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JORDAN NORMAL FORM VIA ELEMENTARY
TRANSFORMATIONS*

A. BUJOSAT, R. CRIADO%, AND C. VEGA'

Abstract. This paper presents a method based on elementary transformations which may be
applied to a matrix A, whose characteristic polynomial has been decomposed into linear factors, in
order to obtain a nonsingular matrix P such that P~1 AP is in Jordan normal form. This method
can be used in the classroom, among other problems, to directly solve a linear ODE with constant
coefficients. We also present a symbolic Maple program implementing the method.
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1. Introduction. In the applications of the Jordan matrix to engineering, it is
important to determine the Jordan form of a given matrix A, i.e., to determine a ma-
trix P such that P~*AP is in the Jordan normal form. Nevertheless, in mathematics
books where the Jordan matrix is used, the manner of building the matrix P is not
well described (see [1], [8], or [9]).

This fact is not due to scientific or conceptual difficulties but is due to didactic
difficulties (the complete exposition and its justification is too long). So, if the charac-
teristic polynomial has multiple roots, apparently it is preferable to use the triangular
form of the given matrix (see [2]). Another possible reason is that if the roots are
close, the computer can not distinguish if they are equal or not.

The objective of this article is to give a symbolic algorithm such that from a
matrix A and its eigenvalues, we build a matrix (%) where J is the Jordan matrix of
A and P is the matrix of the change of basis. Furthermore, this algorithm presents
the following advantages:

1. It requires substantially fewer operations than other methods.
2. Its justification, which requires little mathematical framework, constitutes a
constructive proof of the existence of the Jordan normal form.

Also, we give a Maple program that implements this algorithm. It is important to
recall that although the ideas involved in this algorithm are conceptually clear, there
does not exist a similar method presented in text books.

Also, it is important to stress that this method is only useful in terms of symbolic
computing. For a comprehensive discussion of problems related to the numerical
computation of the Jordan normal form (clustering of eigenvalues and extraction of
Jordan structure using the staircase algorithm) see [4], [6], [7], [5], and the standard
text book in matrix computations [3].

2. The method. In this method the Jordan normal matrix is built through
the successive application of elementary operations. To assure that such elementary
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948 CLASSROOM NOTES

operations preserve, similarity is necessary to compensate each elementary row op-
eration with its corresponding inverse elementary column operation. We show this
correspondence below.

AP P1.A
col; + col; + acol; | row; «— row; — arow;
col; — acol; row; — a~lrow;
col; + col; Tow; < TOW;

Furthermore, elementary column operations allow us to build a matrix of change
of basis, as follows:

Applying the same Applying the elementary
( é ) _, | elementary column | _, (A ‘ P) _, | row operations only to

I operations to both the top matrix.
matrices.

(P_I-A~P)
- | —.
P

The algorithm has the following operational plan:

Jn_ 1 step n
( 0 Rn_]_ ) R JOn Rn

In step n a matrix similar to A is generated in which the first n columns contain
a Jordan matrix. Now, we show how to accomplish this step. Suppose that initially
the algorithm began with a matrix A € Mat,,(C) whose characteristic polynomial is
(X = A)FOO (X = A )HOr) and that the first n — 1 steps have generated the
following matrix similar to A:

Jy

2

LM

where J, denotes a Jordan matrix associated with the eigenvalue ;. Also, suppose
A1, A2, ..., A are distinct complex numbers and that the order of J, is k where k <
u(A). Now, we subtract AI from the matrix A, and get the following:

Jni-x

J)\2_>\ T
Jo M

A, - =

Each step is formed by six stages.
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2.1. Stage 1: To make null the first column of the matrix B — AL
Since A is a root of the characteristic polynomial of the matrix B, the matrix B — AI
is singular. Therefore, it is possible to make null the first column of the matrix
B — AT accomplishing elementary operations of m — n + 1 last columns, i.e., through
elementary operations of type col; « col; + acol;, col; — acol;, and col; « colj,

where |n < 4,7 < m | Moreover, as the corresponding inverse operations are of type
TOW; — TOW; — QToW;, TOW; a“lrowi, and row; < row;, where [n < 1,5 <m|, we

will have built a matrix similar to A, — AI with the following form:

N DU
Trio T
Q '(An - A)Q =
Jo | M/
B/
01]0b1,2 b1
whereB' = | @ |
0 bs,2 bs s

ands=m+1-—n.

stage_1 := proc(S,B)
local S0,dim_S,i,pivot,col,coef,inverse;

S0 := S;
dim_S := linalg[coldim] (SO);
inverse :=array(identity,1 .. linalg[rowdim](SO0),1 .. linalg[rowdim] (S0));

for col from B to dim_S do
for pivot from B to dim_S while SO[pivot,col]l = 0 do  od;
if pivot <= dim_S then
for i from col+l to dim_S do
if SO[pivot,i] = O then next fi;

coef := -S0[pivot,i]/S0[pivot,coll;
S0 := linalgladdcol] (SO,col,i,coef);
inverse := linalgl[addrow] (inverse,i,col,-coef)
od
else
SO0 := linalgl[swapcol] (S0,B,col);
inverse := linalg[swaprow] (inverse,B,col);
S0 := linalg[multiply] (inverse,SO0);
RETURN (evalm(S0))
fi
od;
RETURN(’error’)
end

2.2. Stage 2: To make null the first column of the matrix T’. Now, as
A1 # A\ A2 # A, ... it is possible to make null the coefficients of the first column of T’
through elementary transformations of type col,, < col,+acol;, where
(recall that k is the order of Jg). Furthermore, as the inverse operations have the

form row; < row; — arow,, where |1 <1i < n — k|, we have built a matrix similar to

A, — \I with the following form:
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I

J)\z—)\ T
Ql—l(An _ )\I)QI —_ .

0|t - tis
where T = :
0 tr,2 e tr s

andr=n-—=%.

stage_2 := proc(S,T,JO)

local S0,i,coef;

S0 :=S;

for i from JO0-1 by -1 to 1 do
if SO0[i,T] = O then next fi;
coef := -S0[i,T]/S0[1,i];

S0 := linalgladdcol](S0,i,T,coef);
S0 := linalg[addrow] (SO,T,i,-coef)
od;
RETURN (evalm(S0))
end

Now we consider the following submatrix formed by Jo and the first column of
M’ and the row immediately above:

row, — 0 1 Myy1

0 1 Merip
eJy 0 M1

0 1 mH_p/

mT+P”
12

eJ
Town — 0 0 e 5 0

oo =

where eJy,...,eJy are elementary Jordan matrices.

2.3. Stage 3: To make null the coefficients m, ;. To annihilate the co-
efficient m,; it is enough to apply the following elementary operations: col, <«
coly, — Mpy; - COlryir1 and TOWryip1 “— TOWrpip1+ Myys - TOWn,.

stage_3 := proc(S,M,J0)

local S0,i,coef;

SO := S;

for i from JO to M-2 do
if SO[i,i+1] = 0 or SO[i,M] = O then next fi;
coef := -S0[i,M];

S0 := linalg[addcol]l (SO,i+1,M,coef);
S0 := linalg[addrow] (SO,M,i+1,-coef)
od;
RETURN (evalm(S0))
end
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2.4. Stage 4: To make units the nonnull coefficients p;. Suppose that
i # 0 and that its associated elementary Jordan block starts at the p row and ends
at the ¢ row. Then to make the coefficient p; equal to one it is enough to accomplish
the following succession of elementary operations: row, « u;' - row,, rows_; «
ui_l CTOWg—1, ..., TOWp ui_l - rowp, and then coly « p; - colg, colq_1 « p; - colg_1,
ooy colp — i - coly.

stage_4 := proc(S,M,JO)

local S0,i,coef;

SO :=S;

for i from M-1 by -1 to JO do
if SO0[i,i+1] = 0 or i = M-1 then coef := SO[i,M] fi;
if coef = O then next fi;

S0 := linalg[mulrow](S0,i,1/coef);
S0 := linalg[mulcoll(S0,i,coef)
od;
RETURN (evalm(SO0))
end

