise smooth) functions y(x) such that z(a) = p and x(b) = .
This problem can be simplified, if we introduce the energy functional

1

B0 =5 [ sl i)
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For a piecewise C'! curve, the Cauchy-Schwarz inequality gives
L(7)* <2(b—a)E(y)

with equality if and only if
9(v',7)
is constant.
Hence the minimizers of E(~) also minimize L(~).
The previous problem is an example of calculus of variations is concerned with the extrema of func-

tionals. The fundamental problem of the calculus of variations is to find a function z(¢) such that the
functional

b
I(z) = / £t 2(t), 4/ (£)) dt

isminimized over all smooth (or piecewise smooth) functions z(t) satisfying certain boundary conditions—
for example, z(a) = Aand z(b) = B.

If Z(¢) is the smooth function at which the desired minimum of 7(x) occurs, and if I(z(t) + en(t)) is
defined for some arbitrary smooth function eta(x) with n(a) = 0 and n(b) = 0, for small enough ¢, then

b
I(Z +en) = / f(t, & +en, 2 +en')dt
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is now a function of £, which must have a minimum ate = 0. In that case, if /(<) is smooth enough, we
must have

\ao—/fx t,a, 2 n(t) + fu(t, 2,2 (t)dt = 0.

If we integrate the second term by parts we get, using (a) = 0 and n(b) = 0,

b
/ (fm(t, T, 1) — jtfmx(t,:%, a&’))n(t) dt=0.

One can then argue that since n(t) was arbitrary and & is smooth, we must have the quantity in brackets
identically zero. This gives the Euler-Lagrange equations:

N d 0 N
%f(t,x,x)—%% (t,z,2") =0. (11.52)

In general this gives a second-order ordinary differential equation which can be solved to obtain the
extremal function f(x). We remark that the Euler-Lagrange equation is a necessary, but not a sufficient,
condition for an extremum.

This can be generalized to many variables: Given the functional:

:/ flt, 2 (t), 2" (t), ..., a"(t), 2™ () dt
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We have the corresponding Euler-Lagrange equations:

1 /1 n m d a 1 /1 n m o
St (0,27 (1), 2" (1), 2" () = S (b (1, (1), 2 (0,2 () = 0. (153

546 | Theorem
A necessary condition to a curve v be a geodesic is
PP | D
dt? Wedt  dt

Proof. The geodesics are the minimum of the functional

b
L0) = [ VoG 3@

Let
_ 1 detda”
= 29N T

We will write the Euler Lagrange equations.

d OL oL

dX O(dzr/d)) — dxh
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Developing the right hand side we have:

oE 1 e

gur — 2w
The first derivative on the left hand side is

oL »

9 Gur(x(N))2!

where we have made the dependence of g on A clear for the next step. Now we differentiate with respect

to the curve parameter:

d ) e . 1 ey 1 e .
a[gw(:c(k))x“] = 0,9\ T"2" + gt = 3 L gt T —|—§8ng,\1:“1: + g

Putting it all together, we obtain
. 1 e e
g“)\xﬂ - _5 (81/9#)\ + a,ugz/)\ - 8)\‘9#”) " = _Fkuyx“x

where in the last step we used the definition of the Christoffel symbols with three lower indices. Now
contract with the inverse metric to raise the first index and cancel the metric on the left hand side. So

Y N v
it =-I", "z



Applications of Tensor

12.1. The Inertia Tensor

Consider masses m,, with positions r,, all rotating with angular velocity w about 0. So the velocities are
Vo, = W X . The total angular momentum is

L= Zra X My Ve,
(0%

=) mary X (wX1y)
(0%
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= Zma(\ra|2w — (ro - w)ry).

by vector identities. In components, we have
LZ‘ = Iijwj,

where

547 | Definition (Inertia tensor)
The inertia tensor is defined as

Lij = Zma[|ra|25ij — (ra)i(ra);]-

For a rigid body occupying volume V' with mass density p(r), we replace the sum with an integral to
obtain

L; = / p(r)(xpzrdy; — ;) dV.
1%
By inspection, I is a symmetric tensor.

548 Example
Consider a rotating cylinder with uniform density py. The total mass is 2(wa? py.
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xs3

20

Z1

Use cylindrical polar coordinate:

T, = 1rcosb
L9 = rsinf
T3 = X3

dV = r dr df dxs

We have

I35 = / po(zi + x3) dV
v

a pr2r el
= po/ / / r?(r dr df dz,)
o Jo Jor
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a

rd
= pPo - 27 - 26[ ]
0

= gomla’.

Similarly, we have
]11 = / po(ﬂ?% +TL’§) dV
v a 27 L
- Po/ / / (r*sin® @ + z3)r dr d6 das
231"
—,00/ / <r sin® @ 3], + [33] ) de dr
—¢
2
= ,00/ / r (7“2 sin? 620 + €3> dé dr
(27ra €3+2€/ / sin 9)
= poTa €<2 + 3£2>

By symmetry, the result for I, is the same.
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How about the off-diagonal elements?

Iz = —/ porixz dV
v

a l 27
= —pg/ / / r? cos Oxs dr dxs do
o J-tJo

=0

2
Since / df cos @ = 0. Similarly, the other off-diagonal elements are all 0. So the non-zero components
0

are
1
]33:§M6L2
a? 2
1=l =M|—+ —
11 22 <4+3>

. 3 1 .
In the particular case where { = a\2/_’ we have I;; = §ma25ij. So in this case,

1
L =-Mdw
2

for rotation about any axis.
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549 Example (Inertia Tensor of a Cube about the Center of Mass)
The high degree of symmetry here means we only need to do two out of nine possible integrals.

I, = / dVp(y* + 2%) (12.1)
b/2 b/2 b/2
= ,0/ dx/ dy/ dz(y* + 27) (12.2)
—b/2 —b/2 —b/2
b/2 1 b/2
_ b / dy (217 + ~2%) (12.3)
—b/2 —b/2
b/2 , 10
= pb/ dy (by + ) (12.4)
_b/2 34
= pb <1b 5S4 ib3 > v (12.5)
= b\ by + 50y . :
1 1
= pb | —=b* + —b* 12.6
P (12 T ) (12.6)
1 1

On the other hand, all the off-diagonal moments are zero, for example I, = / dV p(—zy).

This is an odd function of x and y, and our integration is now symmetric about the origin in all directions,
so it vanishes identically. So the inertia tensor of the cube about its center is
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1 00
I=-Mb|o0 1 0

0 01

12.1. The Parallel Axis Theorem

The Parallel Axis Theorem relates the inertia tensor about the center of gravity and the inertia tensor
about a parallel axis.

For this purpose we consider two coordinate systems: the first r = (z, y, z) with origin at the center
of mass of an arbitrary object, and the second r’ = (2, ¢/, 2’) offset by some distance. We consider that
the object is translated from the origin, but not rotated, by some constant vector a.

In vector form, the coordinates are related as

r =a+r.

Note that a points towards the center of mass - the direction is important.

550 | Theorem
If 1;; is the inertia tensor calculated in Center of Mass Coordinate, and .J;; is the tensor in the translated
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coordinates, then:
Jij = ]ij -+ M(a25ij — aiaj).

551 Example (Inertia Tensor of a Cube about a corner)
The CM inertia tensor was

1/6 0 0
I=MV¥| 0 1/6 0
0 0 1/6

Ifinstead we want the tensor about one corner of the cube, the displacement vector is
a=(b/2,b/2,b/2),

so a® = (3/4)b*. We can construct the difference as a matrix: the off-diagonal components are

ufim- () (1) - 3o
() (9] o

and off-diagonal,
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so the shifted inertia tensor is

1/6 0 0 1/2 —1/4 —1/4
J=MV*| 0 1/6 0 |+MV| —1/4 1/2 -1/4 (12.8)
0 0 1/6 ~1/4 —1/4 1/2

2/3 —1/4 —1/4
= Mb| —1/4 2/3 —1/4 (12.9)
~1/4 —1/4 2/3

12.2. Ohm’s Law

Ohm’s law is an empirical law that states that there is a linear relationship between the electric current
j flowing through a material and the electric field F applied to this material. This law can be written as
j=0F

where the constant of proportionality o is known as the conductivity (the conductivity is defined as the
inverse of resistivity).
One important consequence of equation 12.2 is that the vectors j and E are necessary parallel.
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This law is true for some materials, but not for all. For example, if the medium is made of alternate
layers of a conductor and an insulator, then the current can only flow along the layers, regardless of the
direction of the electric field. It is useful therefore to have an alternative to equation in which j and £
do not have to be parallel.

This can be achieved by introducing the conductivity tensor, o;;, which relates j and E through the
equation:

Ji = o B,

We note that as j and E are vectors, it follows from the quotient rule that oy, is a tensor.

12.3. Equation of Motion for a Fluid: Navier-Stokes Equation

12.3. Stress Tensor

The stress tensor consists of nine components o;; that completely define the state of stress at a point
inside a material in the deformed state, placement, or configuration.

011 012 013
0 = 0921 022 023

031 032 033
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12.3. Equation of Motion for a Fluid: Navier-Stokes Equation

The stress tensor can be separated into two components. One component is a hydrostatic or dilata-
tional stress that acts to change the volume of the material only; the other is the deviator stress that
acts to change the shape only.

011 012 031 og 0 0 011 —0OH 012 031
o132 0y O3|=| 0 oy 0O |F 012 022 — OH 023
031 023 033 0 0 og 031 093 033 — OH

Derivation of the Navier-Stokes Equations

The Navier-Stokes equations can be derived from the conservation and continuity equations and some
properties of fluids. In order to derive the equations of fluid motion, we will first derive the continuity
equation, apply the equation to conservation of mass and momentum, and finally combine the conser-
vation equations with a physical understanding of what a fluid is.