2.5. Stage 5: To get at most a single unit. We suppose that pu; = pu; =1
and that their associated elementary Jordan blocks start, respectively, at p; and p;
rows, and end, respectively, at ¢; and g; rows. We can suppose without loss of
generality that ¢; — p; < ¢; — p;. Then to annul y; it is enough to accomplish
the following succession of elementary operations: rowg, « rowg, —rows;, rowg,—1 «
TOWg;—1 —TOWg;—1, - - -, TOWp, — TOWp, —TOWq, _(q,—p,;), a0d then coly, «— coly; + colgy,,
colg;—1 = colg;—1 + colg;—1, ..., cOly; (qi—p;) < €Olg; —(g;—p;) T+ COlp,.

stage_5 := proc(S,M, JO)

local SO,i,k,box,dim_box,coef;
S0 := S;
dim_box := 0;
for i from M-1 by -1 to JO do
if S0[i,i+1] = 0 or i = M-1 then
if SO[i,M] = 1 then k := i else k := JO fi
fi;
if dim_box < k-i+l1 then box := k; dim_box := k-i+1 fi
od;
if dim_box = 0 then RETURN(evalm(S0)) fi;
for i from M-1 by -1 to JO do
if SO[i,i+1] = 0 or i = M-1 then
if not i = box and SO[i,M] = 1 then coef := -1; k := i else coef := 0 fi
fi;
if coef <> 0 then

SO := linalgladdrow] (SO,box-k+i,i,coef);
SO := linalgladdcol](S0,i,box-k+i,-coef)
fi
od;
RETURN (evalm(S0))
end

2.6. Stage 6: To organize the enlarged Jordan matrix Jo. It is enough
to exchange rows such that the Jordan block whose u; = 1 (if it occurs) remains at
the bottom, and then to do the same column exchange.

stage_6 := proc(S,M,J0)

local S0,i,k,box;
SO0 := S;
box := M;
for i from M-1 by -1 to JO do if SO[i,M]
if M-1 <= box then RETURN(evalm(S0)) fi;
for i from M by -1 to box+2 do

S0 := linalg[swapcol](S0,i,i-1); SO :

1 then box := i fi od;

linalg[swaprow] (S0,i,i-1)
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od;
RETURN (evalm(S0))
end

Finally we add AI to the final matrix to obtain the matrix A,4+1. Therefore, the
main program which obtains the Jordan matrix of a given matrix A is the following:

Jordan := proc(A,roots)

local root,step,J0,dim_A,A0,Al;
dim_A := linalg[coldim] (A);
A0 := linalglstack] (A,array(identity,1 .. dim_A,1 .. dim_A));

step := 1;

for root in roots do

= step;

A0 := evalm(AO-root*array(identity,1 .. 2xdim_A,1 .. dim_A));
Al := stage_1(A0,step);

while Al <> ’error’ do

A0 := stage_2(Al,step,J0);
A0 := stage_3(A0,step,JO);
A0 := stage_4(A0,step,J0);
A0 := stage_5(A0,step,JO);
A0 := stage_6(A0,step,JO);

step := step+l;

Al := stage_1(AO,step)
od;
A0 := evalm(AO+root*array(identity,1 .. 2%dim_A,1 .. dim_A))
od;
RETURN(evalm(A0))
end

3. Example. Consider the matrix

011 -2 01

-11 3 -4 0 2

-1 0 4 -5 0 3

A= -1 03 -5 0 4
-10 3 -7 1 5

-1 0 3 -7 -1 7

whose characteristic polynomial is (X — 1)*(X — 2)2. Then

A-1I
-111 -2 01
-1 0 3 -4 0 2
-1 0 3 -5 0 3
-1 0 3 -6 0 4
-1 0 3 -7 0 5 .
_1 03 -7 -16 Step 1: stage 1
1
1
1
1
1
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P-1(A-DP

stage 1

Step 2:

-1

-1

00

0 0 -1 -2
-1 -3

-1 -3

1 4

00

-1
0
-2

00
3

0 -3

1

P-1(A -I)P

stage 4

Step 3 :

0 -1 1 -2
0 -1 -1

0

1

0
12

2
—6

0
-2

0
0

0
1

P-1(A -I)P

stage 5

Step 3 :

0

01 -1 2

0

o OO

— O

12

0
2
—6

2 1

-3
-2

-3

1 0

This content downloaded from 177.104.48.2 on Wed, 7 Aug 2013 10:27:29 AM

All use subject to JSTOR Terms and Conditions



http://www.jstor.org/page/info/about/policies/terms.jsp

954

CLASSROOM NOTES

P—I(A—I)P
0 00 -2 30 1 000 0 0
0 1 1 -1 0 1 10 0 O
0 2 -2 1 11 0 O
1 10 1 0 O
0 1 0 . (2) ;
2 00
51 1 =6 12 0 | OesAS6HA |3
-2 -1 0 -3 4 1 -2 -1 01 -2 6
1 -1 0 0 00 1 100 -3 9
0 -1 0 1 -2 0 0 -1 0 0 —4 12
0 -1 0 0 10 0 -1 0 0 -5 15
0O -1 0 0 0O 0 -1 0 0 -5 14
-1
Stepl Step2 Step3
C3+—C3+3C; | Cy — Cy—2C3 Cy — —1C,
R «— Ry —3R3 | R3 — R3+ 2R, Ry — —1R,
Cy—Cy—4C;1 | Cg — Cg +2C3 Ci — —-1C4
Ry «— Ry +4R4 | R3 — R3 — 2Rj4 Ry +— —1R;
Co—Ceg+2C1 | C5—C5—2Cy | Co — Cy+1C4
Ry« Ry —2Rg | Ra « R4 +2Rs | Ry «— R; — 1R,
C3— C3+2Cy | Cg — Cg+3Cy
Ry — Ry — 2R3 | Ry «— R4 — 3Rg
Cy+—Cy—3Cy | Cg— Cg+1C5
Ry — Ry, +3R4 | Rs — Rs — 1Rg
C5<—05—202 CQHCB
R2<—R2—2R5 RQHR6
Ce — Cs +4C
Ry «— Ry — 4Rg
Cl<—>C3
R1<—>R3
+I,-21
Step4 Stepb Step6
C4<—>Cﬁ C5<—>Cﬁ Cﬁ<—Cﬁ—2C4
Ry « Rg Ry < Rg Ry «— R4+ 2Rg
Cs «— C5+2C, | Cg«— Cg—8C3
Ry+— Ry —2Rs | R3 «— R3+ 8Rg
Cs — C5+4C3 | Cg «— Cg — 140
Rs «— R3s —4R5 | Ry «— Ry + 14Rg
Cs — Cs5 +5C, Cs — Cg +5C,
R2<—R2—5R5 R1<—R1—5R6
Cs — Cs —2Cy +21
Ry — Ry +2Rj
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4. Remark on the solution of a linear ODE with constant coefficients.
Now, if A is the matrix of the preceding paragraph, we can use the obtained matrix
P to obtain the solutions of the linear system of ODEs as follows:

dX

— = AX.
dt A

So, if Hj is the jth column of the matrix P, we have

(A—DH; =0
(A-T)H,=0 | (A—T)Hs=H, | (A—T)H, = Hg
(A—2D)H; =0 | (A — 2)Hg = Hj

and we can write the solutions of % = AX as follows:

t t t2
X = ¢t (ClHl + coHg + c3 I:Hg. + —1—'H2] +c4 [H4 + _l—iHa + -2—'H2])

+e2t <05H5 +ce [Hs + {—,Hs]) ,
where

-3 -1 1
-2 -1 0
-1 -1 0

Hi=1 o |Hz=| _; [Hs=]
0 -1 0
0 -1 0
0 -1 3
1 -2 6
0 -3 9

Ha=1| o |Hs=| 4 |He=| o
0 -5 15
0 -5 14

It is curious to note that we can check the correctness of our calculus by replacing
this solution in the equation d—d% = AX and verifying that this equality holds.

5. Conclusion. The above method has been used succesfully in the classroom
to demonstrate the solution of a linear ODE with constant coefficients. Further study
for students could include the use of a computer with a system for symbolic or math-
ematical computation (as Maple or Mathematica) in order to create a program which
executes the above method. Such a program could be performed by students work-
ing in groups of two with each computer, since this gives students some experience
working on a project such as they might do in industry.
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