The first assumption is that the motion of a fluid are described with the flow velocity of the fluid:
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552 | Definition
The flow velocity v of a fluid is a vector field

v =v(x,t)

which gives the velocity of an element of fluid at a position x and time t

Material Derivative

. . aT
A normal derivative is the rate of change of of an property at a point. For instance, the value o could be
the rate of change of temperature at a point (x, y). However, a material derivative is the rate of change
of an property on a particle in a velocity field. It incorporates two things:

dL
m Rate of change of the property, o

m Change in position of of the particle in the velocity field v

Therefore, the material derivative can be defined as
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12.3. Equation of Motion for a Fluid: Navier-Stokes Equation

Definition (Material Derivative)
Given a function u(t, x,y, z)
Du  du

EZE‘F(V'V)U.

Continuity Equation

An intensive property is a quantity whose value does not depend on the amount of the substance for
which it is measured. For example, the temperature of a system is the same as the temperature of any
part of it. If the system is divided the temperature of each subsystem is identical. The same applies to
the density of a homogeneous system; if the system is divided in half, the mass and the volume change
in the identical ratio and the density remains unchanged.

The volume will be denoted by U and its bounding surface area is referred to as OU. The continuity
equation derived can later be applied to mass and momentum.

Reynold’s Transport Theorem The first basic assumption is the Reynold’s Transport Theorem:

554 | Theorem (Reynold’s Transport Theorem)

Let U be a region in R™ with a C* boundary dU. Let x(t) be the positions of points in the region and let
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v(x,t) be the velocity field in the region. Let n(x,t) be the outward unit normal to the boundary. Let
L(x,t) be a C? scalar field. Then

(i(/LdV) /dV+/ (v-n)LdA.

What we will write in a simplified way as

d
LdV——/ Lv~ndA—/QdV. (12.10)
dt oU U

The left hand side of the equation denotes the rate of change of the property L contained inside the
volume U. The right hand side is the sum of two terms:

m A flux term, / Lv - n dA, which indicates how much of the property L is leaving the volume by
U
flowing over the boundary 0U

m Asink term, / @ dV, which describes how much of the property L is leaving the volume due to

U
sinks or sources inside the boundary

This equation states that the change in the total amount of a property is due to how much flows out

through the volume boundary as well as how much is lost or gained through sources or sinks inside the
boundary.
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If the intensive property we’re dealing with is density, then the equation is simply a statement of con-
servation of mass: the change in mass is the sum of what leaves the boundary and what appears within
it; no mass is left unaccounted for.

Divergence Theorem The Divergence Theorem allows the flux term of the above equation to be ex-
pressed as a volume integral. By the Divergence Theorem,

/ Lv'ndA:/V~(LV)dV.
ouU U

Therefore, we can now rewrite our previous equation as

d
G v == [[v-av+ql av

Deriving under the integral sign, we find that

deV:—/V~(Lv)+QdV.
Udt U

Equivalently,

d
/L+V-(Lv)+QdV:0.
oy dt
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This relation applies to any volume U; the only way the above equality remains true for any volume U is
if the integrand itself is zero. Thus, we arrive at the differential form of the continuity equation
dL

Conservation of Mass

Applying the continuity equation to density, we obtain
dp

E+V~(pv)+Q:0.

This is the conservation of mass because we are operating with a constant volume U. With no sources
or sinks of mass (Q = 0),

C$+V-(,ov) =0. (12.11)

The equation 12.11is called conversation of mass.

In certain cases it is useful to simplify it further. For an incompressible fluid, the density is constant.
Setting the derivative of density equal to zero and dividing through by a constant p, we obtain the sim-
plest form of the equation

V.-v=0.



12.3. Equation of Motion for a Fluid: Navier-Stokes Equation
Conversation of Momentum
We start with
F = ma.

Allowing for the body force F = a and substituting density for mass, we get a similar equation

d
b= p%v(x, Y, 2, t).
Applying the chain rule to the derivative of velocity, we get

“P\ot Torat Tayar azot)

Equivalently,
bzp(?a::%—v-Vv).
Substituting the value in parentheses for the definition of a material derivative, we obtain
Dv
— =b. 12.12
P (12.12)
Equations of Motion

The conservation equations derived above, in addition to a few assumptions about the forces and the
behaviour of fluids, lead to the equations of motion for fluids.
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We assume that the body force on the fluid parcels is due to two components, fluid stresses and other,
external forces.
b=V.o+f (12.13)

Here, o is the stress tensor, and frepresents external forces. Intuitively, the fluid stress is represented as
the divergence of the stress tensor because the divergence is the extent to which the tensor acts like a
sink or source; in other words, the divergence of the tensor results in a momentum source or sink, also
known as a force. For many applications fis the gravity force, but for now we will leave the equation in
its most general form.

General Form of the Navier-Stokes Equation

We divide the stress tensor ¢ into the hydrostatic and deviator part. Denoting the stress deviator tensor
as T, we can make the substitution
o=-—pl+T. (12.14)

Substituting this into the previous equation, we arrive at the most general form of the Navier-Stokes

equation:
Dv

P o = ~Vp+V - -T+f (12.15)
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13.1. Differential Forms

555

Definition
A k-differential form field in R" is an expression of the form

W = Z ajlen-jkdle A d$j2 ARER

where the a;, ;, . ;. are differentiable functions in R".

dl’jk,
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A O-differential form in R™ is simply a differentiable function in R™.

556 Example

g(x,y, z,w) = r+y? + 22 +wt
is a 0-form in R*.

557 Example
An example of a 1-form field in R? is

w = zdx + y3dy + zyz3dz.

558 Example
An example of a 2-form field in R3 is

w = r?dx Ady + 1y dy Adz + dz Ada.

559 Example
An example of a 3-form field in R3 is

w=(z+y+z)deAdyAdz.

We shew now how to multiply differential forms.
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560 Example
The product of the 1-form fields in R3
wy = ydz + xdy,

wy = —2xdx + 2ydy,

is
w1 Awy = (227 + 2y*)dz A dy.

561 | Definition
Let f(x1,xa,...,2,) be a0-formin R". The exterior derivative d f of f is

Furthermore, if
w= f(x1,Ta,...,Ts)dz;; Adzj, A--- Adzj,

is a k-form in R™, the exterior derivative dw of w is the (k + 1)-form

dw =df(z1,2z2,...,2,) Adzj, Adzjy A= Ady,.
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562 Example
IfinR?, w = 23y*, then
d(z*y?) = 32y *de + 42°y>dy.

563 Example
Ifin R?, w = 2?ydx + 23y*dy then
dw = d(z%ydx + 2%y*dy)
= (2zydzr + 23dy) A dz + (3z%y*dr + 423y3dy) A dy
= z%dy A dx + 32%ytde A dy
= (3z%y* — 2?)dz A dy

564 Example
Consider the change of variables x = u + v,y = uv. Then

dr = du + do,

dy = vdu + udv,

whence
dz Ady = (u —v)du A dv.
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565 Example
Consider the transformation of coordinates xyz into uvw coordinates given by

z y+z
u=r+y+=z,v= , W= —.
y+=z rT+y+=z

Then
du = dz + dy + dz,

z
dv = — d
! (y+2)? v

Y+ z T T
dw = — d d dz.
YT Tyt T eyt 2 YV T a2

Multiplication gives

(_ zx B y(y + 2)
W+22@+y+2)? (y+2(c+y+2)?
2(y + z) B Ty
, (2y+z)2(x+y+z)2 (y+ 2)%(x +y + 2)?
22—y —zx — 1y

= de ANdy ANd
Wt22@+y+a2 YN

dundvAndw =

dez ANdy A dz

13.2. Integrating Differential Forms

Let
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i1 <<

be a differential form and M a differentiable-manifold over which we wish to integrate, where M has
the parameterization

for in the parameter u domain D . Then defines the integral of the differential form over as

Oz, ... x%) N
W= iy, iy (M ()" du - - - du”,
/ D 11<z:<% g A(ul, ... uk)
where the integral on the right-hand side is the standard Riemann integral over D, and
o(ul, ..., ub)

is the determinant of the Jacobian.

13.3. Zero-Manifolds
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566 | Definition
A 0-dimensional oriented manifold of R" is simply a point x € R", with a choice of the + or — sign. A

general oriented 0-manifold is a union of oriented points.

567 | Definition
Let M = +{b} U —{a} be an oriented 0-manifold, and let w be a 0-form. Then

[ w=utb)—uta.

—x has opposite orientation to +x and

/ o= / o.
—X +x
568 Example

Let M = —{(1,0,0)} U+{(1,2,3)} U—{(0,—2,0)} be an oriented 0-manifold, and let w = x + 2y + 2>.
Then
/ w=-w((1,0,0)) + w(1,2,3) —w(0,0,3) = —(1) + (14) — (—4) = 17.
M

Do not confuse, say, —{(1,0,0)} with —(1,0,0) = (—1,0,0). The first one means that the point (1, 0, 0) is given negative
orientation, the second means that (—1, 0, 0) is the additive inverse of (1, 0, 0).
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13.4. One-Manifolds

569 | Definition

A 1-dimensional oriented manifold of R" is simply an oriented smooth curve I' € R", with a choice of a
+ orientation if the curve traverses in the direction of increasing t, or with a choice of a — sign if the curve
traverses in the direction of decreasing t. A general oriented 1-manifold is a union of oriented curves.

The curve —I" has opposite orientation to I" and
/ w=— / w.
I r

dz
Iff: R? - R?andifdr = , the classical way of writing this is

dy
/f~dr.
I

We now turn to the problem of integrating 1-forms.
570 Example

Calculate

/ zydzr + (z + y)dy
r
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where T is the parabolay = %, x € [—1; 2] oriented in the positive direction.

Solution: » We parametrise the curve asx = t,y = t2. Then

zydr + (z +y)dy = £2dt + (¢t + ¢*)dt* = (3t° + 2t7)dt,

2
/w = /(3t3+2t2)dt
r -1

2 3 1%

— 7.[;3 *t4

{3 "1 }1
69

T

What would happen if we had given the curve above a different parametrisation? First observe that the
curve travels from (—1,1) to (2,4) on the parabola y = x2. These conditions are met with the parametri-
sationz = vt — 1,y = (vt — 1)%,¢ € [0;9]. Then

whence

zyde + (z+y)dy = (VE—1*d(VE—1) +(
— BWI- 1P AV

L
2/
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whence .
/Fw - /021%%(3(\/%—1)3%(\/%—1)2)@
= [F-reg- v
69
= o
as before.
<

It turns out that if two different parametrisations of the same curve have the same orienta-
tion, then their integrals are equal. Hence, we only need to worry about finding a suitable
parametrisation.

571 Example
Calculate the line integral

/ ysinxzdz + z cos ydy,
r

where I is the line segment from (0, 0) to (1, 1) in the positive direction.

Solution: » This line has equation y = x, so we choose the parametrisation z = y = ¢. The integral is
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thus

1
/ ysinzdr + zcosydy = / (tsint + tcost)dt
r 0
1
= [t(sinz — cost)]§ — / (sint — cost)dt
0
= 2sinl -1,

upon integrating by parts.
<

572 Example
Calculate the path integral

r+vy r—y
d d
/1“9324-?/2 y+l'2+y2 x
around the closed squareI’ = ABCD with A = (1,1), B = (-1,1),C = (=1,-1),and D = (1,—1)in
the direction ABCDA.

Solution: » On AB,y = 1,dy = 0,on BC,z = —1,dz = 0,on CD,y = —1,dy = 0,and on DA,
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x = 1,dx = 0. Theintegral is thus

/w:/w—l—/w—l—/w—l—/w
r AB BC cD DA
/_la:—ld +/—1y—1d +/1 Tl +/1 y+1
= —_— €T _— €T _
241 1yl Y g+l Y+l Y
1
1
= 4/ 5 dx
x4+

= 4arctanz|t,

= 2.

When theintegralis along a closed path, like in the preceding example, it is customary to use
the symbol @ ratherthan [ . The positive direction of integration is that sense that when

r r
traversing the path, the area enclosed by the curve is to the left of the curve.
573 Example
Calculate the path integral

56 rdy + yida,
r
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where T is the ellipse 92 + 4y = 36 traversed once in the positive sense.

Solution: » Parametrise the ellipse asz = 2cost,y = 3sint,t € [0;27]. Observe that when travers-
ing this closed curve, the area of the ellipse is on the left hand side of the path, so this parametrisation

traverses the curve in the positive sense. We have

2
ygw = / ((4cos®t)(3cost) + (9sint)(—2sint))dt
r 0
2
= / (12 cos® t — 18sin® ¢)dt
0
= 0.

<

574 | Definition

LetT" be a smooth curve. The integral
[ roolaxi
T

is called the path integral of f along I'.

575 Example
Find/x||dx|| where I is the triangle startingat A : (—1,—1) to B : (2,—2), and ending in C : (1,2).

T
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Solution: » The lines passing through the given points have equations Lp
LBC’ LY = —4x + 6. On LAB

1 2
o] = TP @ = a1+ (1) g - 2000

andon Lgc

z||dx|| = z1/(dz)? + (dy)? = 2(\/1 + (=4)*)dz = 2v/17dz.

/ olldx|| = / olldx]] + / o]l dx]

Hence

T LA32 Lpe )
V1
= / ‘ 3Od$+/ VvV 17dx
—1 2
V10 3VIT
R R

Y

Yy =

—x —4
3

, and
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Figure 13.1. Example 575.

Homework

576 Problem
Consider/ xdx + ydy and/xy”dx”.
c c

1. Evaluate / xdx+ydy where C'is the straight

c
line path that starts at (—1,0) goes to (0, 1)
and ends at (1,0), by parametrising this

path. Calculate also / xy||dx|| using this
c

2. Evaluate / xdx + ydy where C'is the semi-

c
circle that starts at (—1,0) goes to (0,1) and
endsat (1,0), by parametrising this path. Cal-

culate also / xy||dx|| using this parametri-
c

sation.

Problem
Find / xdx + ydy where I is the path shewn in fig-

parametrisation.

r
ure 22, starting at O(0, 0) going on a straight line to
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A (4cos T, 4sin T) and continuing on an arc of a &S| Problem
cleto B (4 cos T, 4sin T ) Find yﬁ zdx+axdy+ydz wherel is the intersection of

I
the sphere x*> +y*+ 2% = 1and the plane x +y = 1,
traversed in the positive direction.

13.5. Closed and Exact Forms

579 Lemma (Poincaré Lemma)
If w is a p-differential form of continuously differentiable functions in R™ then

d(dw) = 0.

Proof. We will prove this by induction on p. Forp = 0 if
W= f(xlax27"'7wn)

then
dw = d
W= Z axk Tk
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and

d(dw) = zn: d(@m) A dxy,

k=1

k=1 axja k J k
N - dz; A dx
1<jg/:<?<n (awyaxk O0x,0x; g k
= 07

since w is continuously differentiable and so the mixed partial derivatives are equal. Consider now an
arbitrary p-form, p > 0. Since such a form can be written as

w = Z ajm,_jpdle VAN dl‘j2 VAN d[Ejp,

where the a;, ;,. ;, are continuous differentiable functions in R”, we have

dw = Z dajljz,,,jp A d.??jl AN d.ﬁE]’Q AR dl’jp
1<j1<j2 < <jp<n
" 0
a/ . . . .
= Z Z%dl‘l /\dl’jl /\dl’j2 /\"'dl’jp,
1<j1<ja<<gp<n \i=1  O%i

it is enough to prove that for each summand

d(da A dzj, Adzj, A---day,) =0.
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But
d(da Adzj, Adzj, A---dey) = ddaA (dzj, Adag, A---day,)

+da Ad(dzj, Adzg, A---day,)
= daAd(dz;, Adzj, A---day,),
since dda = 0 from the case p = 0. But an independent induction argument proves that

d(dz;, Adaj, A---day,) =0,

completing the proof.

580 | Definition
A differential form w is said to be exact if there is a continuously differentiable function F such that

dF = w.

581 Example

The differential form
xdzr 4+ ydy

is exact, since
1
rdr +ydy =d <2(1‘2 + y2)> :
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582 Example
The differential form
ydz 4+ zdy

is exact, since
ydx + zdy = d (zy) .
583 Example
The differential form
L Y

dx +
$2+y2 x2+y2

dy

is exact, since

T Y 1
mdx —+ x2 i y2 dy = d <2 loge(gﬂ + yQ)) .

Letw = dF be an exact form. By the Poincaré Lemma Theorem 579, dw = ddF = 0. Aresult
of Poincaré says that for certain domains (called star-shaped domains) the converseis also
true, that is, if dw = 0 on a star-shaped domain then w is exact.
584 Example
Determine whether the differential form

2z(1 — ey)d N ev
W= T
(14 22)? 1+ a?

dy

is exact.
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Solution: » Assume thereis a function F' such that

dF = w.
By the Chain Rule
oF oF
dF = —dz + —d
9 " T oy

This demands that
OF  2z(1—¢Y)

or  (1+a22)2’
oF_ o
oy 1422

We have a choice here of integrating either the first, or the second expression. Since integrating the
second expression (with respect to y) is easier, we find

ey

F(%Z/) :m

+ ¢(x),

where ¢(x) is a function depending only on z. To find it, we differentiate the obtained expression for F’

with respect to x and find

oF 2xeY ,
o~ (rae 0
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oF
Comparing this with our first expression for —, we find

ox
2z
, I e
that is .
where cis a constant. We then take
F( ) ey —1 4
X = —QF .
Y 1+ 22 c

<
585 Example
Is there a continuously differentiable function such that

dF = w = y*23dx + 2zy23dy + 3zy?22dz ?
Solution: » We have
dw = (2yz3dy + 3y?*2%dz) Adx
+(2yz3da + 2x23dy + 6xyz?dz) A dy
+(3y?22dw + 6zy22dy + 6xy?zdz) Adz
— 0,
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so this form is exact in a star-shaped domain. So put
oF oF oF
= dz = y?23de + 2oy2Pdy + 32y 22de.

dF = —do + —dy + —
ox v dy v+ 0z
Then oF
— =y*? = F =y’ +aly, 2),
ox
oF
— =2y2® = F =ay*2® 4+ b(x, 2),
Ay
oF
— =3ay*2* = F =y’ + c(z,y),

0z
Comparing these three expressions for F', we obtain F(z,y, 2) = 1y°2>. <
We have the following equivalent of the Fundamental Theorem of Calculus.

586 |Theorem
LetU C R"™ be an open set. Assume w = dF'is an exact form, and I" a path in U with starting point A and

endpoint B. Then
B
/w :/ dF = F(B) — F(A).
r A




In particular, if T is a simple closed path, then

%w:o.
Iy

13.5. Closed and Exact Forms

587 Example
Evaluate the integral

2x 2y
——d ——d
¢$2+y2 x+$2+y2 Y
r

where I is the closed polygon with vertices at A = (0,0), B = (5,0), C = (7,2), D = (3,2), E = (1, 1),

traversed in the order ABCDFE A.

Solution: » Observe that

2z 2y dxy dxy
d d dy | = ————=zdyANdr — ————dx Ady =0
(e 1) =g e gt A =0

x2+y2 x2+y2

and so the form is exact in a start-shaped domain. By virtue of Theorem 586, the integral is 0. <«

588 Example
Calculate the path integral

yg (2 — y)da + (% — 2)dy,

where T is a loop of x* 4 y* — 22y = 0 traversed once in the positive sense.
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Solution: » Since 5 5
— (=)= —-1= —(1* —
ay(:v y) 5 (y* — ),

the form is exact, and since this is a closed simple path, the integral is 0. «

13.6. Two-Manifolds

589 | Definition
A2-dimensional oriented manifold of R? is simply an open set (region) D € R?, where the + orientation
is counter-clockwise and the — orientation is clockwise. A general oriented 2-manifold is a union of open

sets.

The region —D has opposite orientation to D and

f = f

/D fz,y)dA

where d A denotes the area element.

We will often write
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In this section, unless otherwise noticed, we will choose the positive orientation for the re-
gions considered. This corresponds to using the area form dzdy.

Let D C R2. Given afunction f : D — R, the integral

[[ fdA

is the sum of all the values of f restricted to D. In particular,

[

D

is the area of D.

13.7. Three-Manifolds

590 |Definition
A 3-dimensional oriented manifold of R? s simply an open set (body) V' € R3, where the + orientation
is in the direction of the outward pointing normal to the body, and the — orientation is in the direction of
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the inward pointing normal to the body. A general oriented 3-manifold is a union of open sets.

The region — M has opposite orientation to M and

o=t
/Mde

where dV denotes the volume element.
In this section, unless otherwise noticed, we will choose the positive orientation for the re-
gions considered. This corresponds to using the volume form dz A dy A dz.

We will often write

Let V C R3. Given a function f : V — R, the integral

V/ fdv

is the sum of all the values of f restricted to V. In particular,

/dV

\%

is the oriented volume of V.
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591 Example
Find

rye™* dV.
[0;1]3

Solution: » Theintegralis

(L (oo = [ ()

13.8. Surface Integrals

592 | Definition
A 2-dimensional oriented manifold of R? is simply a smooth surface D € R3, where the + orientation
is in the direction of the outward normal pointing away from the origin and the — orientation is in the
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direction of the inward normal pointing towards the origin. A general oriented 2-manifold in R3 is a union

of surfaces.

The surface —Y has opposite orientation to > and

e

In this section, unless otherwise noticed, we will choose the positive orientation for the re-
gions considered. This corresponds to using the ordered basis

{dy Adz, dz A dz, dz A dy}.

593 | Definition
Let f : R® — R. The integral of f over the smooth surface X (oriented in the positive sense) is given by

[ #lee|

%% = v/(dz A dy)? + (dz A dw)2 + (dy A d2)?

the expression

Here
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’ is the surface area element.

594 Example
Evaluate Z”dZXH where . s the outer surface of the section of the paraboloid z = x> + 3?,0 < z < 1.

5
Solution: » We parametrise the paraboloid as follows. Let 7 = u, y = v, 2 = u® + v%. Observe that the

domain D of ¥ is the unit disk «? + v? < 1. We see that
dx A dy = du A dv,
dy A dz = —2udu A dv,
dz Adzr = —2vdu A do,

and so

|| = V1 +4u? + 403du A do.
Now,
/2Hd2xH = /(u2 +0H)V1 + 4u? + 4v2dudv.

b D
To evaluate this last integral we use polar coordinates, and so

2 1
/(u2+v2)\/1+4u2+402dudv = / /p3\/1+4p2dpd9
A o Jo
s 1
= ZvE+2).
12( Vi 5)
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<

595 Example
Find the area of that part of the cylinder x* + y* = 2y lying inside the sphere z* + y* + 2% = 4.

Solution: » We have
Pyt =2y = ¥+ (y—1)7=1

We parametrise the cylinder by putting z = cosu,y — 1 = sinu, and z = v. Hence

dr = —sinudu, dy = cosudu, dz = dv,
whence
dex ANdy =0,dy A dz = cosudu A dv,dz A dz = sinudu A dv,
and so
HdQXH = (dz Ady)? + (dz Adz)? + (dy A dz)?
= Vecos?u + sin?udu A dv
= du A dv.

The cylinder and the sphere intersect when z2 +y? = 2y and 22 +y% + 22 = 4, thatis, when 22 = 4 — 2y,
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i.e.v? =4 —2(1+sinu) =2 — 2sinu. Also 0 < u < 7. The integral is thus

/HdQXH - / / Ve dvdu:/ﬂQ\/Q—Qsinudu
0
)

V2—2sinu

_ 2\/5/ VI —sinu du
— 2&(4\/'—4).

<

596 Example
Evaluate

/xdydz + (22 — z2)dzdz — zydzdy,
s

where X is the top side of the triangle with vertices at (2,0, 0), (0,2, 0), (0,0,4).

Solution: » Observe thatthe plane passing through the three given points has equation 2x+2y+2 = 4.
We project this plane onto the coordinate axes obtaining

4 p2-2/2 N
/xdydz:/ / (2—y—z/2)dydz = -,
0o Jo 3

by
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2 4—-2x
/(22 — zz)dzdx = / / (22 — zx)dzdz = 8,
J 0o Jo
2 2—y 2
— /xydxdy = —/ / rydedy = ——,
0o Jo 3

5
and hence
/xdydz + (22 — zz)dzdx — rydady = 10.
5
<
Homework

597 Problem
Evaluate/de2x ’ where Y isthe surface z = v+ 12,0 < 2 < 1,0 <y < 2.

by

598 Problem
Considerthe cone = = /x? 4 y*. Find the surface area of the part of the cone which lies between the planes
z=1landz = 2.



599

600

601

602

13.9.

13.9. Green’s, Stokes, and Gauss’ Theorems
Problem
Evaluate / :c2Hd2xH where Y. is the surface of the unit sphere 2> + y> 4+ 2% = 1.
b
Problem
Evaluate /S sz2xH over the conical surface = = /2% + y2 between z = 0 and z = 1.

Problem
You put a perfectly spherical egg through an egg slicer, resulting in n slices of identical height, but you
forgot to peel it first! Shew that the amount of egg shell in any of the slices is the same. Your argument
must use surface integrals.
Problem
Evaluate
/a:ydydz — 2?dzdx + (2 + 2)dady,
%
where 3 is the top of the triangular region of the plane 2x + 2y + z = 6 bounded by the first octant.

Green’s, Stokes’, and Gauss’ Theorems

We are now in position to state the general Stoke’s Theorem.
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603 |Theorem (General Stoke’s Theorem)
Let M be a smooth oriented manifold, having boundary OM. If w is a differential form, then

/ w:/ dw.
oM M

In R?, if wis a 1-form, this takes the name of Green’s Theorem.

604 Example

Evaluate 5]5 (z — 3*)dx + 2°dy where C'is the circle 2* + y* = 1.
c

Solution: » We will first use Green’s Theorem and then evaluate the integral directly. We have

dw = d(z —¢®)Adr+d(z?) Ady
= (dz — 3y*dy) A dz + (322dz) A dy
= (3y* + 3z%)dz A dy.
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The region M is the area enclosed by the circle 22 + y? = 1. Thus by Green’s Theorem, and using polar
coordinates,

;Iﬁ(a: — )z + 23y = / (3y* + 32%)dady
c

T 1
= / / 3p?pdpdh
o Jo

3T
5
Aliter: We can evaluate this integral directly, again resorting to polar coordinates.

2m
35 (z —y¥)de + 23dy = / (cos ) — sin® §)(— sin #)df + (cos® #)(cos #)do
c 0
2m
= / (sin® 6 + cos* @ — sin f cos 0)d#.
0

2

To evaluate the last integral, observe that 1 = (sin®  + cos? §)* = sin* 6§ + 2 sin” f cos? 6 + cos* 0, whence

the integral equals

2w 2m
/ (sin* 6 + cos* § — sin 6 cos §)df / (1 — 2sin®f cos® § — sin 6 cos #)dd
0 0

3

5
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In general, let
w = f(z,y)dz + g(x,y)dy
be a 1-form in R2. Then

dw = df(z,y) Ndx +dg(z,y) Ady

0 0 0 0

= %f(x, y)da + afyf(ﬂf, y)dy> A dz + (agjg(w, y)dz + @9(95, y)dy> A dy
0 0

= $9(ﬂf,y) - ayf(x,y)> dr Ady

which gives the classical Green’s Theorem
/f(:c )z + g(z, y)d —/ 9wy — L@y dud
7y g 7y y_ 8xg 7y ay 7y y
oM M

InR3, if w is a 2-form, the above theorem takes the name of Gauss or the Divergence Theorem.

605 Example

Evaluate / (x — y)dydz + zdzdx — ydzdy where S is the surface of the sphere
S

?+y+22=9

and the positive direction is the outward normal.
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Solution: » Theregion M is the interior of the sphere 22 4 2 + 22 = 9. Now,

dw = (dz—dy) AdyAdz+dzAdzAde —dyAdeAdy

= dz Ady Adz.
The integral becomes
4
/ dedydz = §(27)
M
= 36m.

Aliter: We could evaluate this integral directly. We have

/($ —y)dydz = / xdydz,
) 2

since (z,y, z) — —yis an odd function of y and the domain of integration is symmetric with respect to
3. Now,

3 27
/ xdydz = / / lpl\/9 — p2dpdf
) -3Jo

= 36m.

/ zdzdr = 0,
by

Also
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since (x,y, z) — zis an odd function of z and the domain of integration is symmetric with respect to 2.

/ —ydxdy = 0,
b

since (x,y, z) — —yis an odd function of y and the domain of integration is symmetric with respect to
Y. 4
In general, let

Similarly

w= f(z,y,z)dy Ndz + g(x,y, z)dz A dx + h(x,y, z)dz A dy
be a 2-form in R3. Then

dw = df(z,y,2)dy Adz+dg(x,y, z)dz Adx + dh(z,y, z)dz A dy

0 0 0

0 0 0

9, 0 9,
+ %h(x, y, z)dz + a—yh(m, y, z)dy + gh(x, Y, z)dz) Adz A dy

0 0 0
= ((%f(l’, Yy, z) + afyg(l’, Yy, z) + @h(rv, Y, 2)> da Ady A dz,
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which gives the classical Gauss’s Theorem

[ #ay iz tgto st Asds = [ (502 fhate2) 5 b, ) dodds,
x Y z

M
Using classical notation, if
flz,y, 2z dydz
g(z,y,2)|,dS = |dzdx|
hz,y, z dxdy
then
/ = /a'dS.
M oM

The classical Stokes’ Theorem occurs when w is a 1-form in R,

606 Example
Evaluate ) ydx + (22 — 2)dy + (2 — 2)dz where C is the intersection of the sphere 2> + y? + 2* = 4 and
c
the plane z = 1.
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Solution: » We have

dw = (dy) Adz + (2dz —dz) Ady + (dz —dz) Adz
= —dezANdy+2dz ANdy+dy Adz+dzAdx
= de Ady+dy Adz+dz Ade.

Since on O, z = 1, the surface X on which we are integrating is the inside of the circle 2% 4 y? + 1 = 4,
i.e.,, 22 4+ y? = 3. Also, z = 1 impliesdz = 0 and so

/dw = /dxdy.

X P

Since this is just the area of the circular region 2> + y? < 3, the integral evaluates to

/dxdy = 3.

by

<
In general, let
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be a 1-form in R3. Then

dw = df(z,y,2) ANdz +dg(x,y,2) ANdy + dh(z,y, z) Adz
0 0 0
= (axf(% y, z)dx + @f(x’ y, z)dy + Ef(x, Y, z)dz) A dz
+2( )d+2( )d+3( )dz | Ad
(91'9 r,y,z)ar 8yg r,y,z)ay 82’9 r,y,z)dz Y

+ <ah(x, y, z)dz + gh(m, y, z)dy + 2h(m, Y, z)dz) Adz

ox dy 0z
0 0
= (ayh(x W G )> dy A dz
+ (a(? flz,y,2) — 2h(:c Y, 2 )) dz A dzx

0 9,
8759(%’% z) — @f(x,y, z)> dz A dy
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which gives the classical Stokes’ Theorem

/ F(2,y, 2)de + gla,y, 2)dy + h(z,y, 2)dz
oM

Using classical notation, if

f(x,y,z)
a= g(l’,y,Z) ’
h(z,y,z)

then

0
(ah(xawa) o azg<x71%2>> dde

_ / d
Y
R 0
+ gg(x,y,z) - %f(l’,y,Z) diCdy

0 0
+ %h(x,y,z) - @f(x»yﬂz) d$dy

dx dydz
dr = |dy|, dS= |dzdz|,
dz dzdy

/(VXa)-dS-/adr.

oM
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Homework

607 Problem

Evaluate 51{ z*ydz + rydy where C is the square with vertices at (0, 0), (2,0), (2,2) and (0, 2).
c

608 Problem
Consider the triangle A\ with vertices A : (0,0), B : (1,1),C : (=2, 2).

O If Lpg denotes the equation of the line joining P and () find L s, L ac, and Lpc.

® Evaluate
}5 y*dz + zdy.
A

® find
/(1 —2y)dz A dy
D

where D is the interior of /\.

609 Problem
Problems 1 through 4 refer to the differential form

w=xdy Ndz + ydz Adx + 2zdx A dy,
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and the solid M whose boundaries are the paraboloid = = 1 — 2% — 2,0 < z < landthedisc x*> +y? < 1,
z = 0. The surface OM of the solid is positively oriented upon considering outward normals.

1. Prove thatdw = 4dz A dy A dz.

1—x2—
2. Prove thatin Cartesian coordinates, / w = / / / 4dzdydx
oM Vi—z?

2r  pl pl—r?
3. Prove thatin cylindrical coordinates, / dw = / / / 4rdzdrdé.
M

4. Prove that/ xdydz + ydzdx + 2zdzdy = 27.
oM

610 Problem
Problems 1 through 4 refer to the box

M={(z,y,2) ER*: 0<2<1,0<y<1,0<2<2},
the upper face of the box
U={(z,y,2) eR*:0<2<1,0<y<1, z=2},
the boundary of the box without the upper top S = OM \ U, and the differential form

w = (arctany — ?)dy A dz + (cos wsin z — y*)dz A dx + (222 + 62y°)dx A dy.
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1. Prove that dw = 3y%dx A dy A dz.

2. Prove that/ (arctan y—2?)dydz+(cos x sin z—y°)dzda+(2z2+62y*)dady = / / / 3y*dadydz =
2. Here the boundary of the box is positively oriented considering outward normals.

3. Provethattheintegral on the upperface ofthe boxis / (arctan y—2*)dydz+(cos x sin z—y*)dzda+
U

1 1
(2zx + 62y*)dzdy = / / 4z + 12y*dady = 6.
o Jo

4. Prove that the integral on the open box is / (arctany — 2?)dydz + (coszsinz — y*)dzdr +
OM\U
(222 + 62y%)dady = —4.
611 Problem
Problems 1 through 3 refer to a triangular surface T in R? and a differential form w. The vertices of T are
at A(6,0,0), B(0,12,0), and C(0, 0, 3). The boundary of of the triangle OT is oriented positively by start-
ing at A, continuing to B, following to C, and ending again at A. The surface T is oriented positively by
considering the top of the triangle, as viewed from a point far above the triangle. The differential form is

2
T ) 2
= (2zz +arctane”) dz + (z2 + (y + 1)¢) dy + (xy + 5 +log(l+ = )) dz.

1. Prove that the equation of the plane that contains the triangle T is 2@ + y + 4z = 12.



612

613
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2. Provethatdw = ydy A dz + (22 — y) dz A dz + zdz A dy.

3. Provethat /

oT

6 r3—x/2
/ / 2xdzdz=108.
o Jo

Problem
Use Green’s Theorem to prove that

/(ac2 + 2y*)dy = 167,
r
where T is the circle (z — 2)* + y? = 4. Also, prove this directly by using a path integral.

Problem
Let T denote the curve of intersection of the plane x + y = 2 and the sphere x? — 2x + y* — 2y + 22 = (),
oriented clockwise when viewed from the origin. Use Stoke’s Theorem to prove that

/ydx + zdy + zdz = —27V/2.
r

Prove this directly by parametrising the boundary of the surface and evaluating the path integral.

2 3 12-4z
(2xz + arctan e”) dx—l—(:cz +(y+ 1)y) dy+ (:cy + % +log(1 + 22)> dz = / / ydyd
o Jo
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614 Problem
Use Green’s Theorem to evaluate

yg (2 — y°)dz + (¢ + y°)dy,
C

where C'is the positively oriented boundary of the region between the circles z* + y* = 2 and 2* + y* = 4.
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Appendix






Answers and Hints

106 Since polynomials are continuous functions and the image of a connected set is connected for a continuous
function, the image must be an interval of some sort. If the image were a finite interval, then f(z, kx) would be
bounded for every constant k, and so the image would just be the point f(0, 0). The possibilities are thus

1. asingle point (take for example, p(z,y) = 0),
2. asemi-infinite interval with an endpoint (take for example p(z,y) = 2% whose image is [0; +oc]),
3. asemi-infinite interval with no endpoint (take forexample p(z,y) = (zy—1)%+22 whoseimage s ]0; +o0]),

4. allreal numbers (take for example p(z,y) = x).
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120 0
121 2
122 ¢=0.
123 0
126 By AM-GM,
x2y222

(:E2 + %+ 22)3

22+ y? 422 7 27(a2 +y? 4 22)

as (z,y,2z) — (0,0,0).

138 0

139 2

140 c=0.

141 0

144 By AM-GM,

x2y222

($2_|_y2_|_22)3

27

B ($2+y2+22)2

224y + 22 T 27(x2 4+ 92 + 22)

as (z,y,2z) — (0,0,0).

27

=0



172 We have

F(x+h)—F(x) = (x+h)XL(x+h)—x X L(x)
= (x+h) x (L(x) + L(h)) —x X L(x)

= xX L(h)+h X L(x)+h x L(h)

[Ih X L(h)||

— 0ash — 0. For let
[l

Now, we will prove that

n
h = Z hkek,
k=1

where the ey, are the standard basis for R™. Then
L(h) =Y hyL(eg),
k=1

and hence by the triangle inequality, and by the Cauchy-Bunyakovsky-Schwarz inequality,

ILM)[| < k=1 [l L(er)]

1/2

IN

(S hl?) 2 (e, 11 LG 2)

= Bl (R (1L Cer) )12,

Answers and Hints
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whence, again by the Cauchy-Bunyakovsky-Schwarz Inequality,

[ x L(h)|| < [[l[[|L(0)] < |[R]*[||Z(ex)]I*)!/

And so ) 1/
[[h x L(h)|| I |h]2[]|L(ex)||*)"/ =0
[hl B [kl
184 Observe that
r  ifx <y?
f(z,y) =
y? ifx > g2
Hence
o 1 ifz > 92
3 f(z,y) =
r 0 ifx>qy?
and
0 0 ifx>y?
5 f(z,y) =
Yy 2y ifx >y
185 Observe that
2 2xy , 1 -1
g(1,0,1) = (30),  f(z,y) = ;o gy =
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and hence

g (1,0,1) = , f(g(1,0,1)) = f(3,0) =

This gives, via the Chain-Rule,

—
|
—
DO
=
o
o

0 O
(f © g)/(17 0, 1) = f'(g(L 0, 1))91(17 0, 1) = =
0 9/(0 1 O

@)
Ne)
@)

The composition ¢ o fis undefined. For, the output of fis R?, but the input of g is in R3.

186 Since f(0,1) = (01), the Chain Rule gives

1 -1 0 -1
1 0
(g0 f)'(0,1) = (¢'(£0,1)))(£(0,1)) = (¢'(0, ))(F(0, 1)) = |0 0 =0 o0
1 1
1 1 2 1
189 We have
0 2, 9 2_ 9 9z 9z _
At (1,1, 1) the last equation becomes
0z 0z 0z 1
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219 a)Here VT = (y +2)i+ (x + 2)j + (y + 2)k. The maximum rate of change at (1,1, 1) is |[VT(1,1,1)| = 2V/3
and direction cosines are

vT 1, 1. 1 . .
W = %14_ﬁj+ﬁk:cosa1+cosﬁj+cosyk

b) The required derivative is

3i— 4k 2

T(1,1,1)e0— = =2
VI, L1) 3i—4k| 5

220 a) Here V¢ = F requires V x F = 0 which is not the case here, so no solution.
b) Here V x F = 0 so that

O(z,y,2) =2’y +y°z + 2 + ¢
221 Vf(x,y,z) = (e¥%,xze¥*, xye¥?) = (V[)(2,1,1) = (e, 2e, 2e).
22 (V x f)(r.9.2) = (O.zye) = (Vx 211 = (0.2.¢2).

224 The vector (1,—7,0) is perpendicular to the plane. Put f(z,y,2) = 2% + y*> — bay + 22 — yz + 3. Then

(Vi) (x,y,z) = (2¢ — 5y + 2,2y — 5z — zx — y). Observe that V f(z,y, z) is parallel to the vector (1,—7,0),
and hence there exists a constant a such that

2z —by+z22y—bx—zx—y)=a(1,-7,0) = x=a, y=a, z=4a
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Since the pointis on the plane
r—Ty=—-6 — a—Ta=—-6 = a=1.
Thusz =y =1andz =4.

227 Observe that
£(0,0) =1, fo(z,y) = (cos2y)e® ¥ = f,(0,0) =1,

fy(@,y) = —22sin 2ye” % = f,(0,0) = 0.

Hence
f(x,y) = £(0,0) + £.(0,0)(x — 0) + £,(0,0)(y — 0) = f(z,y) ~1+z.

This gives f(0.1,—-0.2) ~ 1+ 0.1 = 1.1.

228 This is essentially the product rule: duv = udv + vdu, where V acts the differential operator and X is the
product. Recall that when we defined the volume of a parallelepiped spanned by the vectors a, b, ¢, we saw that

ae(bxc)=(axb)ec.
Treating V = V + V as a vector, first keeping v constant and then keeping u constant we then see that
Vae(uxv)=(Vxu)ev, Vve(uxv)=-Ve(vxu)=—(VXxv)eu.
Thus

Ve(uxv)=(Vy+Vy)e(uxv)=Vye(uxv)+Vye(uxv)=(Vxuev—(VXv)eu.
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231 Anangle of% with the z-axis and % with the y-axis.

T

323 Let |y | beapointon S. If this point were on the 2z plane, it would be on the ellipse, and its distance to the

z

X

1
axis of rotation would be |z| = ~+/1 — z%. Anywhere else, the distance from o the z-axis is the distance o
is of rotati ld b 2\/1 2. Anywh lse, the dist f y| toth is is the dist f
z

0
this point to the point || : /22 + »2. This distance is the same as the length of the segment on the zz-plane

4
going from the z-axis. We thus have

[22 + 42 = %1/1722’

or

4o’ + 4y + 22 = 1.
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X
324 Let |y | beapointon S. If this point were on the zy plane, it would be on the line, and its distance to the axis

z

X

1
of rotation would be |z| = §|1 — 4y|. Anywhere else, the distance of |y | to the axis of rotation is the same as the

z
T 0
distance of |y | to |y |, thatis Va2 + 22. We must have

z 0

1
V422 = 5\1 — 4y,

which is to say

922 4+ 92% — 16> + 8y — 1 = 0.
325 Aspiral staircase.

326 Aspiral staircase.
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328 Theplanes A : .+ 2z = 0and B : y = 0 are secant. The surface has equation of the form f(A, B) =
eA*tB® _ 4 =0,anditisthusa cylinder. The directrix has direction i — k.

329 Rearranging,
1
(2? +y* + 242 - 5((:z:+y+z)2 — (@ +y?+2%))-1=0,

andsowemaytake A: xz +y+ 2 =0,5: 22 4 y? + 22 = 0, shewing that the surface is of revolution. Its axis is
the linein the directioni + j + k.

330 Consideringtheplanes A:xz —y =0,B :y — z = 0, the equation takes the form

1 1 1
fAB) =345~ A5~

thus the equation represents a cylinder. To find its directrix, we find the intersection of the planesz = yandy = z.

1=0,

x 1

This gives |y | =t |1|. The direction vectoris thusi+ j + k.
z 1
331 Rearranging,
(+y+2)?— (@ +y*+2H)+2c+y+2)+2=0,

sowemaytake A: x4y +2=0,5: 2%+ y? 4+ 22 = 0 as our plane and sphere. The axis of revolution is then in
the direction of i + j + k.
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332 Afterrearranging, we obtain
(z—1)* -2y =0,

or
Ty
z—1z-1

+1=0.

Considering the planes
A:z=0,B:y=0, C:z=1,

we see that our surface is a cone, with apex at (0,0, 1).

333 The largest circle has radius b. Parallel cross sections of the ellipsoid are similar ellipses, hence we may in-
crease the size of these by moving towards the centre of the ellipse. Every plane through the origin which makes a
circular cross section must intersect the yz-plane, and the diameter of any such cross section must be a diameter

2 2

of theellipse z = 0, ‘Z—Q + — = 1. Therefore, the radius of the circle is at most b. Arguing similarly on the zy-plane
C

shews that the radius of the circle is at least b. To shew that circular cross section of radius b actually exist, one

may verify that the two planes given by a?(b? — ¢?)2% = ¢?(a® — b%)2? give circular cross sections of radius b.

334 Any hyperboloid oriented like the one on the figure has an equation of the form

22 (L‘2 y2

szzﬁ‘*—*—l.

When z = 0 we must have

4+ =1 = a=-,b=1.
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Thus

5=+’ - 1L

Hence, letting z = +2,

4 2 2

y2

sinceatz = +£2, 22 + 1= 1. The equation is thus

32
%:4332-1—?;2—1.

576

1. LetLy:y=x+1,Ly: —x+ 1. Then

/ xdx + ydy
C

Il
S o

xdzx 4+ ydy + / xdx + ydy
Lo

t

1
ada( a:+1dx+/ zdr — (—x + 1)dx
-1 0
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Also, both on L; and on Ly we have ||dx| = v/2dz, thus

/ ryldx]| = / zy|ldx] + / ryldx|
C L Lo

1 1 1
= ﬂ/_lx(x+1)dx—\@/(] r(—z+ 1)dx
= 0.

2. Weputz =sint,y = cost,t € [—% ; g} Then

w/2
/ rde +ydy = / (sint)(cost)dt — (cost)(sint)dt
C —7/2

= 0.

Also, [|dx|| = y/(cost)2 + (—sint)2dt = dt, and thus

/nyHdX\ = / (sint)(cost)dt

577 Let I'; denote the straight line segment path from O to A = (2\/3, 2) and T'y denote the arc of the circle

centred at (0, 0) and radius 4 going counterclockwise from 6 = % tod = %
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<
Observe that the Cartesian equation of the line OAisy = % ThenonI'y

idi = %xdw.

V3 V33

2\/3 4
/ zdx + ydy = / —zxdx = 8.
I o 3

On the arc of the circle we may put z = 4 cos 6, y = 4sin and integrate from 6 = % tod = g Observe that

zdz + ydy = xdz +

Hence

there
xdx + ydy = (cos #)dcos 0 + (sin #)dsin § = — sin 0 cos Ol + sin O cos Hdf = 0,

and since the integrand is 0, the integral will be zero.

Assembling these two pieces,

/:de—l—ydy:/ xdaH—ydy—i—/ rzdx +ydy =8+ 0=28.
T I I

Using the parametrisations from the solution of problem 22, we find on I'; that

1 2
dx|| = dz)?+ (dy)? =2 14 -dz = —ad
x| = ay/(dr)? (A2 = 14 v = Zade,
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whence
2\/§ ) f
x||dx|| :/ —uxdzr = 4V 3.
foei= 5
On FQ that
z||dx|| = z+/(dx)2 + (dy)? = 16 cos #/sin% 6 + cos? 0df = 16 cos 0d6,
whence

w/5
/ x||dx]| —/ 16 cos 0d0 = 16sin ~ — 16sin — = 4sin — — 8.
) /6 5 6 5

Assembling these we gather that
/dexH:/ :n|]dx||+/ 2lldx|| = 4v3 — 8 + 16sin —
r r I 5

578 The curve lies on the sphere, and to parametrise this curve, we dispose of one of the variables, y say, from
wherey = 1 — zand 22 + y? + 22 = 1 give
P+ (1-2)2+22=1 = 222 -22+22=0
2
= 2(1‘—%) +z2:%
- 4(x—%)2+222: 1.

So we now put
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1

We must integrate on the side of the plane that can be viewed from the point (1, 1, 0) (observe that the vector |1

0

1
2
we must integrate from ¢ = 27 to ¢t = 0 (this is because when you look at the ellipse from the point (1, 1, 0) the

2
is normal to the plane). On the zz-plane, 4 (a: — ) + 222 = lisan ellipse. To obtain a positive parametrisation

positive x-axis is to your left, and not your right). Thus

0 .
sint
zdx + xzdy +ydz = / d(
é‘ 2 \/§
_|_

+/0<1 cost d sint)

27 2 2 ﬁ

_ 0 sint+cost+costsint 1 da
or \ 4 2v2 4 2v/2
T

597 We parametrise the surface by letting x = u, y = v, 2 = u + v>. Observe that the domain D of ¥ is the square
[0; 1] x [0; 2]. Observe that
dz A dy = du A do,

dy Adz = —du A dv,
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dz Adx = —2vdu A dv,

and so

HdZXH = V2 + 4v2du A dv.
The integral becomes

/de2xH - /2/1m/2+4v2dudv
0 0

()

132
-

598 Usingz =rcosf,y =rsinf,1 <r <2,0 <6 < 2w, thesurfaceareais
21 2
\@/ / rdrdf = 37V2.
0 1

599 We use spherical coordinates, (z,y,z) = (cos@sin ¢, sin 0sin ¢, cos ¢). Here § € [0; 27 is the latitude and
¢ € [0; 7] is the longitude. Observe that

dx A dy = sin ¢ cos ¢do A d,

dy A dz = cos 0sin? ¢de A do,
dz A dz = —sinfsin® pdg A d6,
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and so
Hd2xH = sin ¢dg A d6.

/#Hd%;H - /QW/Wcos2esin3¢d¢de
0 0

2

The integral becomes

600 Putz = u,y = v,2% = u?+ v2 Then

dr = du, dy = dv, 2zdz = udu + vdv,

whence
dz Ady = du Adv,dy Adz = — 2du A dv,dz A dz = — du A do,
V4 z
and so
Hd2xH = /(dz Ady)? + (dz Adx)? + (dy A dz)?
7.2
= 1+ 4 %;v du A dv
z

= V2duAdv.

Hence

/ |d*| = / \/m\fdudu_f/ /p dpd0—27rf

by u2+v2<1
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601 If the egg has radius R, each slice will have height 2R/n. A slice can be parametrised by 0 < 6 < 27, ¢1 <
¢ S ¢2) Wlth

Rcos¢p1 — Rcos g = 2R /n.

The area of the part of the surface of the sphere in slice is

2r ro2
/ / R?sin ¢d¢df = 2 R?(cos ¢y — cos ¢3) = 4w R%/n.
0 1
This means that each of the n slices has identical area 47 R? /n.

602 We project this plane onto the coordinate axes obtaining

6 3—z/2 27
/xydydz = / / B—y—z/2)ydydz = —,
J o Jo 4

3 62z
— /xdedaﬁ = —/ / z2dzdx = —ﬂ,
o Jo 2

by

Y 27
/(ﬂs + z)dzdy = / / (6 — 2z —2y)dedy = =
5 0 JO

2
/xydydz — 2%dzdz 4 (x + 2)dzdy = Z7
%

and hence
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607 Evaluatingthis directly would result in evaluating four path integrals, one for each side of the square. We will

use Green’s Theorem. We have

dw = d(z3y) Adz +d(zy) Ady
= (3z%ydz + 23dy) A dz + (ydz + 2dy) A dy

= (y—a3)dz Ady.

The region M is the area enclosed by the square. The integral equals

2 2
ygazgydx—kxydy = //(y—x?’)dxdy
c o Jo

4.

608 We have
1
O Lapisy=ux;Lacisy=—x,and Lpcisclearlyy = —gx + 3"
® We have
! 5
/ y?de +xdy = / (22 + z)dx = =
AB 0 , 6
-2
1 4 1 1
/ yde +ady = / —srx+ 5| —sv|dr = b
BC 1 3 3 3 2

/ y2dr + xdy = /(552—.’E)d$ = —
CA -2 3



Adding these integrals we find

55 yide + zdy = —2.
A

® We have

I[ (1—2)dzAdy — /_ 02 ( /1 :/Hi::i/g 2y)dy> dz
+/O (/ (1- 2y)dy> dz

44 10
27 27
= -2

612 Observe that

d(z?® 4 2y3) A dy = 2zdz A dy.

Hence by the generalised Stokes’ Theorem the integral equals

/2 4 cos @
2zde ANdy = / 2p? cosfdp A df = 16.
—7/2J0
{(z—2)?+y2<4} /

Answers and Hints
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Todoitdirectly, putx — 2 = 2cost,y = 2sint,0 < t < 2x. Then the integral becomes

2 2
/ ((24 2cost)? + 16sin®t)d2sint = / (8cost + 16cos® t
0 0

+8cos? t + 32 cos tsin® ¢)dt
= 16m.

613 At the intersection path
0=2?4+9°+22-224+y) =2y’ +1°+22—4=22 —dy+ 22 =20y - 12+ 22 -2,
which describes an ellipse on the yz-plane. Similarly we get 2(x — 1)? + 22 = 2 on the xz-plane. We have
d(ydz + zdy + xzdz) =dy Ade +dz Ady + dz Adz = —dx Ady — dy Adz — dz A dz.
Since dz A dy = 0, by Stokes’ Theorem the integral sought is

- / dydz — / dzdz = —27(V/2).

2(y—1)2+22<2 2(xz—1)2422<2

(z — 960)2 (y — y0)2

(To evaluate the integrals you may resort to the fact that the area of the elliptical region 2 + 72

ismab).

<1
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If we were to evaluate this integral directly, we would set
y=1+cosl, z=+2sinf,z =2—y =1—cosé.
The integral becomes
/()Qﬂ(l + cos0)d(1 — cosf) + v/2sin Ad(1 + cos ) + (1 — cos #)d(v/2sin 6)

which in turn )
:/ sin @ + sinf cos — V2 + v2cos 0df = —2mv/2.
0
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15. GNU Free Documentation License

The purpose of this License is to make a manual, textbook, or other functional and useful document
“free” in the sense of freedom: to assure everyone the effective freedom to copy and redistribute it, with
or without modifying it, either commercially or noncommercially. Secondarily, this License preserves
for the author and publisher a way to get credit for their work, while not being considered responsible
for modifications made by others.

This License is a kind of “copyleft”, which means that derivative works of the document must them-
selves be free in the same sense. It complements the GNU General Public License, which is a copyleft
license designed for free software.

We have designed this License in order to use it for manuals for free software, because free software
needs free documentation: a free program should come with manuals providing the same freedoms that
the software does. But this License is not limited to software manuals; it can be used for any textual work,
regardless of subject matter or whether it is published as a printed book. We recommend this License
principally for works whose purpose is instruction or reference.

1. APPLICABILITY AND DEFINITIONS

This License applies to any manual or other work, in any medium, that contains a notice placed by
the copyright holder saying it can be distributed under the terms of this License. Such a notice grants
a world-wide, royalty-free license, unlimited in duration, to use that work under the conditions stated



herein. The “Document”, below, refers to any such manual or work. Any member of the public is a
licensee, and is addressed as “you”. You accept the license if you copy, modify or distribute the work in
a way requiring permission under copyright law.

A “Modified Version” of the Document means any work containing the Document or a portion of it,
either copied verbatim, or with modifications and/or translated into another language.

A “Secondary Section” is a named appendix or a front-matter section of the Document that deals ex-
clusively with the relationship of the publishers or authors of the Document to the Document’s overall
subject (or to related matters) and contains nothing that could fall directly within that overall subject.
(Thus, if the Document is in part a textbook of mathematics, a Secondary Section may not explain any
mathematics.) The relationship could be a matter of historical connection with the subject or with re-
lated matters, or of legal, commercial, philosophical, ethical or political position regarding them.

The “Invariant Sections” are certain Secondary Sections whose titles are designated, as being those
of Invariant Sections, in the notice that says that the Document is released under this License. If a section
does not fit the above definition of Secondary then it is not allowed to be designated as Invariant. The
Document may contain zero Invariant Sections. If the Document does not identify any Invariant Sections
then there are none.

The “Cover Texts” are certain short passages of text that are listed, as Front-Cover Texts or Back-Cover
Texts, in the notice that says that the Document is released under this License. A Front-Cover Text may
be at most 5 words, and a Back-Cover Text may be at most 25 words.
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A “Transparent” copy of the Document means a machine-readable copy, represented in a format
whose specification is available to the general public, that is suitable for revising the document straight-
forwardly with generic text editors or (for images composed of pixels) generic paint programs or (for
drawings) some widely available drawing editor, and that is suitable for input to text formatters or for
automatic translation to a variety of formats suitable for input to text formatters. A copy made in an
otherwise Transparent file format whose markup, or absence of markup, has been arranged to thwart or
discourage subsequent modification by readers is not Transparent. An image format is not Transparent
if used for any substantial amount of text. A copy that is not “Transparent” is called “Opaque”.

Examples of suitable formats for Transparent copies include plain ASCIl without markup, Texinfo input
format, LaTeX input format, SGML or XML using a publicly available DTD, and standard-conforming sim-
ple HTML, PostScript or PDF designed for human modification. Examples of transparent image formats
include PNG, XCF and JPG. Opaque formats include proprietary formats that can be read and edited only
by proprietary word processors, SGML or XML for which the DTD and/or processing tools are not gener-
ally available, and the machine-generated HTML, PostScript or PDF produced by some word processors
for output purposes only.

The “Title Page” means, for a printed book, the title page itself, plus such following pages as are
needed to hold, legibly, the material this License requires to appear in the title page. For works in for-
mats which do not have any title page as such, “Title Page” means the text near the most prominent
appearance of the work’s title, preceding the beginning of the body of the text.



A section “Entitled XYZ” means a named subunit of the Document whose title either is precisely
XYZ or contains XYZ in parentheses following text that translates XYZ in another language. (Here XYZ
stands for a specific section name mentioned below, such as “Acknowledgements”, “Dedications”,
“Endorsements”, or “History”.) To “Preserve the Title” of such a section when you modify the Doc-
ument means that it remains a section “Entitled XYZ” according to this definition.

The Document may include Warranty Disclaimers next to the notice which states that this License ap-
plies to the Document. These Warranty Disclaimers are considered to be included by reference in this Li-
cense, butonly as regards disclaiming warranties: any otherimplication that these Warranty Disclaimers
may have is void and has no effect on the meaning of this License.

2. VERBATIM COPYING

You may copy and distribute the Document in any medium, either commercially or noncommercially,
provided that this License, the copyright notices, and the license notice saying this License applies to
the Document are reproduced in all copies, and that you add no other conditions whatsoever to those
of this License. You may not use technical measures to obstruct or control the reading or further copying
of the copies you make or distribute. However, you may accept compensation in exchange for copies. If
you distribute a large enough number of copies you must also follow the conditions in section 3.

You may also lend copies, under the same conditions stated above, and you may publicly display
copies.
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3. COPYING IN QUANTITY

If you publish printed copies (or copies in media that commonly have printed covers) of the Document,
numbering more than 100, and the Document’s license notice requires Cover Texts, you must enclose
the copies in covers that carry, clearly and legibly, all these Cover Texts: Front-Cover Texts on the front
cover, and Back-Cover Texts on the back cover. Both covers must also clearly and legibly identify you as
the publisher of these copies. The front cover must present the full title with all words of the title equally
prominent and visible. You may add other material on the covers in addition. Copying with changes
limited to the covers, as long as they preserve the title of the Document and satisfy these conditions,
can be treated as verbatim copying in other respects.

If the required texts for either cover are too voluminous to fit legibly, you should put the first ones
listed (as many as fit reasonably) on the actual cover, and continue the rest onto adjacent pages.

If you publish or distribute Opaque copies of the Document numbering more than 100, you must ei-
therinclude a machine-readable Transparent copy along with each Opaque copy, or state in or with each
Opaque copy a computer-network location from which the general network-using public has access to
download using public-standard network protocols a complete Transparent copy of the Document, free
of added material. If you use the latter option, you must take reasonably prudent steps, when you begin
distribution of Opaque copies in quantity, to ensure that this Transparent copy will remain thus accessi-
ble at the stated location until at least one year after the last time you distribute an Opaque copy (directly
or through your agents or retailers) of that edition to the public.



Itis requested, but not required, that you contact the authors of the Document well before redistribut-
ing any large number of copies, to give them a chance to provide you with an updated version of the
Document.

4. MODIFICATIONS

You may copy and distribute a Modified Version of the Document under the conditions of sections
2 and 3 above, provided that you release the Modified Version under precisely this License, with the
Modified Version filling the role of the Document, thus licensing distribution and modification of the
Modified Version to whoever possesses a copy of it. In addition, you must do these things in the Modified
Version:

A. Use in the Title Page (and on the covers, if any) a title distinct from that of the Document, and
from those of previous versions (which should, if there were any, be listed in the History section of
the Document). You may use the same title as a previous version if the original publisher of that
version gives permission.

B. List on the Title Page, as authors, one or more persons or entities responsible for authorship of
the modifications in the Modified Version, together with at least five of the principal authors of the
Document (all of its principal authors, if it has fewer than five), unless they release you from this
requirement.
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C.

D.

State on the Title page the name of the publisher of the Modified Version, as the publisher.

Preserve all the copyright notices of the Document.

. Add an appropriate copyright notice for your modifications adjacent to the other copyright notices.

Include, immediately after the copyright notices, a license notice giving the public permission to
use the Modified Version under the terms of this License, in the form shown in the Addendum
below.

Preserve in that license notice the full lists of Invariant Sections and required Cover Texts given in
the Document’s license notice.

. Include an unaltered copy of this License.

. Preserve the section Entitled “History”, Preserve its Title, and add to it an item stating at least the

title, year, new authors, and publisher of the Modified Version as given on the Title Page. If there
is no section Entitled “History” in the Document, create one stating the title, year, authors, and
publisher of the Document as given on its Title Page, then add an item describing the Modified
Version as stated in the previous sentence.

Preserve the network location, if any, given in the Document for public access to a Transparent
copy of the Document, and likewise the network locations given in the Document for previous ver-



sions it was based on. These may be placed in the “History” section. You may omit a network
location for a work that was published at least four years before the Document itself, or if the orig-
inal publisher of the version it refers to gives permission.

K. For any section Entitled “Acknowledgements” or “Dedications”, Preserve the Title of the section,
and preserve in the section all the substance and tone of each of the contributor acknowledge-
ments and/or dedications given therein.

L. Preserve all the Invariant Sections of the Document, unaltered in their text and in their titles. Sec-
tion numbers or the equivalent are not considered part of the section titles.

M. Delete any section Entitled “Endorsements”. Such a section may not be included in the Modified
Version.

N. Do not retitle any existing section to be Entitled “Endorsements” or to conflict in title with any
Invariant Section.

0. Preserve any Warranty Disclaimers.

If the Modified Version includes new front-matter sections or appendices that qualify as Secondary
Sections and contain no material copied from the Document, you may at your option designate some or
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all of these sections asinvariant. To do this, add their titles to the list of Invariant Sections in the Modified
Version’s license notice. These titles must be distinct from any other section titles.

You may add a section Entitled “Endorsements”, provided it contains nothing but endorsements of
your Modified Version by various parties-for example, statements of peer review or that the text has
been approved by an organization as the authoritative definition of a standard.

You may add a passage of up to five words as a Front-Cover Text, and a passage of up to 25 words
as a Back-Cover Text, to the end of the list of Cover Texts in the Modified Version. Only one passage of
Front-Cover Text and one of Back-Cover Text may be added by (or through arrangements made by) any
one entity. If the Document already includes a cover text for the same cover, previously added by you or
by arrangement made by the same entity you are acting on behalf of, you may not add another; but you
may replace the old one, on explicit permission from the previous publisher that added the old one.

The author(s) and publisher(s) of the Document do not by this License give permission to use their
names for publicity for or to assert or imply endorsement of any Modified Version.

5. COMBINING DOCUMENTS

You may combine the Document with other documents released under this License, under the terms
defined in section 4 above for modified versions, provided that you include in the combination all of the
Invariant Sections of all of the original documents, unmodified, and list them all as Invariant Sections of
your combined work in its license notice, and that you preserve all their Warranty Disclaimers.



The combined work need only contain one copy of this License, and multiple identical Invariant Sec-
tions may be replaced with a single copy. If there are multiple Invariant Sections with the same name
but different contents, make the title of each such section unique by adding at the end of it, in paren-
theses, the name of the original author or publisher of that section if known, or else a unique number.
Make the same adjustment to the section titles in the list of Invariant Sections in the license notice of the
combined work.

In the combination, you must combine any sections Entitled “History” in the various original docu-
ments, forming one section Entitled “History”; likewise combine any sections Entitled “Acknowledge-
ments”, and any sections Entitled “Dedications”. You must delete all sections Entitled “Endorsements”.

6. COLLECTIONS OF DOCUMENTS

You may make a collection consisting of the Document and other documents released under this Li-
cense, and replace the individual copies of this License in the various documents with a single copy that
is included in the collection, provided that you follow the rules of this License for verbatim copying of
each of the documents in all other respects.

You may extract a single document from such a collection, and distribute it individually under this
License, provided you insert a copy of this License into the extracted document, and follow this License
in all other respects regarding verbatim copying of that document.
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7. AGGREGATION WITH INDEPENDENT WORKS

A compilation of the Document or its derivatives with other separate and independent documents or
works, in or on a volume of a storage or distribution medium, is called an “aggregate” if the copyright
resulting from the compilation is not used to limit the legal rights of the compilation’s users beyond what
theindividual works permit. When the Documentisincluded in an aggregate, this License does not apply
to the other works in the aggregate which are not themselves derivative works of the Document.

If the Cover Text requirement of section 3 is applicable to these copies of the Document, then if the
Document is less than one half of the entire aggregate, the Document’s Cover Texts may be placed on
covers that bracket the Document within the aggregate, or the electronic equivalent of covers if the Doc-
ument is in electronic form. Otherwise they must appear on printed covers that bracket the whole ag-
gregate.

8. TRANSLATION

Translation is considered a kind of modification, so you may distribute translations of the Document
under the terms of section 4. Replacing Invariant Sections with translations requires special permission
from their copyright holders, but you may include translations of some or all Invariant Sections in addi-
tion to the original versions of these Invariant Sections. You may include a translation of this License, and
all the license notices in the Document, and any Warranty Disclaimers, provided that you also include



the original English version of this License and the original versions of those notices and disclaimers. In
case of a disagreement between the translation and the original version of this License or a notice or
disclaimer, the original version will prevail.

If a section in the Document is Entitled “Acknowledgements”, “Dedications”, or “History”, the require-
ment (section 4) to Preserve its Title (section 1) will typically require changing the actual title.

9. TERMINATION

You may not copy, modify, sublicense, or distribute the Document except as expressly provided for
under this License. Any other attempt to copy, modify, sublicense or distribute the Document is void,
and will automatically terminate your rights under this License. However, parties who have received
copies, or rights, from you under this License will not have their licenses terminated so long as such
parties remain in full compliance.

10. FUTURE REVISIONS OF THIS LICENSE

The Free Software Foundation may publish new, revised versions of the GNU Free Documentation Li-
cense from time to time. Such new versions will be similar in spirit to the present version, but may differ
in detail to address new problems or concerns. See http://www.gnu.org/copyleft/.
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Each version of the License is given a distinguishing version number. If the Document specifies that
a particular numbered version of this License “or any later version” applies to it, you have the option of
following the terms and conditions either of that specified version or of any later version that has been
published (not as a draft) by the Free Software Foundation. If the Document does not specify a version
number of this License, you may choose any version ever published (not as a draft) by the Free Software
Foundation.
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